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QCD-like Theories
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• develop functional methods          
   and effective theories

QCD at finite isospin density

graphene

• exploit analogies

• strongly correlated fermions in  
   condensed matter systems

Figure 23: The phase diagram of the homogeneous two-component Fermi mixture in the
unitarity limit, containing the superfluid Sarma (S) and BCS phases, the normal phase (N)
and a forbidden region (FR). The solid black line is the result of the RG calculations. The
dots with error bars are experimental data along the phase boundaries as determined by Shin
et al. [72]. The dashed and dashed-dotted lines are only guides to the eye.

polarizations than the one from mean-field theory. As a result, the RG calcu-
lation is in much better agreement with experiments. We believe that the RG
captures two main shortcomings of the mean-field theory, namely it takes into
account fermionic self-energy e⇥ects and screening e⇥ects. Actually, the level
of agreement with experiment is rather remarkable considering the simplicity of
our RG. To some extent this is a coincidence, since there are many couplings
whose renormalization we have ignored here although they could have a quan-
titative influence, such as e.g. the e⇥ective mass of the fermions. In Ref. [190],
we for example also included the center-of-mass frequency dependence of the
interaction and found Pc3 = 0.24 and Tc3 = 0.063 TF+. Moreover, the results of
the RG are also sensitive to the precise way in which we flow, so that the results
depend for example on the intermediate cut-o⇥ ~��

0. We pick ��
0 such that the

high-energy two-body physics has been integrated out to a large extent, but the
many-body physics not yet. This means that we take ��

0 to be a few times the
Fermi wavevector. However, this procedure has some arbitrariness, and in an
exact treatment the results should be fully independent of ��

0. We note that
in Fig. 23, the dashed and dashed-dotted lines have the same meaning as in
the homogeneous phase diagram of Fig. 12. However, with our current RG for
the normal phase these lines cannot be calculated, since for this a treatment of
the superfluid phase would be required. Finally, we mention that at zero tem-
perature, the Monte-Carlo treatment of Lobo et al. predicts a quantum phase
transition from the equal-density superfluid to the polarized normal phase at
a critical imbalance of p = 0.38, as was discussed in Section 4.3.2 [150]. This
value seems to be in reasonably good agreement with experiments as seen from
Fig. 23.
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• Lattice simulations:10 Tamer Boz et al.: Phase transitions in 2-colour matter
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Fig. 12. Multimodal fits of the form eq. (10) for the magnetic
(top) and electric (bottom) gluon propagators at aµ = 0.5 and
aj = 0.04 on the 163 × 24 lattice. Note that the functions are
plotted versus four-momentum q on the abscissa.

QC2D, in particular no sign problem, a direct analysis
serves to identify possible technical limitations in either
method, stemming from finite size and finite volume arte-
facts in the lattice formulation, or from inevitably neces-
sary truncations in the continuum description. We are also
in the process of computing the quark propagator, which
will give further input to these studies.

We are currently extending our study of QC2D to
smaller lattice spacings, which will enable us to perform a
controlled extrapolation to the continuum limit and clar-
ify the possible role of lattice artefacts at large µ.
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treme Computing Initiative. The simulation code was adapted
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Fig. 13. Phase diagram of QC2D with mπ/mρ = 0.8. The
black circles denote the superfluid to normal phase transi-
tion; the green band the deconfinement crossover. The blue
diamonds are the estimates for the deconfinement line from
[7].
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zero temperature condensates

hq̄qi = 2NfG cos↵

hqqi = 2NfG sin↵

nB = 8NfF 2µ sin2 ↵

�PT:

hq̄qi

hqqi

T [MeV]
µ/m⇡

normalised quark and diquark condensates

Mq
⌧

µ:

BC
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ike

Mq
>
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ike

• QMD model phase diagram

Kogut, Stephanov, Toublan, Verbaarschot 
& Zhitnitsky, Nucl. Phys. B 582 (2000) 477
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SU(Nf )⇥ SU(Nf )⇥ U(1) becomes SU(2Nf )

Nf = 2: connects pions and �-meson with scalar (anti)diquarks.

• extended flavor symmetry (Pauli-Gürsey), at µ = 0 

• color-singlet diquarks  
   (bosonic baryons)

SU(4) ! Sp(2)

SO(6) ! SO(5)or

Coset: S5 5 Goldstone bosons: pions
and scalar (anti)diquarks

• Dirac mass (quark condensate)

Strodthoff, Schaefer & LvS, PRD 85 (2012) 074007

m sc2
! ¼ "m 2 þ 3"!2 þ!!ð0; TÞ;

m sc2
# ¼ "m 2 þ "!2 þ!#ð0; TÞ;

m sc2
& ¼ "4$2 " m 2 þ "!2 þ!&ð0; TÞ:

(37)

This is true at all temperatures in the normal phase. Note
also that because !þð0; TÞ ¼ !"ð0; TÞ, the baryon-
chemical potential $B ¼ 2$ never splits the diquark and
antidiquark screening masses m sc

þðT;$Þ ¼ m sc
"ðT;$Þ.

At any temperature we further verify for $ ¼ 0 that
!#ð!; TÞ ¼ !&ð!; TÞ, i.e., masses are degenerate as
they must from SOð5 Þ symmetry. Moreover, the gap equa-
tion for the chiral condensate reduces in the chiral limit
c ! 0 to the condition for massless pions, as usual, and
both these observations likewise hold for screening and
pole masses.

Finally, but perhaps most importantly, the gap equation
for the diquark condensate reads

@

@d
" ¼ d

!
"m 2 þ "!2 " 4$2 þ 2

@

@d2
"qðT;$Þ

"
¼! 0;

(38)

and the critical line $cðTÞ is defined by the condition that
the terms in brackets vanish for d ¼ 0 so that a second zero
develops there. This is equivalent to the diquark pole
masses being m " ¼ 0 and m þ ¼ 4$. While their screen-
ing masses m sc

& both vanish at $ ¼ $c, for the pion and
diquark pole masses we have the general exact zero-
temperature relation

!&ð!; 0Þ ¼ !#ð!& 2$; 0Þ ) m & ¼ m # & 2$ (39)

in the normal phase, where m # ¼ m #;0 remains indepen-
dent of $ until 2$ ¼ m #;0 as required by the Silver Blaze
property.

In contrast, the same relation entails for the degenerate
diquark screening masses (!# is an even function of !)

m sc2
& ¼ m sc2

# " 4$2 þ!#ð2$; 0Þ "!#ð0; 0Þ; (40)

which reiterates that diquark and pion screening masses are
also degenerate at $ ¼ 0, but that both diquark screening
masses m sc

& vanish as 2$ approaches the ($-independent)
pion pole mass m # from below.

The bottom line is that the onset of diquark condensation
at $B ¼ 2$ ¼ 2$cð0Þ, whatever the screening mass may
be, defines the physical zero-temperature pion mass. We
will make use of this property to fix the pion mass in the
Renormalization Group (RG) calculation, where the cal-
culation of the pole mass is more involved.

In the diquark-condensation phase the sigma-meson
mixes with the two diquark modes, i.e., the respective
masses have to be determined from the zeroes of the
determinant of the corresponding 3 ' 3 submatrix in
#ð2 Þð!Þ. As in the NJL model [28,39], one can verify exact

results from the mass formulas at T ¼ 0. Also, in the QMD
model at mean-field-RPA level the in-medium pion pole
mass is equal to m # ¼ 2$ above the onset of diquark
condensation at 2$ ¼ m #;0. Moreover, one verifies explic-
itly that one of the three modes in the diquark-sigma sector
remains exactly massless in the superfuid phase, also at
finite temperature. This is, of course, the Goldstone boson
corresponding to the spontaneously broken Uð1 ÞB baryon
number. Another one becomes degenerate with the pions
for large values of the chemical potential, eventually re-
flecting the restoration of chiral symmetry. They combine
into an SOð4 Þ multiplet as the chiral condensate vanishes
for large chemical potentials.
This is all nicely reflected in the numerical results shown

in Fig. 5. As the RPA pole-mass formulas imply, the meson
masses stay constant in the normal phase, whereas, the
diquark masses are split up from the constant m B ¼ m # by
the terms &$B due to their coupling to the baryon-
chemical potential $B ¼ 2$.
The diquark and sigma masses in the diquark-

condensation phase show a considerable dependence on
the inclusion of the vacuum-term. This can be seen, for
example, by comparing the QMD model results with
vacuum-term cutoff $ ¼ 600 MeV to those from the
linear-sigma model, which are identical to the ones in the
no-sea-approximation ($ ¼ 0). In the linear-sigma model,
the pole masses can simply be calculated from the curva-
ture of the potential. In the normal phase they are simply
given by the expected constant m # ¼ m #;0, m ! ¼ m !;0,
and m & ¼ m #;0 & 2$. In the phase with diquark conden-
sation ($ > $c), on the other hand, for the linear-sigma
model masses we obtain

FIG. 5 (color online). Pole-mass spectrum at T ¼ 0: mean-
field/RPA QMD model results (with vacuum-term cutoff $ ¼
600 MeV), for comparison also shown without the effect of
diquark/sigma-meson mixing in the superfluid phase vs linear-
sigma model.

STRODTHOFF, SCHAEFER, AND VON SMEKAL PHYSICAL REVIEW D 85, 074007 (2012)

074007-10
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QCD with Isospin Chemical Potential
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• T = 0 isospin density - FRG vs. lattice QCD:

Detmold, Orginos & Shi, Phys. Rev. D86 (2012) 054507
Kamikado, Strodthoff, LvS, PLB 718 (2013) 1044
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 Two Color QCD - QC2D
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Lattice MC Simulations

Hands, Montvay, Scorzato & Skullerud,  
Eur. Phys. J. C 22 (2001) 451
Hands, Kenny, Kim & Skullerud,  
Eur. Phys. J. A 47 (2011) 60, …
Kogut, Toublan, Sinclair,  
Phys. Rev. D 68 (2003) 054507
Braguta, Ilgenfritz, Kotov, Molochkov & 
Nicolaev, Phys. Rev. D 94 (2016) 114510

Nf = 2 Flavors of Staggered Quarks

Holicki, Wilhelm, Smith, Wellegehausen & 
LvS, PoS (Lattice 2016) 070
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Two-Colour QCD at Finite Density with Two Flavours of Staggered Quarks

Introduction

Introduction

Sf = D(µ) 

+
�

2

⇣
 T

(C�5)⌧2 +  (C�5)⌧2 
T
⌘

I D = rooted staggered kernel

Nf = 2

I study diquark condensation transition, �! 0

2 / 15

Two-Colour QCD at Finite Density with Two Flavours of Staggered Quarks

Introduction

Previous studies

Previous studies

[Kogut, Toublan, PRD68, 054507 (2003)]

3 / 15

Kogut, Toublan & Sinclair,  
PRD 68 (2003) 054507 • diquark source

Nf = 2, � = 1.5, m = 0.025, � = 0.0025, 123 ⇥ 24 lattice

10. Numerical Results

Figure 10.3.: The quark number density.

These results look very similar to the expectations from leading order chiral per-
turbation theory (see section {9.2}). We see a non-vanishing diquark condensate at
µ = 0 due to the explicit symmetry breaking of the included diquark source term.
The diquark condensate and the quark number density begin to increase at a critical
value of the chemical potential µc, where the chiral condensate begins to decrease.
To obtain the according value of µc, we fitted our numerical data to the expecta-
tions from leading order chiral perturbation theory, equations (9.2.6)-(9.2.8). The
resulting fits for both diquark sources � are shown in figure (10.4) and the results
for the fit parameters are shown in table (10.1).

0.1 0.2 0.3 0.4 0.5 0.6
μ

0.1

0.2

0.3

0.4

<ψψ>/Nf <ψψ>/Nf <n>/Nf

Figure 10.4.: Fits to leading order chiral perturbation theory for � = 0.0025
(left panel) and � = 0.005 (right panel).

� 2G 8F 2 µc m �2/DOF

0.0025 0.41135(88) 0.3430(68) 0.18889(45) 0.02527(13) 1.93

0.0050 0.41235(73) 0.3335(46) 0.18931(47) 0.02547(15) 3.64

Table 10.1.: The resulting fit parameters.
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Goldstone Spectrum - QC2D
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10.2. Simulating inside the Bulk Phase

Lastly, we measured the correlation functions for the four channels from section
{8} in dependence of the chemical potential and extracted the according particle
masses. We were not able to extract the masses of the anti-diquarks from channel
3 and 4 from the double-cosh fits (8.3.10) as their contribution becomes suppressed
with increasing chemical potential according to the factor of e�aµ and mixes with
higher excitations. To have good statistics, we generally used Nq = 16 point sources
randomly distributed over the t = 0 timeslice. In the case that this still was not
enough, we increased to Nq = 32 or even Nq = 48 point sources. We will now present
the results for both values of the diquark source in parallel and later compare them
to each other. We start with an overview of the four channels with masses extracted
from single-cosh fits in figure (10.8), here we only show the total error for better
visibility.

Figure 10.8.: An overview of the masses of the four channels in dependence of the
chemical potential for � = 0.0025 (left panel) and � = 0.0050 (right
panel).

We see that the masses of the pseudoscalar modes ⇡ and ✏qq behave very similar.
They stay constant until the critical chemical potential is reached and then start to
decrease. The masses of the scalar modes f0 and qq are nearly degenerated until
the mass of the f0 meson begins to increase at the critical chemical potential. This
can be understood by remembering table (7.1). If we suppose that the Goldstone
modes induced from the chiral condensate rotate into the respective Goldstone mode
induced from the diquark condensate, just like the condensate themselves do (see
equation (9.2.1)), we can introduce the following two linear combinations of the
correlators of our four channels [1]:

f0/qq:
1
2

�
�T ⌧2�+ �̄⌧2�̄T

�
cos↵+ �̄� sin↵

⇡/✏qq: �̄✏� cos↵+ 1
2

�
�T ⌧2✏�+ �̄⌧2✏�̄T

�
sin↵

The angle ↵ depends on the chemical potential and is given by solving equation
(9.2.4). Note that we were able to apply a double-cosh-fit to the f0/qq mode, where
the lower mass was equal to the mass of the pure qq mode, so that we plot only the

75

• mixing at finit density:

Nf = 2, � = 1.5, m = 0.025, � = 0.0025, 123 ⇥ 24 lattice
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Bulk Phase of SU(2)
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Two-Colour QCD at Finite Density with Two Flavours of Staggered Quarks

Introduction

The Bulk Phase
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(a) parameter set 1: � = 4.0, m = 0.05, � = 0.005
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Figure 3. Pion masses in dependence of the isospin chemical potential for both parameter sets. The solid lines
are predictions from leading order chiral perturbation theory taking into account the finite value of �.

prediction for the dispersion relation of the pions away from the phase with a pion BEC is

⇡+ : E =
q
~p2 + m2

⇡ � µI ,

⇡� : E =
q
~p2 + m2

⇡ + µI , (7)

⇡0 : E =
q
~p2 + m2

⇡ .

The dispersion relation explicitly show the splitting of the di↵erent pion modes according to their
isospin charge. When the isospin chemical potential is µc

I = m⇡ we can excite ⇡+ particles with
~p = 0 essentially for free. This is exactly the critical point where the condensation of ⇡+ to a BEC
sets in. In our simulations we will never find exactly massless pions as the pion source term acts
an infrared cuto↵ also for the pion mass. We can nevertheless include the pion source term into
the chiral perturbation theory calculations to make predictions for the pion spectrum at finite isospin
density for finite values of �. Again, this is in agreement with the phase diagram of isospin QCD: the
introduction of the pion source changes the second order phase transition to the pion BEC phase to an
analytic crossover.
Figure 3 show the pion masses and mass splittings in dependence of the isospin chemical potential for
both parameter sets used in the simulations. The solid lines are predictions from leading order chiral
perturbation theory, taking into account the finite values of �. For the parameter set 1 we find a rather
good agreement of our results with the predictions from chiral perturbation theory up to aµI ⇡ 0.4.
For higher isospin chemical potential we find that the masses for the ⇡+ and ⇡� deviate slightly from
the predictions. Still, the curves for the charged pion masses level of in the pion condensation phase as
predicted. The ⇡0 mass starts to deviate from its predicted value also around aµI ⇡ 0.4. Even though
chiral perturbation theory predicts an increase of the pions mass, proportional to µI , the masses from
our data and the slope of the resulting curve are significantly too large. For parameter set 2 the
situation is di↵erent. We find an excellent agreement of the predicted and measured values of the
⇡0 mass for all values of µI , even deep inside the pion condensation phase. The agreement for the
charged pion masses is also very good, however we only have very few data points for the charged

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 0  0.2  0.4  0.6  0.8  1
am

aµΙ

π0
π-
π+

(a) parameter set 1: � = 4.0, m = 0.05, � = 0.005 (b) parameter set 2: � = 3.5, m = 0.01, � = 0.001

Figure 3. Pion masses in dependence of the isospin chemical potential for both parameter sets. The solid lines
are predictions from leading order chiral perturbation theory taking into account the finite value of �.

prediction for the dispersion relation of the pions away from the phase with a pion BEC is

⇡+ : E =
q
~p2 + m2

⇡ � µI ,

⇡� : E =
q
~p2 + m2

⇡ + µI , (7)

⇡0 : E =
q
~p2 + m2

⇡ .

The dispersion relation explicitly show the splitting of the di↵erent pion modes according to their
isospin charge. When the isospin chemical potential is µc

I = m⇡ we can excite ⇡+ particles with
~p = 0 essentially for free. This is exactly the critical point where the condensation of ⇡+ to a BEC
sets in. In our simulations we will never find exactly massless pions as the pion source term acts
an infrared cuto↵ also for the pion mass. We can nevertheless include the pion source term into
the chiral perturbation theory calculations to make predictions for the pion spectrum at finite isospin
density for finite values of �. Again, this is in agreement with the phase diagram of isospin QCD: the
introduction of the pion source changes the second order phase transition to the pion BEC phase to an
analytic crossover.
Figure 3 show the pion masses and mass splittings in dependence of the isospin chemical potential for
both parameter sets used in the simulations. The solid lines are predictions from leading order chiral
perturbation theory, taking into account the finite values of �. For the parameter set 1 we find a rather
good agreement of our results with the predictions from chiral perturbation theory up to aµI ⇡ 0.4.
For higher isospin chemical potential we find that the masses for the ⇡+ and ⇡� deviate slightly from
the predictions. Still, the curves for the charged pion masses level of in the pion condensation phase as
predicted. The ⇡0 mass starts to deviate from its predicted value also around aµI ⇡ 0.4. Even though
chiral perturbation theory predicts an increase of the pions mass, proportional to µI , the masses from
our data and the slope of the resulting curve are significantly too large. For parameter set 2 the
situation is di↵erent. We find an excellent agreement of the predicted and measured values of the
⇡0 mass for all values of µI , even deep inside the pion condensation phase. The agreement for the
charged pion masses is also very good, however we only have very few data points for the charged

• Goldstone spectrum:

Ph. Scior, D. Smith, LvS, EPJ 175 (2018) 07042

� = 3.5, a� = 0.001, am = 0.01 � = 4, a� = 0.005, am = 0.05
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(a) comparison of ⇢ and pion masses (b) baryon masses

Figure 4. Meson and baryon masses in dependence of the isospin chemical potential for parameter set 1. The
solid line is a prediction from leading order baryon chiral perturbation theory.

pion masses, as we unfortunately loose signal for the charged pion correlators already for quite small
values of the isospin chemical potential. We are not sure, why the ⇡0 mass for parameter set 1 starts
too deviate significantly from the predictions. Comparison of the situation with parameter set 2 could
indicate that is due to the lager pion mass. However, it is still unclear why the deviations are much
lager for the ⇡0 than for the charged pions.
We extracted masses from all correlation functions of operators in table 1. As already mentioned
above we were not able to extract any masses, except for the pions, for parameter set 2. For parameter
set 1 we were able to measure correlation functions for all channels, giving use access to the masses of
the ⇢mesons and the nucleons. Figure 4 shows the measured meson and baryon masses in dependence
of the isospin chemical potential. The masses of the ⇢ meson seem to run parallel to the pion masses
for all values of µI investigated. This is expected outside the pion condensation phase, as we expect
the excitation energy of a particle to be

E =
q
~p2 + m2 + IµI , (8)

where I is the isospin charge of the particle. The almost constant value of the ⇢+ inside the phase with
non-vanishing h⇡i could indicate that the possible formation of a ⇢ condensate is delayed to higher
µI . On the other hand, we could have simply reached a lower boundary for m⇢(µI) that comes with
introduction of the pion source term. This has to be investigated in the future by performing a � ! 0
extrapolation. In case of the nucleons, we find a near perfect degeneracy of neutron and anti-proton
and respectively the anti-neutron and the proton, which is expected as the only di↵erence in our setup
between the neutron and the anti-proton is the baryon number of the particles and all our calculations
are at vanishing baryon chemical potential. Outside the BEC phase we find a near linear behavior of
the nucleon masses. Inside the pion condensation phase, the mass of the neutron and anti-proton seem
to be almost constant while the mass of the proton and anti-neutron still seem to decrease further. In
contrast a prediction from baryon chiral perturbation theory [4] is that the proton mass should not
decrease further but increase again, as the protons are repelled by the pion condensate. We have not
enough data yet to make a definite statement about the fate of the proton inside the pion condensate
and clarifying this issue will be an interesting task for further research.

mb = mB � I3µI cos↵

Ph. Scior, D. Smith, LvS, EPJ 175 (2018) 07042
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indicate that is due to the lager pion mass. However, it is still unclear why the deviations are much
lager for the ⇡0 than for the charged pions.
We extracted masses from all correlation functions of operators in table 1. As already mentioned
above we were not able to extract any masses, except for the pions, for parameter set 2. For parameter
set 1 we were able to measure correlation functions for all channels, giving use access to the masses of
the ⇢mesons and the nucleons. Figure 4 shows the measured meson and baryon masses in dependence
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for all values of µI investigated. This is expected outside the pion condensation phase, as we expect
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µI . On the other hand, we could have simply reached a lower boundary for m⇢(µI) that comes with
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extrapolation. In case of the nucleons, we find a near perfect degeneracy of neutron and anti-proton
and respectively the anti-neutron and the proton, which is expected as the only di↵erence in our setup
between the neutron and the anti-proton is the baryon number of the particles and all our calculations
are at vanishing baryon chemical potential. Outside the BEC phase we find a near linear behavior of
the nucleon masses. Inside the pion condensation phase, the mass of the neutron and anti-proton seem
to be almost constant while the mass of the proton and anti-neutron still seem to decrease further. In
contrast a prediction from baryon chiral perturbation theory [4] is that the proton mass should not
decrease further but increase again, as the protons are repelled by the pion condensate. We have not
enough data yet to make a definite statement about the fate of the proton inside the pion condensate
and clarifying this issue will be an interesting task for further research.
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pion masses, as we unfortunately loose signal for the charged pion correlators already for quite small
values of the isospin chemical potential. We are not sure, why the ⇡0 mass for parameter set 1 starts
too deviate significantly from the predictions. Comparison of the situation with parameter set 2 could
indicate that is due to the lager pion mass. However, it is still unclear why the deviations are much
lager for the ⇡0 than for the charged pions.
We extracted masses from all correlation functions of operators in table 1. As already mentioned
above we were not able to extract any masses, except for the pions, for parameter set 2. For parameter
set 1 we were able to measure correlation functions for all channels, giving use access to the masses of
the ⇢mesons and the nucleons. Figure 4 shows the measured meson and baryon masses in dependence
of the isospin chemical potential. The masses of the ⇢ meson seem to run parallel to the pion masses
for all values of µI investigated. This is expected outside the pion condensation phase, as we expect
the excitation energy of a particle to be

E =
q
~p2 + m2 + IµI , (8)

where I is the isospin charge of the particle. The almost constant value of the ⇢+ inside the phase with
non-vanishing h⇡i could indicate that the possible formation of a ⇢ condensate is delayed to higher
µI . On the other hand, we could have simply reached a lower boundary for m⇢(µI) that comes with
introduction of the pion source term. This has to be investigated in the future by performing a � ! 0
extrapolation. In case of the nucleons, we find a near perfect degeneracy of neutron and anti-proton
and respectively the anti-neutron and the proton, which is expected as the only di↵erence in our setup
between the neutron and the anti-proton is the baryon number of the particles and all our calculations
are at vanishing baryon chemical potential. Outside the BEC phase we find a near linear behavior of
the nucleon masses. Inside the pion condensation phase, the mass of the neutron and anti-proton seem
to be almost constant while the mass of the proton and anti-neutron still seem to decrease further. In
contrast a prediction from baryon chiral perturbation theory [4] is that the proton mass should not
decrease further but increase again, as the protons are repelled by the pion condensate. We have not
enough data yet to make a definite statement about the fate of the proton inside the pion condensate
and clarifying this issue will be an interesting task for further research.
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FIG. 3. Integrand of Eq. (3) for values of µ below (right), at
(middle) and above (left) the van Hove singularity; from the
top to the bottom row the temperature has been lowered by
a factor 1/2 (from T = /2 to /4).

Thomas-Fermi susceptibility,

�(µ) = Ac lim
~p!0

lim
!!0

⇧(!, ~p;µ, T ) , (2)

here normalized per unit cell of area Ac = 3
p
3a2/2

with nearest-neighbor distance a ⇡ 1.42Å for the carbon
atoms in graphene. It is straightforwardly calculated as

�(µ) =
g�Ac

4T
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With the present normalization, the zero-temperature
limit of �(µ) then in turn agrees with the density of states
per unit cell ⇢(✏) at the Fermi level ✏ = µ, i.e.

lim
T!0

�(µ) = g�Ac

Z

BZ

d2k

(2⇡)2
�(✏~k � |µ|) ⌘ ⇢(µ) . (4)

Fig. 3 demonstrates explicitly how the integrand in (3)
encodes the e↵ect of temperature on the susceptibility.
The sharp Fermi lines which were shown in the lower
row of Fig. 2 are smeared out, since a spread of di↵er-
ent energy levels may now be excited. The allowed range
becomes narrower as temperature is lowered and concen-
trates on the Fermi level with � approaching the DOS
there, for T ! 0, cf. Eq. (4).

The density of states was first derived for transverse
vibrations of a hexagonal lattice by Hobson and Nieren-
berg in 1953 [35]. They found logarithmic divergences
near the saddles of the energy bands, i.e., the van Hove
singularities, as well as the zeros now identified with the
Dirac points. From the corresponding analytical expres-
sion of the hexagonal tight-binding model given in [36],
one readily obtains for the fermionic system at finite
charge-carrier density, with a Fermi energy near one of

the van Hove singularities at µ = ±,

⇢(µ) =
3g�
2⇡2

n
�

1

2
ln
⇣
|µ|


� 1

⌘2
+2 ln 2+O

⇣
|µ|


� 1

⌘o
.

(5)
The correspondingly diverging zero-temperature suscep-
tibility � is due to the infinite degeneracy of ground states
of the two-dimensional fermionic system when the Fermi
level passes through the van Hove singularity. In the
thermodynamic sense this can be considered as a zero
temperature transition with control parameter |µ|. To
illustrate this one introduces the reduced Fermi-energy
parameter z = (|µ|� )/ to rewrite (5),

�(z) =
3g�
2⇡2

⇣
� ln |z|+ 2 ln 2 +O(z)

⌘
. (6)

Unlike the cases of first or second order phase transi-
tions, the susceptibility does not diverge with a power
law but logarithmically. This is a manifestation of the
neck-disrupting electronic Lifshitz transition in two di-
mensions [3, 37]. There is no obvious change in symme-
try, the transition is only due to the topology change of
the Fermi surface. The singular part of the correspond-
ing thermodynamic grand potential is non-zero on both
sides of the transition. The original argument is simple,
one expands the single-particle energy around a saddle
point at  in suitable coordinates,

✏~k = +
k2
x

2m1
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2m2
, (7)

which gives in Eq. (4) a singular contribution

⇢s(z) = �
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p
m1m2 ln |z| . (8)

For the nearest-neighbor tight-binding model on the
hexagonal lattice, one verifies that

p
m1m2 = 1/(Ac)

so that ⇢s(z) = �g�/(2⇡2) ln |z|. With a factor of 3 for
the three M points per Brillouin zone this agrees with
the leading behavior of the zero-temperature susceptibil-
ity in Eq. (6) as it should. One integration over z then
yields the number of states in an interval around the sad-
dle, a second one the corresponding contribution to the
grand potential ⌦ per unit cell which hence acquires a
corresponding singularity [37]

⌦sing =
3g�

2⇡2

z2

2
ln |z| . (9)

It is symmetric around z = 0. There is thus no order
parameter in the usual sense, but one may discuss this
transition in terms of a change in the approximate sym-
metries of the low-energy excitation spectrum with some
analogy in excited-state quantum phase transitions [5].

At any rate, the logarithmic singularity of the elec-
tronic Lifshitz transition in the grand potential is re-
stricted to strictly zero temperature. To see this ex-
plicitly, we first use the density of states to express the
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FIG. 3. Integrand of Eq. (3) for values of µ below (right), at
(middle) and above (left) the van Hove singularity; from the
top to the bottom row the temperature has been lowered by
a factor 1/2 (from T = /2 to /4).
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With the present normalization, the zero-temperature
limit of �(µ) then in turn agrees with the density of states
per unit cell ⇢(✏) at the Fermi level ✏ = µ, i.e.
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Fig. 3 demonstrates explicitly how the integrand in (3)
encodes the e↵ect of temperature on the susceptibility.
The sharp Fermi lines which were shown in the lower
row of Fig. 2 are smeared out, since a spread of di↵er-
ent energy levels may now be excited. The allowed range
becomes narrower as temperature is lowered and concen-
trates on the Fermi level with � approaching the DOS
there, for T ! 0, cf. Eq. (4).

The density of states was first derived for transverse
vibrations of a hexagonal lattice by Hobson and Nieren-
berg in 1953 [35]. They found logarithmic divergences
near the saddles of the energy bands, i.e., the van Hove
singularities, as well as the zeros now identified with the
Dirac points. From the corresponding analytical expres-
sion of the hexagonal tight-binding model given in [36],
one readily obtains for the fermionic system at finite
charge-carrier density, with a Fermi energy near one of

the van Hove singularities at µ = ±,
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The correspondingly diverging zero-temperature suscep-
tibility � is due to the infinite degeneracy of ground states
of the two-dimensional fermionic system when the Fermi
level passes through the van Hove singularity. In the
thermodynamic sense this can be considered as a zero
temperature transition with control parameter |µ|. To
illustrate this one introduces the reduced Fermi-energy
parameter z = (|µ|� )/ to rewrite (5),

�(z) =
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2⇡2
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Unlike the cases of first or second order phase transi-
tions, the susceptibility does not diverge with a power
law but logarithmically. This is a manifestation of the
neck-disrupting electronic Lifshitz transition in two di-
mensions [3, 37]. There is no obvious change in symme-
try, the transition is only due to the topology change of
the Fermi surface. The singular part of the correspond-
ing thermodynamic grand potential is non-zero on both
sides of the transition. The original argument is simple,
one expands the single-particle energy around a saddle
point at  in suitable coordinates,

✏~k = +
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which gives in Eq. (4) a singular contribution

⇢s(z) = �
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2⇡2
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m1m2 ln |z| . (8)

For the nearest-neighbor tight-binding model on the
hexagonal lattice, one verifies that

p
m1m2 = 1/(Ac)

so that ⇢s(z) = �g�/(2⇡2) ln |z|. With a factor of 3 for
the three M points per Brillouin zone this agrees with
the leading behavior of the zero-temperature susceptibil-
ity in Eq. (6) as it should. One integration over z then
yields the number of states in an interval around the sad-
dle, a second one the corresponding contribution to the
grand potential ⌦ per unit cell which hence acquires a
corresponding singularity [37]

⌦sing =
3g�

2⇡2
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ln |z| . (9)

It is symmetric around z = 0. There is thus no order
parameter in the usual sense, but one may discuss this
transition in terms of a change in the approximate sym-
metries of the low-energy excitation spectrum with some
analogy in excited-state quantum phase transitions [5].

At any rate, the logarithmic singularity of the elec-
tronic Lifshitz transition in the grand potential is re-
stricted to strictly zero temperature. To see this ex-
plicitly, we first use the density of states to express the
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FIG. 3. Integrand of Eq. (3) for values of µ below (right), at
(middle) and above (left) the van Hove singularity; from the
top to the bottom row the temperature has been lowered by
a factor 1/2 (from T = /2 to /4).
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here normalized per unit cell of area Ac = 3
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with nearest-neighbor distance a ⇡ 1.42Å for the carbon
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With the present normalization, the zero-temperature
limit of �(µ) then in turn agrees with the density of states
per unit cell ⇢(✏) at the Fermi level ✏ = µ, i.e.

lim
T!0

�(µ) = g�Ac
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Fig. 3 demonstrates explicitly how the integrand in (3)
encodes the e↵ect of temperature on the susceptibility.
The sharp Fermi lines which were shown in the lower
row of Fig. 2 are smeared out, since a spread of di↵er-
ent energy levels may now be excited. The allowed range
becomes narrower as temperature is lowered and concen-
trates on the Fermi level with � approaching the DOS
there, for T ! 0, cf. Eq. (4).

The density of states was first derived for transverse
vibrations of a hexagonal lattice by Hobson and Nieren-
berg in 1953 [35]. They found logarithmic divergences
near the saddles of the energy bands, i.e., the van Hove
singularities, as well as the zeros now identified with the
Dirac points. From the corresponding analytical expres-
sion of the hexagonal tight-binding model given in [36],
one readily obtains for the fermionic system at finite
charge-carrier density, with a Fermi energy near one of

the van Hove singularities at µ = ±,
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The correspondingly diverging zero-temperature suscep-
tibility � is due to the infinite degeneracy of ground states
of the two-dimensional fermionic system when the Fermi
level passes through the van Hove singularity. In the
thermodynamic sense this can be considered as a zero
temperature transition with control parameter |µ|. To
illustrate this one introduces the reduced Fermi-energy
parameter z = (|µ|� )/ to rewrite (5),

�(z) =
3g�
2⇡2

⇣
� ln |z|+ 2 ln 2 +O(z)

⌘
. (6)

Unlike the cases of first or second order phase transi-
tions, the susceptibility does not diverge with a power
law but logarithmically. This is a manifestation of the
neck-disrupting electronic Lifshitz transition in two di-
mensions [3, 37]. There is no obvious change in symme-
try, the transition is only due to the topology change of
the Fermi surface. The singular part of the correspond-
ing thermodynamic grand potential is non-zero on both
sides of the transition. The original argument is simple,
one expands the single-particle energy around a saddle
point at  in suitable coordinates,

✏~k = +
k2
x

2m1
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2m2
, (7)

which gives in Eq. (4) a singular contribution

⇢s(z) = �
g�Ac

2⇡2
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m1m2 ln |z| . (8)

For the nearest-neighbor tight-binding model on the
hexagonal lattice, one verifies that

p
m1m2 = 1/(Ac)

so that ⇢s(z) = �g�/(2⇡2) ln |z|. With a factor of 3 for
the three M points per Brillouin zone this agrees with
the leading behavior of the zero-temperature susceptibil-
ity in Eq. (6) as it should. One integration over z then
yields the number of states in an interval around the sad-
dle, a second one the corresponding contribution to the
grand potential ⌦ per unit cell which hence acquires a
corresponding singularity [37]

⌦sing =
3g�

2⇡2

z2

2
ln |z| . (9)

It is symmetric around z = 0. There is thus no order
parameter in the usual sense, but one may discuss this
transition in terms of a change in the approximate sym-
metries of the low-energy excitation spectrum with some
analogy in excited-state quantum phase transitions [5].

At any rate, the logarithmic singularity of the elec-
tronic Lifshitz transition in the grand potential is re-
stricted to strictly zero temperature. To see this ex-
plicitly, we first use the density of states to express the
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FIG. 3. Integrand of Eq. (3) for values of µ below (right), at
(middle) and above (left) the van Hove singularity; from the
top to the bottom row the temperature has been lowered by
a factor 1/2 (from T = /2 to /4).
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�(µ) = Ac lim
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⇧(!, ~p;µ, T ) , (2)

here normalized per unit cell of area Ac = 3
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with nearest-neighbor distance a ⇡ 1.42Å for the carbon
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With the present normalization, the zero-temperature
limit of �(µ) then in turn agrees with the density of states
per unit cell ⇢(✏) at the Fermi level ✏ = µ, i.e.

lim
T!0

�(µ) = g�Ac
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�(✏~k � |µ|) ⌘ ⇢(µ) . (4)

Fig. 3 demonstrates explicitly how the integrand in (3)
encodes the e↵ect of temperature on the susceptibility.
The sharp Fermi lines which were shown in the lower
row of Fig. 2 are smeared out, since a spread of di↵er-
ent energy levels may now be excited. The allowed range
becomes narrower as temperature is lowered and concen-
trates on the Fermi level with � approaching the DOS
there, for T ! 0, cf. Eq. (4).

The density of states was first derived for transverse
vibrations of a hexagonal lattice by Hobson and Nieren-
berg in 1953 [35]. They found logarithmic divergences
near the saddles of the energy bands, i.e., the van Hove
singularities, as well as the zeros now identified with the
Dirac points. From the corresponding analytical expres-
sion of the hexagonal tight-binding model given in [36],
one readily obtains for the fermionic system at finite
charge-carrier density, with a Fermi energy near one of

the van Hove singularities at µ = ±,
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The correspondingly diverging zero-temperature suscep-
tibility � is due to the infinite degeneracy of ground states
of the two-dimensional fermionic system when the Fermi
level passes through the van Hove singularity. In the
thermodynamic sense this can be considered as a zero
temperature transition with control parameter |µ|. To
illustrate this one introduces the reduced Fermi-energy
parameter z = (|µ|� )/ to rewrite (5),

�(z) =
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2⇡2

⇣
� ln |z|+ 2 ln 2 +O(z)
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. (6)

Unlike the cases of first or second order phase transi-
tions, the susceptibility does not diverge with a power
law but logarithmically. This is a manifestation of the
neck-disrupting electronic Lifshitz transition in two di-
mensions [3, 37]. There is no obvious change in symme-
try, the transition is only due to the topology change of
the Fermi surface. The singular part of the correspond-
ing thermodynamic grand potential is non-zero on both
sides of the transition. The original argument is simple,
one expands the single-particle energy around a saddle
point at  in suitable coordinates,

✏~k = +
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2m1
�

k2
y

2m2
, (7)

which gives in Eq. (4) a singular contribution

⇢s(z) = �
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m1m2 ln |z| . (8)

For the nearest-neighbor tight-binding model on the
hexagonal lattice, one verifies that

p
m1m2 = 1/(Ac)

so that ⇢s(z) = �g�/(2⇡2) ln |z|. With a factor of 3 for
the three M points per Brillouin zone this agrees with
the leading behavior of the zero-temperature susceptibil-
ity in Eq. (6) as it should. One integration over z then
yields the number of states in an interval around the sad-
dle, a second one the corresponding contribution to the
grand potential ⌦ per unit cell which hence acquires a
corresponding singularity [37]

⌦sing =
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It is symmetric around z = 0. There is thus no order
parameter in the usual sense, but one may discuss this
transition in terms of a change in the approximate sym-
metries of the low-energy excitation spectrum with some
analogy in excited-state quantum phase transitions [5].

At any rate, the logarithmic singularity of the elec-
tronic Lifshitz transition in the grand potential is re-
stricted to strictly zero temperature. To see this ex-
plicitly, we first use the density of states to express the
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a factor 1/2 (from T = /2 to /4).
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here normalized per unit cell of area Ac = 3
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With the present normalization, the zero-temperature
limit of �(µ) then in turn agrees with the density of states
per unit cell ⇢(✏) at the Fermi level ✏ = µ, i.e.

lim
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�(µ) = g�Ac

Z

BZ

d2k

(2⇡)2
�(✏~k � |µ|) ⌘ ⇢(µ) . (4)

Fig. 3 demonstrates explicitly how the integrand in (3)
encodes the e↵ect of temperature on the susceptibility.
The sharp Fermi lines which were shown in the lower
row of Fig. 2 are smeared out, since a spread of di↵er-
ent energy levels may now be excited. The allowed range
becomes narrower as temperature is lowered and concen-
trates on the Fermi level with � approaching the DOS
there, for T ! 0, cf. Eq. (4).

The density of states was first derived for transverse
vibrations of a hexagonal lattice by Hobson and Nieren-
berg in 1953 [35]. They found logarithmic divergences
near the saddles of the energy bands, i.e., the van Hove
singularities, as well as the zeros now identified with the
Dirac points. From the corresponding analytical expres-
sion of the hexagonal tight-binding model given in [36],
one readily obtains for the fermionic system at finite
charge-carrier density, with a Fermi energy near one of
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The correspondingly diverging zero-temperature suscep-
tibility � is due to the infinite degeneracy of ground states
of the two-dimensional fermionic system when the Fermi
level passes through the van Hove singularity. In the
thermodynamic sense this can be considered as a zero
temperature transition with control parameter |µ|. To
illustrate this one introduces the reduced Fermi-energy
parameter z = (|µ|� )/ to rewrite (5),

�(z) =
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2⇡2
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� ln |z|+ 2 ln 2 +O(z)
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Unlike the cases of first or second order phase transi-
tions, the susceptibility does not diverge with a power
law but logarithmically. This is a manifestation of the
neck-disrupting electronic Lifshitz transition in two di-
mensions [3, 37]. There is no obvious change in symme-
try, the transition is only due to the topology change of
the Fermi surface. The singular part of the correspond-
ing thermodynamic grand potential is non-zero on both
sides of the transition. The original argument is simple,
one expands the single-particle energy around a saddle
point at  in suitable coordinates,

✏~k = +
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, (7)

which gives in Eq. (4) a singular contribution

⇢s(z) = �
g�Ac

2⇡2

p
m1m2 ln |z| . (8)

For the nearest-neighbor tight-binding model on the
hexagonal lattice, one verifies that

p
m1m2 = 1/(Ac)

so that ⇢s(z) = �g�/(2⇡2) ln |z|. With a factor of 3 for
the three M points per Brillouin zone this agrees with
the leading behavior of the zero-temperature susceptibil-
ity in Eq. (6) as it should. One integration over z then
yields the number of states in an interval around the sad-
dle, a second one the corresponding contribution to the
grand potential ⌦ per unit cell which hence acquires a
corresponding singularity [37]

⌦sing =
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It is symmetric around z = 0. There is thus no order
parameter in the usual sense, but one may discuss this
transition in terms of a change in the approximate sym-
metries of the low-energy excitation spectrum with some
analogy in excited-state quantum phase transitions [5].

At any rate, the logarithmic singularity of the elec-
tronic Lifshitz transition in the grand potential is re-
stricted to strictly zero temperature. To see this ex-
plicitly, we first use the density of states to express the
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finite-temperature susceptibility in the following form,
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Assuming µ > 0 for now, we may drop the second term in
the brackets for su�ciently low temperatures, and extend
the limits of integration to ±1. For the susceptibility
maximum at µ =  we can furthermore approximate ⇢(✏)
by the expansion in Eq. (5) in the region of support of
the integrand around ✏ =  to obtain,

�max =
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o
(11)

where �E is the Euler-Mascheroni constant. The maxi-
mum of the susceptibility of the electronic Lifshitz tran-
sition is finite at finite T .

In this way, the logarithmic divergence in the DOS
at the VHS is reflected in the Thomas-Fermi suscepti-
bility �(µ). At low but finite temperatures �(µ) peaks
when the Fermi level crosses the VHS (for µ =  in the
non-interacting system). The peak height grows loga-
rithmically as temperature is lowered. Its divergence in
the zero-temperature limit is a manifestation of the neck-
disrupting electronic Lifshitz transition with its logarith-
mic singularity in the chemical potential as the corre-
sponding control parameter.

So much for the non-interacting and infinite system.
Before we discuss finite volume e↵ects and interactions,
we can speculate how a reshaping of the saddle points in
the single-particle band structure by interactions might
qualitatively a↵ect the Lifshitz transition. If we assume
a non-Fermi liquid behavior near the saddles for example
of the form

✏~k = ✏0 + 
�
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↵
�
, (12)

instead of (7), where we had
p
c1c2 = 3

p
3/4, ✏0 =  and

↵ = 2 for the non-interacting tight-binding model, we
now obtain analogously,
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In Eq. (10) this for µ = ✏0 then readily yields
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replacing Eq. (11) for � 6= 0. We can see that, e.g. for
↵ = 4 in single-particle energies near the saddles (12),
the logarithmic divergence of Eq. (11) turns into a square
root divergence of the susceptibility maximum for T ! 0
with � = 1/2. Whereas the limit of a completely flat
single-particle energy band with ↵ ! 1 would corre-
spond to � = 1 and hence �max / 1/T .

We conclude this section by reiterating that for van-

ishing two-body interactions, �(µ) is blind to a change
of sign. And this is true for each of the spin orienta-
tions separately. We will use opposite signs of µ for the
two spin orientations in our simulations below to avoid a
fermion-sign problem. While this then corresponds to a
Zeeman splitting, as caused by an in-plane magnetic field
for example, rather than a change of the charge-carrier
density away from half filling, the tight-binding results
are una↵ected by such a sign change. We may therefore
thus use �(µ) with unlike-sign chemical potentials for the
two spin states, analogous to isospin chemical potential
in Quantum Chromodynamics (QCD), to detect devia-
tions from the pure tight-binding theory in our Hybrid-
Monte-Carlo (HMC) simulations, where it can be readily
obtained (discussed in Sec. III C).

To make the comparison between the Lifshitz transi-
tion in the non-interacting system and the results from
HMC simulations with interactions as direct as possi-
ble, in the next subsection we first derive semi-analytic
expression for �(µ) in the tight-binding model on finite
lattices with the same boundary conditions that we use
in the simulations.

B. Finite lattices

In our HMC simulations we study graphene sheets of
finite surface area, with periodic boundary conditions
along the primitive vectors ~a1,2 = a

2 (
p
3,±3) (where

a ⇡ 1.42Å is the inter-atomic distance on the hexago-
nal lattice) spanning one of the triangular sub-lattices
(“Born-von Karman boundary conditions”). We simu-
late symmetric lattices, with N unit cells along each axis.
To take finite size into account, Eq. (3) is rewritten as a
sum over the allowed momentum states, which are given

by the Laue condition ei
~k ~R = 1, where ~R = n~a1 + m~a2

with n,m 2 [1, · · · , N ]. The momentum states are

~k =
n

N
~b1 +

m

N
~b2 , (15)

where ~b1,2 = 2⇡
3a (

p
3,±1) are the the base vectors of the

reciprocal lattice. The integral measure d2k turns into a
finite surface element (�k)2 = |~b1 ⇥~b2|/N2 = ABZ/N2,
where ABZ = (2⇡)2/Ac is the area of the first Brillouin
zone, and the integral in Eq. (3) for the susceptibility of
a finite sheet becomes,
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Assuming µ > 0 for now, we may drop the second term in
the brackets for su�ciently low temperatures, and extend
the limits of integration to ±1. For the susceptibility
maximum at µ =  we can furthermore approximate ⇢(✏)
by the expansion in Eq. (5) in the region of support of
the integrand around ✏ =  to obtain,
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n
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⇡T/

�
+ �E + 3 ln 2 +O(T )

o
(11)

where �E is the Euler-Mascheroni constant. The maxi-
mum of the susceptibility of the electronic Lifshitz tran-
sition is finite at finite T .

In this way, the logarithmic divergence in the DOS
at the VHS is reflected in the Thomas-Fermi suscepti-
bility �(µ). At low but finite temperatures �(µ) peaks
when the Fermi level crosses the VHS (for µ =  in the
non-interacting system). The peak height grows loga-
rithmically as temperature is lowered. Its divergence in
the zero-temperature limit is a manifestation of the neck-
disrupting electronic Lifshitz transition with its logarith-
mic singularity in the chemical potential as the corre-
sponding control parameter.

So much for the non-interacting and infinite system.
Before we discuss finite volume e↵ects and interactions,
we can speculate how a reshaping of the saddle points in
the single-particle band structure by interactions might
qualitatively a↵ect the Lifshitz transition. If we assume
a non-Fermi liquid behavior near the saddles for example
of the form

✏~k = ✏0 + 
�
c1(kxa)

↵
� c2(kya)

↵
�
, (12)

instead of (7), where we had
p
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3/4, ✏0 =  and

↵ = 2 for the non-interacting tight-binding model, we
now obtain analogously,
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↵
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In Eq. (10) this for µ = ✏0 then readily yields
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⇣ 

T

⌘�

, (14)

replacing Eq. (11) for � 6= 0. We can see that, e.g. for
↵ = 4 in single-particle energies near the saddles (12),
the logarithmic divergence of Eq. (11) turns into a square
root divergence of the susceptibility maximum for T ! 0
with � = 1/2. Whereas the limit of a completely flat
single-particle energy band with ↵ ! 1 would corre-
spond to � = 1 and hence �max / 1/T .

We conclude this section by reiterating that for van-

ishing two-body interactions, �(µ) is blind to a change
of sign. And this is true for each of the spin orienta-
tions separately. We will use opposite signs of µ for the
two spin orientations in our simulations below to avoid a
fermion-sign problem. While this then corresponds to a
Zeeman splitting, as caused by an in-plane magnetic field
for example, rather than a change of the charge-carrier
density away from half filling, the tight-binding results
are una↵ected by such a sign change. We may therefore
thus use �(µ) with unlike-sign chemical potentials for the
two spin states, analogous to isospin chemical potential
in Quantum Chromodynamics (QCD), to detect devia-
tions from the pure tight-binding theory in our Hybrid-
Monte-Carlo (HMC) simulations, where it can be readily
obtained (discussed in Sec. III C).

To make the comparison between the Lifshitz transi-
tion in the non-interacting system and the results from
HMC simulations with interactions as direct as possi-
ble, in the next subsection we first derive semi-analytic
expression for �(µ) in the tight-binding model on finite
lattices with the same boundary conditions that we use
in the simulations.

B. Finite lattices

In our HMC simulations we study graphene sheets of
finite surface area, with periodic boundary conditions
along the primitive vectors ~a1,2 = a

2 (
p
3,±3) (where

a ⇡ 1.42Å is the inter-atomic distance on the hexago-
nal lattice) spanning one of the triangular sub-lattices
(“Born-von Karman boundary conditions”). We simu-
late symmetric lattices, with N unit cells along each axis.
To take finite size into account, Eq. (3) is rewritten as a
sum over the allowed momentum states, which are given

by the Laue condition ei
~k ~R = 1, where ~R = n~a1 + m~a2

with n,m 2 [1, · · · , N ]. The momentum states are

~k =
n

N
~b1 +

m

N
~b2 , (15)

where ~b1,2 = 2⇡
3a (

p
3,±1) are the the base vectors of the

reciprocal lattice. The integral measure d2k turns into a
finite surface element (�k)2 = |~b1 ⇥~b2|/N2 = ABZ/N2,
where ABZ = (2⇡)2/Ac is the area of the first Brillouin
zone, and the integral in Eq. (3) for the susceptibility of
a finite sheet becomes,
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at T = 0, finite size, Nc unit cells:

6

FIG. 4. Finite-size scaling of the susceptibility peak at dif-
ferent temperatures (� = 1/T ) from Eq. (16); the horizontal
lines indicate the leading-order prediction from Eq. (11), the
slight deviations of the infinite volume limit from this predic-
tion for � = 2 eV�1 are due to O(T ) corrections.

Here ✏mn is the dispersion relation, evaluated at the
points defined by Eq. (15):

✏mn = 

⇢
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Eq. (16) is of a form which can be compared directly to
the simulations. The sums cannot be carried out analyt-
ically, but are straightforward to evaluate numerically.

Of course there is no divergence of the particle-hole
susceptibility in a finite volume, not even at zero tem-
perature. The spectrum is discrete and the total number
of states is finite, so the density of states cannot diverge
either. In Ref. [5] it was shown, however, that the finite-
size scaling of the susceptibility maximum at T = 0 is
logarithmic likewise, namely

�max =
3g�
2⇡2

⇣
lnNc � 2 ln⇡ + 1 +O(1/Nc)

⌘
, (18)

where Nc = N2 is the number of unit cells. Since our
simulations are carried out at finite temperature, it is
clear that we cannot observe this behavior directly be-
cause it is valid only at strictly zero temperature. The
extension of the analytic expressions to finite volume and
finite temperature is not so straightforward, however, and
cannot be done analytically.

Therefore, we use the implicit representation of �(µ)
for a finite sheet at temperature T in Eq. (16) and com-
pute the sums numerically. The results of � at µ =  are
shown for various lattice sizes and temperatures in Fig. 4.
In general, for any finite temperature, �(µ = , N) for
N ! 1 approaches a flat asymptote / ln(�) which in
turn increases with � = 1/T according to Eq. (11). It is

the temperature dependence of these asymptotic values
which follows Eq. (11). Convergence to the infinite vol-
ume limit becomes slower for decreasing temperatures as
the asymptotic value increases.
Fig. 4 shows a strong influence of the parity of the lat-

tice, where odd lattices approach the N ! 1 limit from
below and even lattices from above. For a fixed lattice
size, the peak height either diverges (for even lattices)
or goes to zero (for odd lattices) as T ! 0. This dif-
ference arises from the fact that the sums in Eq. (16)
only contain momentum modes which hit the M-points
exactly when N is even. For even N , points on the lines
with sech2((✏mn � µ)/2T ) = 1 contribute with diverg-
ing weight / 1/T to the sum (cf. Fig. 3), while for odd
N there are no such points but only points that cluster
around these lines when the system becomes large.

III. INTER-ELECTRON INTERACTIONS

A. Simulation setup

The present work implements Hybrid-Monte-Carlo
simulations of the interacting tight-binding theory on the
hexagonal graphene lattice, based on a formalism devel-
oped by Brower et al. [38, 39], which goes beyond the low-
energy approximation (studied extensively in the past
[40–49]) and is thus able to capture the full band struc-
ture beyond the Dirac cones. The HMC method on the
graphene lattice is by now well established, and has been
successfully applied in conclusive studies of the antifer-
romagnetic phase transition [50–54] as well as in ongoing
studies of the phase diagram of an extended fermionic
Hubbard model on the hexagonal graphene lattice [55].
Numerous other topics were also addressed with HMC,
such as the optical conductivity of graphene [56], the ef-
fect of hydrogen adatoms [57, 58] or the single quasi-
particle spectrum of carbon nanotubes [59].
We have written about our setup in great detail in the

past (see ref. [53] for a step-by-step derivation) and will
only provide a summary here. In particular, we focus on
the additional challenges which arise when introducing
a chemical potential (i.e. the fermion-sign problem) and
discuss our workaround solution (a spin-dependent sign
flip). To be clear: This work does not attempt to solve
the sign-problem, but rather studies a modified Hamilto-
nian which is free of such a problem. To assess to what
degree the physics is changed by this modification is part
of the motivation for this work.
The starting point is the interacting tight-binding

Hamiltonian in second-quantized form

H =
X

hx,yi

(�)(a†
x
ay + b†

x
by + h.c.)

+
X

x,y

qxVxyqy +
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x

ms(a
†
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x
bx) . (19)
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Assuming µ > 0 for now, we may drop the second term in
the brackets for su�ciently low temperatures, and extend
the limits of integration to ±1. For the susceptibility
maximum at µ =  we can furthermore approximate ⇢(✏)
by the expansion in Eq. (5) in the region of support of
the integrand around ✏ =  to obtain,
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where �E is the Euler-Mascheroni constant. The maxi-
mum of the susceptibility of the electronic Lifshitz tran-
sition is finite at finite T .

In this way, the logarithmic divergence in the DOS
at the VHS is reflected in the Thomas-Fermi suscepti-
bility �(µ). At low but finite temperatures �(µ) peaks
when the Fermi level crosses the VHS (for µ =  in the
non-interacting system). The peak height grows loga-
rithmically as temperature is lowered. Its divergence in
the zero-temperature limit is a manifestation of the neck-
disrupting electronic Lifshitz transition with its logarith-
mic singularity in the chemical potential as the corre-
sponding control parameter.

So much for the non-interacting and infinite system.
Before we discuss finite volume e↵ects and interactions,
we can speculate how a reshaping of the saddle points in
the single-particle band structure by interactions might
qualitatively a↵ect the Lifshitz transition. If we assume
a non-Fermi liquid behavior near the saddles for example
of the form

✏~k = ✏0 + 
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c1(kxa)

↵
� c2(kya)

↵
�
, (12)

instead of (7), where we had
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c1c2 = 3
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3/4, ✏0 =  and

↵ = 2 for the non-interacting tight-binding model, we
now obtain analogously,
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In Eq. (10) this for µ = ✏0 then readily yields
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, (14)

replacing Eq. (11) for � 6= 0. We can see that, e.g. for
↵ = 4 in single-particle energies near the saddles (12),
the logarithmic divergence of Eq. (11) turns into a square
root divergence of the susceptibility maximum for T ! 0
with � = 1/2. Whereas the limit of a completely flat
single-particle energy band with ↵ ! 1 would corre-
spond to � = 1 and hence �max / 1/T .

We conclude this section by reiterating that for van-

ishing two-body interactions, �(µ) is blind to a change
of sign. And this is true for each of the spin orienta-
tions separately. We will use opposite signs of µ for the
two spin orientations in our simulations below to avoid a
fermion-sign problem. While this then corresponds to a
Zeeman splitting, as caused by an in-plane magnetic field
for example, rather than a change of the charge-carrier
density away from half filling, the tight-binding results
are una↵ected by such a sign change. We may therefore
thus use �(µ) with unlike-sign chemical potentials for the
two spin states, analogous to isospin chemical potential
in Quantum Chromodynamics (QCD), to detect devia-
tions from the pure tight-binding theory in our Hybrid-
Monte-Carlo (HMC) simulations, where it can be readily
obtained (discussed in Sec. III C).

To make the comparison between the Lifshitz transi-
tion in the non-interacting system and the results from
HMC simulations with interactions as direct as possi-
ble, in the next subsection we first derive semi-analytic
expression for �(µ) in the tight-binding model on finite
lattices with the same boundary conditions that we use
in the simulations.

B. Finite lattices

In our HMC simulations we study graphene sheets of
finite surface area, with periodic boundary conditions
along the primitive vectors ~a1,2 = a

2 (
p
3,±3) (where

a ⇡ 1.42Å is the inter-atomic distance on the hexago-
nal lattice) spanning one of the triangular sub-lattices
(“Born-von Karman boundary conditions”). We simu-
late symmetric lattices, with N unit cells along each axis.
To take finite size into account, Eq. (3) is rewritten as a
sum over the allowed momentum states, which are given

by the Laue condition ei
~k ~R = 1, where ~R = n~a1 + m~a2

with n,m 2 [1, · · · , N ]. The momentum states are

~k =
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~b1 +
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~b2 , (15)

where ~b1,2 = 2⇡
3a (

p
3,±1) are the the base vectors of the

reciprocal lattice. The integral measure d2k turns into a
finite surface element (�k)2 = |~b1 ⇥~b2|/N2 = ABZ/N2,
where ABZ = (2⇡)2/Ac is the area of the first Brillouin
zone, and the integral in Eq. (3) for the susceptibility of
a finite sheet becomes,
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FIG. 4. Finite-size scaling of the susceptibility peak at dif-
ferent temperatures (� = 1/T ) from Eq. (16); the horizontal
lines indicate the leading-order prediction from Eq. (11), the
slight deviations of the infinite volume limit from this predic-
tion for � = 2 eV�1 are due to O(T ) corrections.
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Eq. (16) is of a form which can be compared directly to
the simulations. The sums cannot be carried out analyt-
ically, but are straightforward to evaluate numerically.

Of course there is no divergence of the particle-hole
susceptibility in a finite volume, not even at zero tem-
perature. The spectrum is discrete and the total number
of states is finite, so the density of states cannot diverge
either. In Ref. [5] it was shown, however, that the finite-
size scaling of the susceptibility maximum at T = 0 is
logarithmic likewise, namely
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lnNc � 2 ln⇡ + 1 +O(1/Nc)

⌘
, (18)

where Nc = N2 is the number of unit cells. Since our
simulations are carried out at finite temperature, it is
clear that we cannot observe this behavior directly be-
cause it is valid only at strictly zero temperature. The
extension of the analytic expressions to finite volume and
finite temperature is not so straightforward, however, and
cannot be done analytically.

Therefore, we use the implicit representation of �(µ)
for a finite sheet at temperature T in Eq. (16) and com-
pute the sums numerically. The results of � at µ =  are
shown for various lattice sizes and temperatures in Fig. 4.
In general, for any finite temperature, �(µ = , N) for
N ! 1 approaches a flat asymptote / ln(�) which in
turn increases with � = 1/T according to Eq. (11). It is

the temperature dependence of these asymptotic values
which follows Eq. (11). Convergence to the infinite vol-
ume limit becomes slower for decreasing temperatures as
the asymptotic value increases.
Fig. 4 shows a strong influence of the parity of the lat-

tice, where odd lattices approach the N ! 1 limit from
below and even lattices from above. For a fixed lattice
size, the peak height either diverges (for even lattices)
or goes to zero (for odd lattices) as T ! 0. This dif-
ference arises from the fact that the sums in Eq. (16)
only contain momentum modes which hit the M-points
exactly when N is even. For even N , points on the lines
with sech2((✏mn � µ)/2T ) = 1 contribute with diverg-
ing weight / 1/T to the sum (cf. Fig. 3), while for odd
N there are no such points but only points that cluster
around these lines when the system becomes large.

III. INTER-ELECTRON INTERACTIONS

A. Simulation setup

The present work implements Hybrid-Monte-Carlo
simulations of the interacting tight-binding theory on the
hexagonal graphene lattice, based on a formalism devel-
oped by Brower et al. [38, 39], which goes beyond the low-
energy approximation (studied extensively in the past
[40–49]) and is thus able to capture the full band struc-
ture beyond the Dirac cones. The HMC method on the
graphene lattice is by now well established, and has been
successfully applied in conclusive studies of the antifer-
romagnetic phase transition [50–54] as well as in ongoing
studies of the phase diagram of an extended fermionic
Hubbard model on the hexagonal graphene lattice [55].
Numerous other topics were also addressed with HMC,
such as the optical conductivity of graphene [56], the ef-
fect of hydrogen adatoms [57, 58] or the single quasi-
particle spectrum of carbon nanotubes [59].
We have written about our setup in great detail in the

past (see ref. [53] for a step-by-step derivation) and will
only provide a summary here. In particular, we focus on
the additional challenges which arise when introducing
a chemical potential (i.e. the fermion-sign problem) and
discuss our workaround solution (a spin-dependent sign
flip). To be clear: This work does not attempt to solve
the sign-problem, but rather studies a modified Hamilto-
nian which is free of such a problem. To assess to what
degree the physics is changed by this modification is part
of the motivation for this work.
The starting point is the interacting tight-binding
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Assuming µ > 0 for now, we may drop the second term in
the brackets for su�ciently low temperatures, and extend
the limits of integration to ±1. For the susceptibility
maximum at µ =  we can furthermore approximate ⇢(✏)
by the expansion in Eq. (5) in the region of support of
the integrand around ✏ =  to obtain,
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where �E is the Euler-Mascheroni constant. The maxi-
mum of the susceptibility of the electronic Lifshitz tran-
sition is finite at finite T .

In this way, the logarithmic divergence in the DOS
at the VHS is reflected in the Thomas-Fermi suscepti-
bility �(µ). At low but finite temperatures �(µ) peaks
when the Fermi level crosses the VHS (for µ =  in the
non-interacting system). The peak height grows loga-
rithmically as temperature is lowered. Its divergence in
the zero-temperature limit is a manifestation of the neck-
disrupting electronic Lifshitz transition with its logarith-
mic singularity in the chemical potential as the corre-
sponding control parameter.

So much for the non-interacting and infinite system.
Before we discuss finite volume e↵ects and interactions,
we can speculate how a reshaping of the saddle points in
the single-particle band structure by interactions might
qualitatively a↵ect the Lifshitz transition. If we assume
a non-Fermi liquid behavior near the saddles for example
of the form
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replacing Eq. (11) for � 6= 0. We can see that, e.g. for
↵ = 4 in single-particle energies near the saddles (12),
the logarithmic divergence of Eq. (11) turns into a square
root divergence of the susceptibility maximum for T ! 0
with � = 1/2. Whereas the limit of a completely flat
single-particle energy band with ↵ ! 1 would corre-
spond to � = 1 and hence �max / 1/T .

We conclude this section by reiterating that for van-

ishing two-body interactions, �(µ) is blind to a change
of sign. And this is true for each of the spin orienta-
tions separately. We will use opposite signs of µ for the
two spin orientations in our simulations below to avoid a
fermion-sign problem. While this then corresponds to a
Zeeman splitting, as caused by an in-plane magnetic field
for example, rather than a change of the charge-carrier
density away from half filling, the tight-binding results
are una↵ected by such a sign change. We may therefore
thus use �(µ) with unlike-sign chemical potentials for the
two spin states, analogous to isospin chemical potential
in Quantum Chromodynamics (QCD), to detect devia-
tions from the pure tight-binding theory in our Hybrid-
Monte-Carlo (HMC) simulations, where it can be readily
obtained (discussed in Sec. III C).

To make the comparison between the Lifshitz transi-
tion in the non-interacting system and the results from
HMC simulations with interactions as direct as possi-
ble, in the next subsection we first derive semi-analytic
expression for �(µ) in the tight-binding model on finite
lattices with the same boundary conditions that we use
in the simulations.

B. Finite lattices

In our HMC simulations we study graphene sheets of
finite surface area, with periodic boundary conditions
along the primitive vectors ~a1,2 = a
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3,±3) (where

a ⇡ 1.42Å is the inter-atomic distance on the hexago-
nal lattice) spanning one of the triangular sub-lattices
(“Born-von Karman boundary conditions”). We simu-
late symmetric lattices, with N unit cells along each axis.
To take finite size into account, Eq. (3) is rewritten as a
sum over the allowed momentum states, which are given
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FIG. 4. Finite-size scaling of the susceptibility peak at dif-
ferent temperatures (� = 1/T ) from Eq. (16); the horizontal
lines indicate the leading-order prediction from Eq. (11), the
slight deviations of the infinite volume limit from this predic-
tion for � = 2 eV�1 are due to O(T ) corrections.

Here ✏mn is the dispersion relation, evaluated at the
points defined by Eq. (15):

✏mn = 

⇢
3 + 4 cos

✓
⇡
n+m

N

◆
cos

✓
⇡
n�m

N

◆

+2 cos

✓
2⇡

n+m

N

◆� 1
2

. (17)

Eq. (16) is of a form which can be compared directly to
the simulations. The sums cannot be carried out analyt-
ically, but are straightforward to evaluate numerically.

Of course there is no divergence of the particle-hole
susceptibility in a finite volume, not even at zero tem-
perature. The spectrum is discrete and the total number
of states is finite, so the density of states cannot diverge
either. In Ref. [5] it was shown, however, that the finite-
size scaling of the susceptibility maximum at T = 0 is
logarithmic likewise, namely

�max =
3g�
2⇡2

⇣
lnNc � 2 ln⇡ + 1 +O(1/Nc)

⌘
, (18)

where Nc = N2 is the number of unit cells. Since our
simulations are carried out at finite temperature, it is
clear that we cannot observe this behavior directly be-
cause it is valid only at strictly zero temperature. The
extension of the analytic expressions to finite volume and
finite temperature is not so straightforward, however, and
cannot be done analytically.

Therefore, we use the implicit representation of �(µ)
for a finite sheet at temperature T in Eq. (16) and com-
pute the sums numerically. The results of � at µ =  are
shown for various lattice sizes and temperatures in Fig. 4.
In general, for any finite temperature, �(µ = , N) for
N ! 1 approaches a flat asymptote / ln(�) which in
turn increases with � = 1/T according to Eq. (11). It is

the temperature dependence of these asymptotic values
which follows Eq. (11). Convergence to the infinite vol-
ume limit becomes slower for decreasing temperatures as
the asymptotic value increases.
Fig. 4 shows a strong influence of the parity of the lat-

tice, where odd lattices approach the N ! 1 limit from
below and even lattices from above. For a fixed lattice
size, the peak height either diverges (for even lattices)
or goes to zero (for odd lattices) as T ! 0. This dif-
ference arises from the fact that the sums in Eq. (16)
only contain momentum modes which hit the M-points
exactly when N is even. For even N , points on the lines
with sech2((✏mn � µ)/2T ) = 1 contribute with diverg-
ing weight / 1/T to the sum (cf. Fig. 3), while for odd
N there are no such points but only points that cluster
around these lines when the system becomes large.

III. INTER-ELECTRON INTERACTIONS

A. Simulation setup

The present work implements Hybrid-Monte-Carlo
simulations of the interacting tight-binding theory on the
hexagonal graphene lattice, based on a formalism devel-
oped by Brower et al. [38, 39], which goes beyond the low-
energy approximation (studied extensively in the past
[40–49]) and is thus able to capture the full band struc-
ture beyond the Dirac cones. The HMC method on the
graphene lattice is by now well established, and has been
successfully applied in conclusive studies of the antifer-
romagnetic phase transition [50–54] as well as in ongoing
studies of the phase diagram of an extended fermionic
Hubbard model on the hexagonal graphene lattice [55].
Numerous other topics were also addressed with HMC,
such as the optical conductivity of graphene [56], the ef-
fect of hydrogen adatoms [57, 58] or the single quasi-
particle spectrum of carbon nanotubes [59].
We have written about our setup in great detail in the

past (see ref. [53] for a step-by-step derivation) and will
only provide a summary here. In particular, we focus on
the additional challenges which arise when introducing
a chemical potential (i.e. the fermion-sign problem) and
discuss our workaround solution (a spin-dependent sign
flip). To be clear: This work does not attempt to solve
the sign-problem, but rather studies a modified Hamilto-
nian which is free of such a problem. To assess to what
degree the physics is changed by this modification is part
of the motivation for this work.
The starting point is the interacting tight-binding

Hamiltonian in second-quantized form

H =
X

hx,yi

(�)(a†
x
ay + b†

x
by + h.c.)

+
X

x,y

qxVxyqy +
X

x

ms(a
†
x
ax + b†

x
bx) . (19)

±µ for spin up/down, finite spin density

• with interactions (HMC):

µ for finite charge-carrier density ) sign problem
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• free tight-binding theory:

at van Hove sing. (z = 0) for T ! 0:

5

finite-temperature susceptibility in the following form,

�(µ) =
1

4T

Z 3

0
d✏ ⇢(✏)

⇥


sech2

✓
✏� µ

2T

◆
+ sech2

✓
✏+ µ

2T

◆�
. (10)

Assuming µ > 0 for now, we may drop the second term in
the brackets for su�ciently low temperatures, and extend
the limits of integration to ±1. For the susceptibility
maximum at µ =  we can furthermore approximate ⇢(✏)
by the expansion in Eq. (5) in the region of support of
the integrand around ✏ =  to obtain,

�max =
3g�
2⇡2

n
� ln

�
⇡T/

�
+ �E + 3 ln 2 +O(T )

o
(11)

where �E is the Euler-Mascheroni constant. The maxi-
mum of the susceptibility of the electronic Lifshitz tran-
sition is finite at finite T .

In this way, the logarithmic divergence in the DOS
at the VHS is reflected in the Thomas-Fermi suscepti-
bility �(µ). At low but finite temperatures �(µ) peaks
when the Fermi level crosses the VHS (for µ =  in the
non-interacting system). The peak height grows loga-
rithmically as temperature is lowered. Its divergence in
the zero-temperature limit is a manifestation of the neck-
disrupting electronic Lifshitz transition with its logarith-
mic singularity in the chemical potential as the corre-
sponding control parameter.

So much for the non-interacting and infinite system.
Before we discuss finite volume e↵ects and interactions,
we can speculate how a reshaping of the saddle points in
the single-particle band structure by interactions might
qualitatively a↵ect the Lifshitz transition. If we assume
a non-Fermi liquid behavior near the saddles for example
of the form

✏~k = ✏0 + 
�
c1(kxa)

↵
� c2(kya)

↵
�
, (12)

instead of (7), where we had
p
c1c2 = 3

p
3/4, ✏0 =  and

↵ = 2 for the non-interacting tight-binding model, we
now obtain analogously,

⇢s(z) / �1
|z|�� , with � = 1�

2

↵
. (13)

In Eq. (10) this for µ = ✏0 then readily yields

�max /
1



⇣ 

T

⌘�

, (14)

replacing Eq. (11) for � 6= 0. We can see that, e.g. for
↵ = 4 in single-particle energies near the saddles (12),
the logarithmic divergence of Eq. (11) turns into a square
root divergence of the susceptibility maximum for T ! 0
with � = 1/2. Whereas the limit of a completely flat
single-particle energy band with ↵ ! 1 would corre-
spond to � = 1 and hence �max / 1/T .

We conclude this section by reiterating that for van-

ishing two-body interactions, �(µ) is blind to a change
of sign. And this is true for each of the spin orienta-
tions separately. We will use opposite signs of µ for the
two spin orientations in our simulations below to avoid a
fermion-sign problem. While this then corresponds to a
Zeeman splitting, as caused by an in-plane magnetic field
for example, rather than a change of the charge-carrier
density away from half filling, the tight-binding results
are una↵ected by such a sign change. We may therefore
thus use �(µ) with unlike-sign chemical potentials for the
two spin states, analogous to isospin chemical potential
in Quantum Chromodynamics (QCD), to detect devia-
tions from the pure tight-binding theory in our Hybrid-
Monte-Carlo (HMC) simulations, where it can be readily
obtained (discussed in Sec. III C).

To make the comparison between the Lifshitz transi-
tion in the non-interacting system and the results from
HMC simulations with interactions as direct as possi-
ble, in the next subsection we first derive semi-analytic
expression for �(µ) in the tight-binding model on finite
lattices with the same boundary conditions that we use
in the simulations.

B. Finite lattices

In our HMC simulations we study graphene sheets of
finite surface area, with periodic boundary conditions
along the primitive vectors ~a1,2 = a

2 (
p
3,±3) (where

a ⇡ 1.42Å is the inter-atomic distance on the hexago-
nal lattice) spanning one of the triangular sub-lattices
(“Born-von Karman boundary conditions”). We simu-
late symmetric lattices, with N unit cells along each axis.
To take finite size into account, Eq. (3) is rewritten as a
sum over the allowed momentum states, which are given

by the Laue condition ei
~k ~R = 1, where ~R = n~a1 + m~a2

with n,m 2 [1, · · · , N ]. The momentum states are

~k =
n

N
~b1 +

m

N
~b2 , (15)

where ~b1,2 = 2⇡
3a (

p
3,±1) are the the base vectors of the

reciprocal lattice. The integral measure d2k turns into a
finite surface element (�k)2 = |~b1 ⇥~b2|/N2 = ABZ/N2,
where ABZ = (2⇡)2/Ac is the area of the first Brillouin
zone, and the integral in Eq. (3) for the susceptibility of
a finite sheet becomes,

�(µ) =
g�

4TN2

X

n,m


sech2

✓
✏mn � µ

2T

◆

+sech2
✓
✏mn + µ

2T

◆�
. (16)

at T = 0, finite size, Nc unit cells:

6

FIG. 4. Finite-size scaling of the susceptibility peak at dif-
ferent temperatures (� = 1/T ) from Eq. (16); the horizontal
lines indicate the leading-order prediction from Eq. (11), the
slight deviations of the infinite volume limit from this predic-
tion for � = 2 eV�1 are due to O(T ) corrections.

Here ✏mn is the dispersion relation, evaluated at the
points defined by Eq. (15):

✏mn = 

⇢
3 + 4 cos

✓
⇡
n+m

N

◆
cos

✓
⇡
n�m

N

◆

+2 cos

✓
2⇡

n+m

N

◆� 1
2

. (17)

Eq. (16) is of a form which can be compared directly to
the simulations. The sums cannot be carried out analyt-
ically, but are straightforward to evaluate numerically.

Of course there is no divergence of the particle-hole
susceptibility in a finite volume, not even at zero tem-
perature. The spectrum is discrete and the total number
of states is finite, so the density of states cannot diverge
either. In Ref. [5] it was shown, however, that the finite-
size scaling of the susceptibility maximum at T = 0 is
logarithmic likewise, namely

�max =
3g�
2⇡2

⇣
lnNc � 2 ln⇡ + 1 +O(1/Nc)

⌘
, (18)

where Nc = N2 is the number of unit cells. Since our
simulations are carried out at finite temperature, it is
clear that we cannot observe this behavior directly be-
cause it is valid only at strictly zero temperature. The
extension of the analytic expressions to finite volume and
finite temperature is not so straightforward, however, and
cannot be done analytically.

Therefore, we use the implicit representation of �(µ)
for a finite sheet at temperature T in Eq. (16) and com-
pute the sums numerically. The results of � at µ =  are
shown for various lattice sizes and temperatures in Fig. 4.
In general, for any finite temperature, �(µ = , N) for
N ! 1 approaches a flat asymptote / ln(�) which in
turn increases with � = 1/T according to Eq. (11). It is

the temperature dependence of these asymptotic values
which follows Eq. (11). Convergence to the infinite vol-
ume limit becomes slower for decreasing temperatures as
the asymptotic value increases.
Fig. 4 shows a strong influence of the parity of the lat-

tice, where odd lattices approach the N ! 1 limit from
below and even lattices from above. For a fixed lattice
size, the peak height either diverges (for even lattices)
or goes to zero (for odd lattices) as T ! 0. This dif-
ference arises from the fact that the sums in Eq. (16)
only contain momentum modes which hit the M-points
exactly when N is even. For even N , points on the lines
with sech2((✏mn � µ)/2T ) = 1 contribute with diverg-
ing weight / 1/T to the sum (cf. Fig. 3), while for odd
N there are no such points but only points that cluster
around these lines when the system becomes large.

III. INTER-ELECTRON INTERACTIONS

A. Simulation setup

The present work implements Hybrid-Monte-Carlo
simulations of the interacting tight-binding theory on the
hexagonal graphene lattice, based on a formalism devel-
oped by Brower et al. [38, 39], which goes beyond the low-
energy approximation (studied extensively in the past
[40–49]) and is thus able to capture the full band struc-
ture beyond the Dirac cones. The HMC method on the
graphene lattice is by now well established, and has been
successfully applied in conclusive studies of the antifer-
romagnetic phase transition [50–54] as well as in ongoing
studies of the phase diagram of an extended fermionic
Hubbard model on the hexagonal graphene lattice [55].
Numerous other topics were also addressed with HMC,
such as the optical conductivity of graphene [56], the ef-
fect of hydrogen adatoms [57, 58] or the single quasi-
particle spectrum of carbon nanotubes [59].
We have written about our setup in great detail in the

past (see ref. [53] for a step-by-step derivation) and will
only provide a summary here. In particular, we focus on
the additional challenges which arise when introducing
a chemical potential (i.e. the fermion-sign problem) and
discuss our workaround solution (a spin-dependent sign
flip). To be clear: This work does not attempt to solve
the sign-problem, but rather studies a modified Hamilto-
nian which is free of such a problem. To assess to what
degree the physics is changed by this modification is part
of the motivation for this work.
The starting point is the interacting tight-binding

Hamiltonian in second-quantized form

H =
X

hx,yi

(�)(a†
x
ay + b†

x
by + h.c.)

+
X

x,y

qxVxyqy +
X

x

ms(a
†
x
ax + b†

x
bx) . (19)

±µ for spin up/down, finite spin density

• with interactions (HMC):

µ for finite charge-carrier density ) sign problem

) analogous to isospin chemical potential
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• interactions (screened Coulomb): 7

The chemical potential is absent at this stage and will
be introduced later. The first sum in Eq. (19) runs over
pairs of nearest neighbors only (with a hopping param-
eter  = 2.7 eV), so we neglect higher order hoppings.
The other sums run over all sites (including both sub-
lattices) of the 2D hexagonal lattice. Here a†

x
, ax de-

note creation/annihilation operators for electrons in the
⇡-bands with spin +1/2 in the z-direction (perpendicular
to the graphene sheet) and b†

x
, bx are analogous operators

for holes (“anti-particles”) with spin �1/2. The hopping
term also contains a sublattice dependent sign-flip for the
b†
x
, bx operators [53].
We have also added in Eq. (19) a staggered mass term

ms = (�1)s m with a sublattice s = 0, 1 dependent sign
to regulate the low-lying eigenvalues of the Hamiltonian,
as is customary in lattice-QCD simulations. While sim-
ulations at exactly zero mass are possible in principle
[55] (unlike lattice QCD there appear to be no topo-
logical obstructions to simulating at exactly zero mass
here), a finite mass term has numerical advantages, and
it only a↵ects the low-lying excitations around the Dirac
points which are not the primary focus of our present
study. In fact, our investigation of the Lifshitz transi-
tion turns out to be rather insensitive to this mass term
as one might expect, based on the band structure of the
non-interacting system, as long as ms ⌧ . Moreover,
a spin and sublattice-staggered mass term of this form
also serves as an external field for sublattice-symmetry
breaking by spin-density wave formation. So derivatives
with respect to ms may be used to detect an instability
of the ground state towards SDW order.

The operator qx = a†
x
ax � b†

x
bx represents physical

charge. Interactions are taken to be instantaneous, which
is true to good approximation since vF ⌧ c, where vF
is the Fermi velocity of the electrons. One of the great
advantages of the instantaneous Hamiltonian in Eq. (19)
(compared to implementing the photon as an Abelian
gauge field on link variables) is that any positive-definite
matrix can be chosen for Vxy, leaving a great freedom
to choose a realistic two-body potential to describe mi-
croscopic interactions. In particular, it is possible to im-
plement deviations from pure Coulomb-type interactions
due to screening from �-band and other localized elec-
trons.

In this work, we choose a two-body potential which
accounts for precisely this screening as obtained from
calculations within a constrained random-phase approx-
imation (cRPA) by Wehling et al. in Ref. [33]. Therein
exact values were obtained for the on-site U00, nearest-
neighbor U01, next-nearest-neighbor U02, and third-
nearest-neighbor U03 interaction parameters, and a mo-
mentum dependent phenomenological dielectric screen-
ing formula derived, based on a thin-film model, which
can be used to interpolate to an unscreened Coulomb tail
at long distances. Here we use the “partially screened
Coulomb potential” of Ref. [53] which combines both re-
sults via a parametrization based on a distance depen-
dent Debye mass mD. The matrix elements Vxy are then

�

�

�

�

�

�

� �
�

� �
� �� �

�� � � �� � � ��� � ��� �� � ��� � � �� ���� �� �� �

standard Coulomb potential

cRPA (Wehling et. al.)

partially screened potential

0 2 4 6 8 10 12
0

2

4

6

8

10

r/a

V
(r
)

in
e
V

FIG. 5. Comparison of the standard Coulomb potential (red)
with the partially screened potential given by Eq. (20). The
first four points are exact cRPA results of Ref. [33] (green),
while the remaining ones are obtained from the interpolation
based on the thin-film model from the same reference (blue).

filled using

V (r) =

8
<

:

U00, U01, U02, U03 , r  2a

e2
✓
c
exp(�mDr)

a(r/a)�
+m0

◆
, r > 2a

(20)

where a is the nearest-neighbor distance as before, and
mD, m0, c and � are piecewise constant chosen such that
mD,m0 ! 0 and c, � ! 1 for r � a. For the precise val-
ues of these parameters we refer to the tables in [53]. The
resulting interaction potential is shown in comparison to
the unscreened Coulomb potential in Fig. 5.
We note in passing that there is still some theoret-

ical uncertainty concerning the screening e↵ects gener-
ated by the �-band electrons at short distances (for a
detailed discussion, see Ref. [60]). For the purpose of
our present study, this is of minor importance because
our main conclusions should be insensitive to small vari-
ations of the short-range interaction parameters. Larger
variations of these parameters on the other hand can lead
to very rich phase diagrams including topological insu-
lating phases [61]. A detailed study of competing order
from HMC simulations of the extended Hubbard model
on the hexagonal lattice with varying on-site and nearest-
neighbor couplings currently in progress [55].
To proceed, one derives a functional-integral formu-

lation of the grand-canonical partition function Z =
Tr e��H , in which the ladder-operators are replaced by
Grassman valued fermionic field variables, by factorizing
e��H into Nt terms (taken to be “slices” in Euclidean
time) and inserting complete sets of fermionic coherent
states. Formally, Nt must be taken to infinity to obtain
an exact result, but for numerical simulations Nt is a fi-
nite number. This implies a discretization error of order
O(�2), where � = �/Nt. The final result is

Smith, LvS, PRB 89 (2014) 195429

Wehling et al., PRL 106 (2011) 236805

scaled uniformly by � 2 [0, 1]
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• reweighting?

� = 0.1, 6 ⇥ 6 lattice at � = 2 eV�1
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FIG. 9. �(µ) (top), �con(µ) (middle) and �dis(µ) (bottom)
for � = 2 eV�1, N = 12 at di↵erent interaction strengths.
All displayed points are quadratic � ! 0 extrapolations from
simulations at non-zero �.

B. Influence of inter-electron interactions

To demonstrate the e↵ects of inter-electron interac-
tions we have carried out the same � ! 0 extrapolations
for � = 2 eV�1 , N = 12, and � 2 {0.1, 0.4, 0.8, 1.0}.
As before, � values where chosen from the set � 2�

1
6 ,

1
12 ,

1
18 ,

1
24 ,

1
30 ,

1
36 ,

1
48

 
eV�1 (corresponding toNt’s be-

tween 12 and 96), and second order polynomials were
used in all cases (the full set of � values was only used
for the cases � = 0.8/1.0). In Figs. 9 we have col-
lected the extrapolated results for the various interac-

tion strengths, showing the full susceptibility (top), the
connected (middle) and disconnected (bottom) parts re-
spectively. We observe that with increasing interaction
strength the peak of the full susceptibility at the VHS be-
comes more and more pronounced. This is due to both,
a corresponding rise in the connected part at the VHS
and an additional contribution from the disconnected
part (which is clearly non-zero for the interacting sys-
tem). The peak position as well as the upper end of
the conduction band are shifted towards smaller values
of µ. Note that we cannot disentangle the squeezing of
the ⇡-bandwidth from interactions and doping here. The
combined e↵ect certainly increases with increasing inter-
action strength which is qualitatively in line with exper-
imental observations [31]. Additionally, we observe that
the thermodynamically interesting disconnected part �dis

of the susceptibility develops a second peak close to the
upper end of the band (corresponding to the � point)
which is thus a purely interaction-driven e↵ect.
From Figs. 9 (top and middle) it also appears that

the connected part �con(µ) is slightly negative at large
values of µ. This is clearly unphysical. We attribute it
to a residual systematic error associated with the � ! 0
continuum extrapolations. We have checked that with
quadratic polynomial fits the negative o↵set shrinks as
additional points with smaller � are included.

C. Influence of temperature

This section focuses on the e↵ect of electronic tempera-
ture (as no phonons are included, the temperature of the
lattice atoms is zero by definition). All results presented
in the present section were obtained for � = 1. Figs. 10
show results for �(µ) (top), �con(µ) (middle) and �dis(µ)
(bottom) respectively over the entire range of the conduc-
tion bands for di↵erent temperatures. Proper lattice sizes
for each temperature were chosen such that finite size ef-
fects play no role (we first estimated the necessary lattice
sizes from Fig. 4, and subsequently verified the stability
of the results under further increase of N for individual
points). All results were obtained with � = 1/6 eV�1,
which leads to a rather large negative shift of the entire
curves. Nevertheless, a clear signal can be seen for an
increase of �(µ), not only at the VHS, but at the upper
end of the band as well. What is even more striking is
that from a comparison of Figs. 10 (middle and bottom)
it is clear that these increases are driven mainly by the
disconnected parts here, which are once more una↵ected
by negative o↵sets from the Euclidean time discretization
as observed in Sec. IVA already.

To detect deviations from the temperature driven log-
arithmic divergence characteristic of the neck-disrupting
Lifshitz transition and described by Eq. (11), we sim-
ulate lattices with � = 1/6 eV�1 in the range � =
1.0 . . . 6 eV�1 in steps of �� = 0.5 eV�1. For these sim-
ulations we focused on the immediate vicinity of the VHS
(the position of which does not depend strongly on tem-

12 ⇥ 12 lattice at � = 2 eV�1, Nt between 12 and 96,
with continuum extrapolated (time discretisation)
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� = 1, Nt = 12, 18 and 24
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• spin density:

Nt = 12, 18 and 24

lower temperatures
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FIG. 10. Temperature dependence of �(µ) (top), �con(µ)
(middle) and �dis(µ) (bottom). Lattice sizes scale linearly
with �, such that the displayed curves correspond to N =
12, 18, 24 respectively; with � = 1/6 eV�1 and � = 1 for all
cases.

perature), generating several points in a small interval
around it and using parabolic fits to identify the peak-
positions and heights of �/�con/�dis. Obtaining a proper
infinite-size limit becomes increasingly problematic for
lower temperatures. In particular for � = 5.0 eV�1 and
larger this turned out to be too expensive to carry out in
a brute-force way. Based on the observation that the ap-
proachN ! 1 depends on the lattice parity, i.e. whether
its linear extend N is even or odd, see Fig. 4 and the
discussion thereof, we have thus devised a method to im-
prove convergence: Since even lattices overestimate the

FIG. 11. Temperature dependence of �max in the range � =
1.0, . . . 6.0 eV�1. The lighter dots are from single lattices in
the infinite volume limit, the darker dots of matching colors
are obtained from average values of subsequent even and odd
lattices. The dotted lines are fits using Eq. (41) for �max

con and
Eq. (42) for �max

dis in appropriate ranges (see text).

infinite-size limit of �max and odd lattices underestimate
it, we may expect faster convergence for average values
of two subsequent lattices of di↵erent parity. We have
verified that this is indeed so with � = 4.0 eV�1 and
4.5 eV�1, for which we compare the average values from
the N = 12 and 13 lattices with the converged large N
results in Fig. 11. We then apply this averaging method
for � = 5.0 eV�1, 5.5 eV�1 and 6 eV�1 where we have
no brute-force results in the infinite-size limit. We ex-
pect this method to break down close to a true thermo-
dynamic phase transition, as the usual finite-size scaling
relations would then apply, but for the � values up to
5.5 eV�1 successive average values from N = 11, 12 and
11, 12 lattices still have converged with good accuracy.3

Fig. 11 shows the temperature dependence of the re-
sulting infinite-size estimates for the peak heights of
�/�con/�dis obtained in this way. We have identified a
range of � = 1/T between 1.0 eV�1 and 3.0 eV�1 as the
one over which a fit of the form

f1(T ) = a ln
⇣ 

T

⌘
+ b+ c

T


(40)

to the full susceptibility is possible (it breaks down if
one attempts to include lower temperatures). More in-
terestingly, however, the same fit to the connected part
of the susceptibility alone is consistent with a = 3/(⇡2)
for �  2.5 eV�1 as predicted for the Lifshitz transition
in the non-interacting system from Eq. (11), despite the
fact that we have simulated at full interaction strength

3 The � = 6 eV�1 result still has somewhat reduced statistics
compared to the others, and it is likely to be a↵ected by larger
systematic uncertainties from less control of finite-size e↵ects.
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FIG. 10. Temperature dependence of �(µ) (top), �con(µ)
(middle) and �dis(µ) (bottom). Lattice sizes scale linearly
with �, such that the displayed curves correspond to N =
12, 18, 24 respectively; with � = 1/6 eV�1 and � = 1 for all
cases.

perature), generating several points in a small interval
around it and using parabolic fits to identify the peak-
positions and heights of �/�con/�dis. Obtaining a proper
infinite-size limit becomes increasingly problematic for
lower temperatures. In particular for � = 5.0 eV�1 and
larger this turned out to be too expensive to carry out in
a brute-force way. Based on the observation that the ap-
proachN ! 1 depends on the lattice parity, i.e. whether
its linear extend N is even or odd, see Fig. 4 and the
discussion thereof, we have thus devised a method to im-
prove convergence: Since even lattices overestimate the

FIG. 11. Temperature dependence of �max in the range � =
1.0, . . . 6.0 eV�1. The lighter dots are from single lattices in
the infinite volume limit, the darker dots of matching colors
are obtained from average values of subsequent even and odd
lattices. The dotted lines are fits using Eq. (41) for �max

con and
Eq. (42) for �max

dis in appropriate ranges (see text).

infinite-size limit of �max and odd lattices underestimate
it, we may expect faster convergence for average values
of two subsequent lattices of di↵erent parity. We have
verified that this is indeed so with � = 4.0 eV�1 and
4.5 eV�1, for which we compare the average values from
the N = 12 and 13 lattices with the converged large N
results in Fig. 11. We then apply this averaging method
for � = 5.0 eV�1, 5.5 eV�1 and 6 eV�1 where we have
no brute-force results in the infinite-size limit. We ex-
pect this method to break down close to a true thermo-
dynamic phase transition, as the usual finite-size scaling
relations would then apply, but for the � values up to
5.5 eV�1 successive average values from N = 11, 12 and
11, 12 lattices still have converged with good accuracy.3

Fig. 11 shows the temperature dependence of the re-
sulting infinite-size estimates for the peak heights of
�/�con/�dis obtained in this way. We have identified a
range of � = 1/T between 1.0 eV�1 and 3.0 eV�1 as the
one over which a fit of the form

f1(T ) = a ln
⇣ 

T

⌘
+ b+ c

T


(40)

to the full susceptibility is possible (it breaks down if
one attempts to include lower temperatures). More in-
terestingly, however, the same fit to the connected part
of the susceptibility alone is consistent with a = 3/(⇡2)
for �  2.5 eV�1 as predicted for the Lifshitz transition
in the non-interacting system from Eq. (11), despite the
fact that we have simulated at full interaction strength

3 The � = 6 eV�1 result still has somewhat reduced statistics
compared to the others, and it is likely to be a↵ected by larger
systematic uncertainties from less control of finite-size e↵ects.

connected susceptibility disconnected susceptibility
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• ferromagnetic susceptibility peaks:
critical temperature 14
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FIG. 10. Temperature dependence of �(µ) (top), �con(µ)
(middle) and �dis(µ) (bottom). Lattice sizes scale linearly
with �, such that the displayed curves correspond to N =
12, 18, 24 respectively; with � = 1/6 eV�1 and � = 1 for all
cases.

perature), generating several points in a small interval
around it and using parabolic fits to identify the peak-
positions and heights of �/�con/�dis. Obtaining a proper
infinite-size limit becomes increasingly problematic for
lower temperatures. In particular for � = 5.0 eV�1 and
larger this turned out to be too expensive to carry out in
a brute-force way. Based on the observation that the ap-
proachN ! 1 depends on the lattice parity, i.e. whether
its linear extend N is even or odd, see Fig. 4 and the
discussion thereof, we have thus devised a method to im-
prove convergence: Since even lattices overestimate the
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FIG. 11. Temperature dependence of �max in the range � =
1.0, . . . 6.0 eV�1. The lighter dots are from single lattices in
the infinite volume limit, the darker dots of matching colors
are obtained from average values of subsequent even and odd
lattices. The dotted lines are fits using Eq. (41) for �max

con and
Eq. (42) for �max

dis in appropriate ranges (see text).

infinite-size limit of �max and odd lattices underestimate
it, we may expect faster convergence for average values
of two subsequent lattices of di↵erent parity. We have
verified that this is indeed so with � = 4.0 eV�1 and
4.5 eV�1, for which we compare the average values from
the N = 12 and 13 lattices with the converged large N
results in Fig. 11. We then apply this averaging method
for � = 5.0 eV�1, 5.5 eV�1 and 6 eV�1 where we have
no brute-force results in the infinite-size limit. We ex-
pect this method to break down close to a true thermo-
dynamic phase transition, as the usual finite-size scaling
relations would then apply, but for the � values up to
5.5 eV�1 successive average values from N = 11, 12 and
11, 12 lattices still have converged with good accuracy.3

Fig. 11 shows the temperature dependence of the re-
sulting infinite-size estimates for the peak heights of
�/�con/�dis obtained in this way. We have identified a
range of � = 1/T between 1.0 eV�1 and 3.0 eV�1 as the
one over which a fit of the form

f1(T ) = a ln
⇣ 

T

⌘
+ b+ c

T


(40)

to the full susceptibility is possible (it breaks down if
one attempts to include lower temperatures). More in-
terestingly, however, the same fit to the connected part
of the susceptibility alone is consistent with a = 3/(⇡2)
for �  2.5 eV�1 as predicted for the Lifshitz transition
in the non-interacting system from Eq. (11), despite the
fact that we have simulated at full interaction strength

3 The � = 6 eV�1 result still has somewhat reduced statistics
compared to the others, and it is likely to be a↵ected by larger
systematic uncertainties from less control of finite-size e↵ects.
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� = 1 here. A two-parameter fit to the form

�max
con =

3

⇡2
ln
⇣ 

T

⌘
+ b+ c

T


(41)

is included in Fig. 11, yielding b = 0.519(3) and, for
the leading O(T ) corrections in Eq. (11), c = �0.472(8)
(a three-parameter fit to the form in Eq. (40) produces
a = 0.307(32), i.e. a central value in 1% agreement with
a = 3/⇡2). The result for b is furthermore quite close
(within 13%) to the constant in Eq. (11) as well, with a
discrepancy that is within the expected o↵set from the
discretization � = 1/6 eV�1 here. We may conclude that
for the larger temperatures, where the logarithmic scal-
ing of the peak height is observed, the behavior of the
connected susceptibility basically fully agrees with that
of the non-interacting tight-binding model in Eq. (11).

At temperatures below T ⇠ 0.15 this contribution
from the electronic Lifshitz transition, which we have
successfully isolated in �con, suddenly drops in the in-
teracting theory, however. This is contrasted by a rapid
increase of the peak height of the disconnected suscep-
tibility �dis here, which vanishes in the non-interacting
limit. While �dis is negligible at high temperatures, it
becomes the dominant contribution to the susceptibility
at T ⇠ 0.07. In fact, we find that for � � 2.5 eV�1

(corresponding to T  0.15), �max
dis is well described by

the model

f2(T ) = k

����
T � Tc

Tc

����
��

, (42)

resulting in the following fit parameters:

�c [eV�1] Tc [] � k [eV�1]
6.1(5) 0.060(5) 0.52(6) 0.12(1)

The emerging peak in �max
dis (T ) around � ⇡ 6 eV�1 is

thus consistent with a powerlaw divergence indicative of a
thermodynamic phase transition at non-zero Tc. Despite
our e↵orts to produce reliable estimates for the infinite-
size limits, we must expect, however, that there are still
residual finite-size e↵ects in the points closest to Tc, es-
pecially in the case of a continuous transition with a di-
verging correlation length. Nevertheless, the case for a
powerlaw divergence at a finite temperature seems rather
compelling here. All attempts to model �max

dis (T ) using a
logarithmic increase as in Eq. (40) were certainly unsuc-
cessful, so that our conclusion seems qualitatively robust
and significant.

The two most important observations are: (a) we ob-
serve good evidence of a finite transition temperature
Tc > 0 from the behavior of the disconnected suscep-
tibility as an indication of the proximity to a thermo-
dynamic phase transition as temperatures approach this
Tc ⇡ 0.06 from above. (b) While the scaling expo-
nent � ⇡ 0.5 might also be interpreted as an indication
of a reshaping of the saddle points in the single-particle
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FIG. 12. �sdw
con (µ) (top) and �sdw

dis (µ) (bottom) for � = 2 eV�1,
N = 12 at di↵erent interaction strengths. All displayed points
are quadratic � ! 0 extrapolations from simulations at non-
zero �.

band structure by the inter-electron interactions accord-
ing to Eq. (12) with an exponent ↵ ⇡ 4 as discussed in
Sec. II A,4 because of the non-zero Tc it does not have
this simple description in terms of independent quasi-
particles with modified single-particle energies, however.
Rather, it resembles critical behavior in the vicinity of
a second-order phase transition. This is in line with our
observation that here it arises in the disconnected sus-
ceptibility as mentioned above.

D. Antiferromagnetic spin-density wave
susceptibility

As explained in Sec. III A we have used here for purely
computational reasons a sublattice s and spin-staggered
mass ms = (�1)s m in order to regulate the low-lying
eigenvalues of the fermion matrix near half filling. This
has the e↵ect of introducing a small gap around the Dirac
points in the single-particle energy bands by triggering

4 As such it would be at odds with the scenario of completely flat
bands (the large-↵ limit).
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� = 1 here. A two-parameter fit to the form

�max
con =

3

⇡2
ln
⇣ 

T

⌘
+ b+ c

T


(41)

is included in Fig. 11, yielding b = 0.519(3) and, for
the leading O(T ) corrections in Eq. (11), c = �0.472(8)
(a three-parameter fit to the form in Eq. (40) produces
a = 0.307(32), i.e. a central value in 1% agreement with
a = 3/⇡2). The result for b is furthermore quite close
(within 13%) to the constant in Eq. (11) as well, with a
discrepancy that is within the expected o↵set from the
discretization � = 1/6 eV�1 here. We may conclude that
for the larger temperatures, where the logarithmic scal-
ing of the peak height is observed, the behavior of the
connected susceptibility basically fully agrees with that
of the non-interacting tight-binding model in Eq. (11).

At temperatures below T ⇠ 0.15 this contribution
from the electronic Lifshitz transition, which we have
successfully isolated in �con, suddenly drops in the in-
teracting theory, however. This is contrasted by a rapid
increase of the peak height of the disconnected suscep-
tibility �dis here, which vanishes in the non-interacting
limit. While �dis is negligible at high temperatures, it
becomes the dominant contribution to the susceptibility
at T ⇠ 0.07. In fact, we find that for � � 2.5 eV�1

(corresponding to T  0.15), �max
dis is well described by

the model

f2(T ) = k

����
T � Tc

Tc

����
��

, (42)

resulting in the following fit parameters:

�c [eV�1] Tc [] � k [eV�1]
6.1(5) 0.060(5) 0.52(6) 0.12(1)

The emerging peak in �max
dis (T ) around � ⇡ 6 eV�1 is

thus consistent with a powerlaw divergence indicative of a
thermodynamic phase transition at non-zero Tc. Despite
our e↵orts to produce reliable estimates for the infinite-
size limits, we must expect, however, that there are still
residual finite-size e↵ects in the points closest to Tc, es-
pecially in the case of a continuous transition with a di-
verging correlation length. Nevertheless, the case for a
powerlaw divergence at a finite temperature seems rather
compelling here. All attempts to model �max

dis (T ) using a
logarithmic increase as in Eq. (40) were certainly unsuc-
cessful, so that our conclusion seems qualitatively robust
and significant.

The two most important observations are: (a) we ob-
serve good evidence of a finite transition temperature
Tc > 0 from the behavior of the disconnected suscep-
tibility as an indication of the proximity to a thermo-
dynamic phase transition as temperatures approach this
Tc ⇡ 0.06 from above. (b) While the scaling expo-
nent � ⇡ 0.5 might also be interpreted as an indication
of a reshaping of the saddle points in the single-particle
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FIG. 12. �sdw
con (µ) (top) and �sdw

dis (µ) (bottom) for � = 2 eV�1,
N = 12 at di↵erent interaction strengths. All displayed points
are quadratic � ! 0 extrapolations from simulations at non-
zero �.

band structure by the inter-electron interactions accord-
ing to Eq. (12) with an exponent ↵ ⇡ 4 as discussed in
Sec. II A,4 because of the non-zero Tc it does not have
this simple description in terms of independent quasi-
particles with modified single-particle energies, however.
Rather, it resembles critical behavior in the vicinity of
a second-order phase transition. This is in line with our
observation that here it arises in the disconnected sus-
ceptibility as mentioned above.

D. Antiferromagnetic spin-density wave
susceptibility

As explained in Sec. III A we have used here for purely
computational reasons a sublattice s and spin-staggered
mass ms = (�1)s m in order to regulate the low-lying
eigenvalues of the fermion matrix near half filling. This
has the e↵ect of introducing a small gap around the Dirac
points in the single-particle energy bands by triggering

4 As such it would be at odds with the scenario of completely flat
bands (the large-↵ limit).
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� = 1 here. A two-parameter fit to the form

�max
con =

3

⇡2
ln
⇣ 

T

⌘
+ b+ c

T


(41)

is included in Fig. 11, yielding b = 0.519(3) and, for
the leading O(T ) corrections in Eq. (11), c = �0.472(8)
(a three-parameter fit to the form in Eq. (40) produces
a = 0.307(32), i.e. a central value in 1% agreement with
a = 3/⇡2). The result for b is furthermore quite close
(within 13%) to the constant in Eq. (11) as well, with a
discrepancy that is within the expected o↵set from the
discretization � = 1/6 eV�1 here. We may conclude that
for the larger temperatures, where the logarithmic scal-
ing of the peak height is observed, the behavior of the
connected susceptibility basically fully agrees with that
of the non-interacting tight-binding model in Eq. (11).

At temperatures below T ⇠ 0.15 this contribution
from the electronic Lifshitz transition, which we have
successfully isolated in �con, suddenly drops in the in-
teracting theory, however. This is contrasted by a rapid
increase of the peak height of the disconnected suscep-
tibility �dis here, which vanishes in the non-interacting
limit. While �dis is negligible at high temperatures, it
becomes the dominant contribution to the susceptibility
at T ⇠ 0.07. In fact, we find that for � � 2.5 eV�1

(corresponding to T  0.15), �max
dis is well described by

the model

f2(T ) = k

����
T � Tc

Tc

����
��

, (42)

resulting in the following fit parameters:

�c [eV�1] Tc [] � k [eV�1]
6.1(5) 0.060(5) 0.52(6) 0.12(1)

The emerging peak in �max
dis (T ) around � ⇡ 6 eV�1 is

thus consistent with a powerlaw divergence indicative of a
thermodynamic phase transition at non-zero Tc. Despite
our e↵orts to produce reliable estimates for the infinite-
size limits, we must expect, however, that there are still
residual finite-size e↵ects in the points closest to Tc, es-
pecially in the case of a continuous transition with a di-
verging correlation length. Nevertheless, the case for a
powerlaw divergence at a finite temperature seems rather
compelling here. All attempts to model �max

dis (T ) using a
logarithmic increase as in Eq. (40) were certainly unsuc-
cessful, so that our conclusion seems qualitatively robust
and significant.

The two most important observations are: (a) we ob-
serve good evidence of a finite transition temperature
Tc > 0 from the behavior of the disconnected suscep-
tibility as an indication of the proximity to a thermo-
dynamic phase transition as temperatures approach this
Tc ⇡ 0.06 from above. (b) While the scaling expo-
nent � ⇡ 0.5 might also be interpreted as an indication
of a reshaping of the saddle points in the single-particle
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FIG. 12. �sdw
con (µ) (top) and �sdw

dis (µ) (bottom) for � = 2 eV�1,
N = 12 at di↵erent interaction strengths. All displayed points
are quadratic � ! 0 extrapolations from simulations at non-
zero �.

band structure by the inter-electron interactions accord-
ing to Eq. (12) with an exponent ↵ ⇡ 4 as discussed in
Sec. II A,4 because of the non-zero Tc it does not have
this simple description in terms of independent quasi-
particles with modified single-particle energies, however.
Rather, it resembles critical behavior in the vicinity of
a second-order phase transition. This is in line with our
observation that here it arises in the disconnected sus-
ceptibility as mentioned above.

D. Antiferromagnetic spin-density wave
susceptibility

As explained in Sec. III A we have used here for purely
computational reasons a sublattice s and spin-staggered
mass ms = (�1)s m in order to regulate the low-lying
eigenvalues of the fermion matrix near half filling. This
has the e↵ect of introducing a small gap around the Dirac
points in the single-particle energy bands by triggering

4 As such it would be at odds with the scenario of completely flat
bands (the large-↵ limit).
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� = 1 here. A two-parameter fit to the form

�max
con =

3

⇡2
ln
⇣ 

T

⌘
+ b+ c

T


(41)

is included in Fig. 11, yielding b = 0.519(3) and, for
the leading O(T ) corrections in Eq. (11), c = �0.472(8)
(a three-parameter fit to the form in Eq. (40) produces
a = 0.307(32), i.e. a central value in 1% agreement with
a = 3/⇡2). The result for b is furthermore quite close
(within 13%) to the constant in Eq. (11) as well, with a
discrepancy that is within the expected o↵set from the
discretization � = 1/6 eV�1 here. We may conclude that
for the larger temperatures, where the logarithmic scal-
ing of the peak height is observed, the behavior of the
connected susceptibility basically fully agrees with that
of the non-interacting tight-binding model in Eq. (11).

At temperatures below T ⇠ 0.15 this contribution
from the electronic Lifshitz transition, which we have
successfully isolated in �con, suddenly drops in the in-
teracting theory, however. This is contrasted by a rapid
increase of the peak height of the disconnected suscep-
tibility �dis here, which vanishes in the non-interacting
limit. While �dis is negligible at high temperatures, it
becomes the dominant contribution to the susceptibility
at T ⇠ 0.07. In fact, we find that for � � 2.5 eV�1

(corresponding to T  0.15), �max
dis is well described by

the model

f2(T ) = k

����
T � Tc

Tc

����
��

, (42)

resulting in the following fit parameters:

�c [eV�1] Tc [] � k [eV�1]
6.1(5) 0.060(5) 0.52(6) 0.12(1)

The emerging peak in �max
dis (T ) around � ⇡ 6 eV�1 is

thus consistent with a powerlaw divergence indicative of a
thermodynamic phase transition at non-zero Tc. Despite
our e↵orts to produce reliable estimates for the infinite-
size limits, we must expect, however, that there are still
residual finite-size e↵ects in the points closest to Tc, es-
pecially in the case of a continuous transition with a di-
verging correlation length. Nevertheless, the case for a
powerlaw divergence at a finite temperature seems rather
compelling here. All attempts to model �max

dis (T ) using a
logarithmic increase as in Eq. (40) were certainly unsuc-
cessful, so that our conclusion seems qualitatively robust
and significant.

The two most important observations are: (a) we ob-
serve good evidence of a finite transition temperature
Tc > 0 from the behavior of the disconnected suscep-
tibility as an indication of the proximity to a thermo-
dynamic phase transition as temperatures approach this
Tc ⇡ 0.06 from above. (b) While the scaling expo-
nent � ⇡ 0.5 might also be interpreted as an indication
of a reshaping of the saddle points in the single-particle
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FIG. 12. �sdw
con (µ) (top) and �sdw

dis (µ) (bottom) for � = 2 eV�1,
N = 12 at di↵erent interaction strengths. All displayed points
are quadratic � ! 0 extrapolations from simulations at non-
zero �.

band structure by the inter-electron interactions accord-
ing to Eq. (12) with an exponent ↵ ⇡ 4 as discussed in
Sec. II A,4 because of the non-zero Tc it does not have
this simple description in terms of independent quasi-
particles with modified single-particle energies, however.
Rather, it resembles critical behavior in the vicinity of
a second-order phase transition. This is in line with our
observation that here it arises in the disconnected sus-
ceptibility as mentioned above.

D. Antiferromagnetic spin-density wave
susceptibility

As explained in Sec. III A we have used here for purely
computational reasons a sublattice s and spin-staggered
mass ms = (�1)s m in order to regulate the low-lying
eigenvalues of the fermion matrix near half filling. This
has the e↵ect of introducing a small gap around the Dirac
points in the single-particle energy bands by triggering

4 As such it would be at odds with the scenario of completely flat
bands (the large-↵ limit).
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