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2., PHASES OF QUARK MATTER

* An evolution throughout many phases

* Modeling possible with hydrodynamics (?)
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3, EXACT HYDRO HISTORY & BASICS

* Relativistic hydrodynamics: established by Landau (for p+p!)

* Exact, analytic solutions important: connect initial and final state

* Famous solutions by Landau&Khalatnikov and Hwa&Bjorken

L. D. Landau, lzv. Akad. Nauk Ser. Fiz. 17,51 (1953)
.M. Khalatnikov, Zhur. Eksp. Teor: Fiz. 27, 529 (1954)
R. C. Hwa, Phys. Rev. D 10, 2260 (1974)

J. D. Bjorken, Phys. Rev. D 27, 140 (1983)

* Discovery of sQGP: many new solutions
See e.g. this review: de Souza, Koide, Kodama, Prog. Part. Nucl. Phys. 86, 35 (2016)

 Analytic solutions capture many features of data

MCs,Vargyas, Eur. Phys. |. A 44,473 (2010)
MCs, Szabo, Phys. Rev. C 90,054911 (2014)

* Still lacking: non-spherical 3D, accelerating, realistic solutions

* Linearized hydro: perturbations

Kurgyis, MCs, Universe 3 (2017) no.4, 84
Shi, Liao and Zhuang, Phys.Rev. C90 (2014) no.6, 064912
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4,, A NEW CHALLENGE

June 13,2018

* PHENIX observing Lévy sources:

1
iqre—5|ql’?|cZ

L(a,R;r) = ( qe

Shape parameter: Gauss if @ = 2,
power-law tail if o < 2

* How to reconcile with hydro!?

* Exponential cutoff exp(—p“u# /T)
in Boltzmann-]uttner?

* Rescattering?

Log source density

Distance

~ PHENIX 0-30% Centrality

- AutAu \s,, =200 GeV
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5., THE PERTURBATIVE METHOD

* Method: perturbed equations for a known solution
(k + 1)oput0,u” + (k + 1)pout0,u” + (k + 1)put 0, 0u” =
(g""
kOu' 0, p + ku'0,0p + (k + 1)dpo,u" + (k + 1)pd,ou" =0
u"9,0n+ ond,ut + dud,n + nd,out =0

* Linearized hydro equations:
— u'u”)0,0p — outu" 9, p — utou”o,p
* Need a specific ,,base”

solution

* Example: standing fluid
k0o6p + (k + 1)pd,6ur =0
(x + Dpdoéur — QHV9,6p = 0

with Q1Y = §H1§v1 — ghv

* Result: waves
956p = c2Ap

Method similar to Shi, Liao and Zhuang
Phys.Rev. C90 (2014) no.6,064912 [arXiv:1405.4546]
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6., A NEW CLASS OF PERTURBATIVE SOLUTIONS

3

 Hubble-flow: u# = ,p Do ( ) .n=mn, (T—T")g]\f(s),uﬂaﬂs =0

* Describes observables, including HBT and higher order flow

MCs, Szabo, Phys. Rev. C 90,05491 | (2014),
MCs,Vargyas, Eur. Phys. ].A 44,473 (2010)

* Perturbative solution on top of Hubble-flow possible:

u“z)%u L Sut = 6 F(r)g(x)x(S)9S
P = po (?)H% — Op=20- po?T(S)( )+_
n—no( ) N(S) — dén=90"-ng (%)3h(x,,)1/(5)

Kurgyis, MCs, Universe 3 (2017) no.4, 84, arXiv:1711.05446
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7. RESCRITIONS FOR PERTURBATIVE SOLUTIONS

* Flow profile y(S), pressure profile (S), density profile v(S)
* Auxiliary functions F (1), g(x"), h(x")

* These are related to each other as:

X(S)  9.0"S  8,58"Ing(x)
x(S) ~  9,50-S 0,SO1S

WI(S) B 0 %) — 3g(XV) / T P%

o) = (e 1) | F() (v On) - ) 4 Fngn)
u(S) _ F(r)g(x.)0.59"S

SIN(S) 0, ()

* Left side: only depends on scale variable S!

* Many solutions possible, various scaling variables and profiles
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8,, TIME EVOLUTION OF PERTURBATIONS
* An example perturbation from the class of solutions:
. ‘l‘ I 1 1 I I $=O 1 ] I 1 I 1 I 8=| I I 1 I I 1 |6=o| 1
2 6=0.001, c=-3 ------- . \ 6=0.001 ------- 7 1+ 6=0.001, c=-3 ------- i
24 il
15 =6 fm/c . =6 fm/c 0.8} 1=6 fm/c
S £ 23 e ——— 06
c 1F o >
0.4
05 : 2.2 -
' density n(x) pressure p(x) 0.2 flow u(x) -
0 0|.5 I‘I 1I.5 I2 2I.5 I3 3I.5 :4 4l.5 5 l2 ;3 :l !‘:') Ei I?' 8 0.5 I‘I 1l.5 l2 2I.5 ;3 3I.5 ll 4I.5 5
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T I E— l ' ' ' ' ' ' 5=0.01, c=-3
L 6=0.01, c=-3 _ 6=0.01, c=-3 _ i
i 1 1 P el l
g S
— 1=6.0 fm/c — 1=6.0 fm/c — 1
1=6.0 fm/c
| | | | | | | | | | | | | | |
Kurgyis, MCs, Universe 3 (2017) no.4, 84, arXiv:1711.05446
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9., PERTURBATIONS OF THE OBSERVABLES

* Observables calculable via usual Juttner-Boltzmann source w/ Cooper-Fry
* Spectra and correlations obtain a perturbative component

* Hubble-flow observables stable against small perturbations
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Kurgyis, MCs, Universe 3 (2017) no.4, 84, arXiv:1711.05446
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0., THE BJORKEN-ESTIMATE

* The original idea: energy density based on dE/dy
* QGP critical €, ~ 1 GeV/fm3 (from €, = (6 — 8)xT7)

* Result (~2000x cited) Ao =-2ay=2d
region of
E_NdEA _NdElzd_ Ad interest
- dy Y= dy2 t ©

quanta emerging
—=—— from collision point
at speed of light

1 dE  (E) aN
" R2mtydn  R2mty dn

e o

EB]'

* Boost invariant flow
Phys.Rev. D27 (1983)

—————receding

nuclear
pancake

* Needs correction!
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1. AN ANALYTIC SOLUTION WITH ACCELERATION

* The CNC solution in 1 + d dimensions

Csorgd, Nagy, Csanad, Phys.Lett. B663 (2008) 306-31 |

Nagy, Csorgd, Csanad, Phys.Rev. C77 (2008) 024908
KI+1

= tanhAn, p = po (Tr )A a (Czh g)_(d_l)m 1 AN

o = auv(s) (25 = 25 ()

= t[fm/c]
by

o
I

Classes of solutions:

Hwa-Bjorken

Fixed acceleration, any dim. 2 ER d 0
—> d = 1,k = 1, any acceleration €ER 1 1 0

Fixed deceleration 1/2 ER 1 (k+1)/k

Fixed acceleration 3/2 ER (@4d-1)/3 (k+1)/k
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\ 2,27 AN ADVANCED ENERGY DENSITY ESTIMATE

Fact: dN /dy not flat

Finiteness & acceleration

* Acceleration parameter A

Corrections needed:

= 3’7&77 & T]final '_/‘_ninitial

* Work done by pressure

Corrected estimate for k = 1

A-1
T ,
€ = GB]-(ZA —1) (r_f) , T = ATBj = A 7;ﬂt_]qu'?long

L

Bjorken estimate: only for k = oo (dust EoS)

Will come back to this soon
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1Y

I3m THE PSEUDORAPIDITY DENSITY FROM CNC

dN =) m
« — = N, cosh 2 (Z) exp |— = cosh*Z
dy a Tr a
x 2A-1 g
° Main parameter:a = —— e o ANN
B x=1.035 TCodydy
16
* Particle massm, | ™ o1 e
----- 1=1.5 A
1.2

* Freeze-out temp. T T=200MeV, m=140MeV

........
,,,,

* Measure acceleration 08—
0.6—
from rapidity distributions e
. 02~ .
* Extension to more T
108 R B S S ST

complex flows?
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14,, INITIAL ENERGY DENSITY AT RHIC
. ) (E) dN _
* Bjorken estimate from BRAHMS: €; = e ——— = 5 GeV/fm3
0
: (1-1)
* Advanced estimate: € = €5;(21 — 1) (Tf /Ti)
* Correction: 2-3x, result ~15 GeV/fm3, QCD agreement!
* Corresponds to Tini = 2Tc = 340 MeV, confirmed by g spectra
3.5_ = 0-5%
« Pl |0 AR e o
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PSEUDORAPITY DENSITIES IN A+A

* Described well from RHIC to LHC

PHOBOS 130 GeV AuAu
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|6,, ENERGY DENSITIES IN AA, RHICTO LHC

* Effect of acceleration and conjectured effect of Equation of State

e ) RHICAutAu | & Ecorr(x-1) = Ecorr (x-10). 12} o 3 ALICE Pb#pb ] ® EcorT (-10) = Ecorr (x-1)
-k - ] C A Y . e Y | 0]
= . + 105 <14 ] ',..-'—l'f#‘* 110 S
< e AR A I = :
’ (2. i & el
[ : A
Iy e ce en Ien St S B W 10/A - - A- - A -A-A A AadJ& w
N ()l (b){1 (a) | (b) {1
' +Tcl:orr (x=1)"'® Tcorr (x=10) ?“'_P'corr (k=1)""® Peorr (x=10) B Teorr(k=1) ® Teorr (k=107 = Feorr (k=1) ® Peorr (k=10)
= 10f * TBj (<=10) I+ PBie10) {10 _ 5 10 4 TBj (x=10) [ APty  oom®" i o
3 S 3 e omomomman " D
Q 1 i (D a—1 . m 0
O, : O = - =
- 1 P el " g 321t o
t‘*_r‘j_mr‘i;‘ﬂm H&ht( A oA A 2 - a- B & A A-AAR e ()
[ 2 2 Y Che *‘ * 7 x
()t -a (d) (c) (d)
| b 10.1 0.1- . RGP ‘ o1
100 100 100 1000 100 1000
dN/dn dN/dn dN/dn dN/dn

Jiang, Yang, MCs, Csorgd, Phys. Rev. C 97,064906, 2018
* Effect of EoS: important to understand analytically!

* What about p+p!?
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7., BJORKEN ENERGY DENSITY ESTIMATE IN PP

(E) dN
* Rough estimate via the Bjorken formula: EB]' — 73
R4mty dn
*  Number of particles at midrapidity: 1.5 X 5.89
* Average energy:(m,) = (E) = 0.562 GeV
* Transverse size of the system R%m = ¢2,/40, = 9.8 fm?
* Formation time 7y = 1 fm/c (conservative estimate)
* Energy density from this:
(7 TeV) 0.507 2oy
egi(7 TeV) = 507 —
Bj fm3
(8 TeV) 0.519 il
€ER;j e — . Y
Bj fm3
MCs, Csorgo, Jiang, Yang, Universe 3 (2017) no.l, 9, arXiv:1609.07176
.. T GeV
 This is at average multiplicity; compare to €.j; = 1@
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8., ENERGY DENSITY IN P+P

June 13,2018

* Data from p+p well described

GeV
o 7TeV: 1= 1.073, €copp = 0-645fmi3
GeV
« 8TeV: 1 =1.067, €corr = 0'641fmi3
GeV
© 13TeV:1 = 1.065, €coppr = 0-692#

* Multiplicity dependence

® CMS 13 TeV p+p
B CMS 7 TeV p+p
¢ CMS 8 TeV p+p

E (7 TeV) — F (8 TeV
_Ig:;(?BF;(Y TeV) Ini,corr 8 T V

__,,:,,,,,,,,,,:,,?EinL:Bj(

£, [GeV/m?]

I - I
6 8 10 12 14 16 18 6 8 10 12 1

ldngh

Nidn

1
4 16 18

* Energy density above | GeV/fm? for multiplicites above ~10! EoS dependence?

MCs, Csorgo, Jiang, Yang, Universe 3 (2017) no.l, 9, arXiv:1609.07176 + manuscript in preparation
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19. A NEW CLASS OF EXACT SOLUTIONS

June 13,2018

* How to reconcile the Bjorken estimate (k = o) with hydro?

Search for new solutions with flow u#* = (cosh Q(n), sinh Q(n))

Energy and Euler equations become:
dpQ + K[TaT + tanh(Q — n) a,,] InT =0
0p InT + tanh(Q — n)(rﬁr InT + anﬂ) =0

A new class of solutions emerges, if one relaxes self-similarity

These will be implicit, introducing
n(H) = Q(H) - H

Q(H) =

A
atan
VA—1Vk — 2 ( A—1

Csorgd, Kasza, MCs, Jiang, Universe 2018, 4(6), 69 arXiv:1805.01427
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THE NEW CLASS OF SOLUTIONS

= (coshQ(H),sinh Q(H)) {1108 B
2 o =
o(t, H)_O'O( ) v(s) 1+/1_1sinh2H O
1 ) 06
« 1| k=1 A/ 2K 3
T (7, H)—TO( ) (—)_1+/1_151nh H 04l
To\A 1 K—1 A/2 =
s(t,H) = (—0) sinh H [1 + sinh? H]
T A—1 E ‘
-10 8 6 -4 -2 0 2 4 6 8 1
* Quantities given parametrically as (n(H), Q(H)) T

Simplification: limit the solution in 7 where n — Q univalent (functional)

Not self-similar: Coordinate dependence not only via scaling variable s

Explicit and exact solution

Csorgé, Kasza, MCs, Jiang, Universe 2018, 4(6), 69 arXiv:1805.01427
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51. TEMPERATURE EVOLUTION

 Strong dependence on EoS, analytic understanding
10 N

* Recall: limited domain in 17, where (n(H), Q(H)) relation functional

5 -10 -5
r, [fm]

Csorgé, Kasza, MCs, Jiang, Universe 2018, 4(6), 69 arXiv:1805.01427

10
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’2;7 OBSERVABLES

* Rapidity density calculable in saddle-point approximation

dN _a(x) _ y m y
— = Nycosh™z ! (a(l)) exp | —— (cosh“(") —— = 1)

dy Tr a(1)
e L -
ZA_K . f'—‘——” =7 \\-.-.‘--
where a(k) = . was introduced Ay o7 ; IS
— dy ”I \\
* Normalization: 4

=N R*mt; (Zanm)3 m 4 2 0 2 4
0T @nn)3 12— P\ T, ‘ | -~ SNy |
* Pseudorapidity density as -7 STt
. dN s - > ~
parametric n(y) — - (y) curve I =T N
dy (pc(¥)) cosh n(y) d—N [ "
° I nn: == — 4 I — =108
Using Jacobian: 21 = Tt oo cost2 1) dn 116

[ — 4 2 0 2 4
f f
and (p,(y)) = "

a(K) Tf+m 2
22 Tf+2m Csorgd, Kasza, MCs, Jiang, Universe 2018, 4(6), 69 arXiv:1805.01427
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23 COMPARISONTO DATA

* Description valid in limited 7 interval only

* Result very close to CNC solution

SW
dn |
5—.. —_ .
| fit, Vs=7 TeV fit, V's=8 TeV
- 0.11 _ 0.08
:T-017_005 ] 010_002+CMSdata Vs=7 TeV
Al-A=111+0.08 1=1.25+0.06
~ ¢2=0.10 (fixed) c2=0.10 (fixed) + CMS data, /s=8 TeV
— x2NDF =0.3/6 y2NDF =0.5/18
3_
\\\I|III\|\III|I\\\|IIII|\III|III\|IIII|I\II|IIII

2 -15 -1 05 0 05 1 15
Csorgd, Kasza, MCs, Jiang, Universe 2018, 4(6), 69 arXiv:1805.01427
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24,, WHAT ABOUT THE ENERGY DENSITY?

(E) dN
R%7Ty dn

Bjorken estimate: €g; =

* Valid only for dust EoS, k = oo

CNC solution, finiteness and acceleration (only these effects), valid for k = 1

A1
* Correction factor: (ZA ) (‘L’ )
0

Work done by pressure (without acceleration, just the expansion)

: e
* Correction factor: (T—)
0

CKCJ solution, exact EoS dependent result

(?)(1+;)/‘L—1

0

» Correction factor: (24 — 1)

1
: dN (E) s (14)2-1
* Energy density;: € = — 21— 1 (—)

&Y 4 dn R2mt ( ) To
Csorgd, Kasza, WPCF2018&private comm.
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;; June 13,2018
25,, DETERMINING THE INITIAL STATE
* Dependence on EoS: from direct photons and/or lattice QCD
* Dependence on multiplicity: plug in measured value
* Dependence on final/initial time: largest source of uncertainty
* What about the effect of viscosity?
N | CMS, 7 TeV | 015 | CMS, 7 TgV
k=10 k=10
0.175 -
2} /;:11-171” A=1.11
- =l.rfim 017 T=
' gl e _ T.=0.145 GeV
£ 15 7 /=2 - > 0.165
> L=° S
o 4l - o 016
= -
wo
0.155 |
05L -7 eolkA) | 1
N EBj 015 [
0
0 ' - 0.145 '
10 15 20 1 2 3 4 6
/dnl Te IT

W /W/fi/lf VESL

Kasza, WPCF2018 & private comm.
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16, A NEW VISCOUS SOLUTION

A new analytic solution with bulk viscosity

5 v '
o UM —= sl i - ideal hydro
C T 208 -- £/s=0.05
o () 250
c =m0 (%) v(s) =
K+1 é
S (T_o)ST {3 3 =200
P = Po T KTBE—l
3 "3 150
7= ()4 S2(9) 3
= (T) T KNng T \T T( )3ﬂ1_1 100 . ]
K 2 4 8 10

Viscous heating at late stages

Note: shear viscosity cancels for Hubble-flow!

* New shear viscous analytic solutions in preparation

Jiang, Yang, Csorgd, Kasza, Nagy, MCs, in preparation
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Many new results in exact/analytic hydro

Perturbations on top of Hubble-flow

* Allows to introduce complicated anisotropies

* To be expanded to other solutions

Advanced energy density estimates

* Bjorken estimate: no acceleration, no pressure
* Advanced estimates based on exact solutions

* High energy densities reached in LHC p+p

New accelerating families of solutions

 Arbitrary acceleration, arbitrary EoS

* EoS dependent energy density estimate

... if you are interested in these subjects, come to:
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