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Goal of study  :
Solve large!N `t Hooft model with arbitrary :

 quark mass m, volume L, baryon number B, incorporating Ò0!modesÓ.

¥ Hope to understand general features of QCD at nonzero B :

¥ Characteristics of phase diagram ?

¥ Sign!problem ?

¥ Large!N ÒquenchedÓ confusions : 
are sea quark suppressed or not ? 
confusion resolved, but will not discuss it here :

While quarks do not back!react on gauge Þelds, they are not quenched.

Naive planar diagram analysis is miss!leading.
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Hamiltonian QCD in 1+1

:
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ÒFixingÓ Axial gauge

¥ Gauge away          , but get left with        :

¥ Hamiltonian :
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¥ Gauss law :
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Re!cap :

Hamiltonian :

Hilbert space :
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=
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y 〉 = f (x − y + QL s)

¥ Papers ÒignoringÓ 0!modes : have ÒsetÓ               &  break ZN! a ! 0
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!

a
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¥ solve, numerically,                        : becomes a constraint Hartree!Fock 

¥  regularize :

Q = 0 , ± 1, ± 2, ± 3, á á á ±! "# Q = 0 , ± 1, ± 2, ± 3, ± M
M = !

M = 1

incorporate  
0- modes

neglect  
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H F (! Q
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δH

δρQ
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!

x

! Q
xx = B"Q, 0

¥ In practice 

M = 1 , 5, 15, 25 m/
!

λ " 0.02, 0.2, 0.4, 1.2, 2.4

B = 0 , 1, 2, . . . , 30L s = 130− 500

2 <
! L

!
λ <

! 80

a
!

! " 0.62, 0.31, 0.15, 0.07 0 ! nB /
"

! <∼ 1.5

0 !
µB

mB /N
<
! 10
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¥ Can be useful ?

Study sign problem in 1+1, large!N QCD, at V~0, and 

  Go back to L independence :

¥ We saw that Hamiltonian is volume independence so long as

!det (D + µγ0 + m)" # e! # V if V~ 0, a ÒsoftÓ sign problem

µ < m B /N

ρQ
xy = f (x ! y + QLs)

ZN symmetry intact                                     guaranteed by gluons

Translation symmetry intact Only for µ < m B /N



¥ Naive "four!fold doubling, not an issue#.

1. Generate conÞgs with heat!bath "Fabricius!Haan#

2. Calculate explicitly determinant.

3. Re!weight.

¥      `t Hooft model on a single site

Use volume independence, contÕd

m/
!

! " 0.56

mB /
!

N ! " 0.758

6 x Intel(R)Core(TM) 2.66GHz
a couple of months

N = 10,20,40
 = 0.6,6,10

m! / (2
!

λ) " 0.6 # 0.65

! / 2N 2

Z =
!

DU eβ Re Tr [ U0 U1 U  
0 U  

1 ]/N det
"
m +

1
2

! 0

#
U0 eµ + U 

0 e−µ
$

+ ! 1

#
U1 + U 

1

$%
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Use volume independence, contÕd
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Results : average sign
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Results : unquenched free energies

equivalent to large!N QCD2D Model for sign problem



Conclusions

¥ Solved two!dimensional QCD with nonzero density :

¥ Arbitrary mass, B, and L.

¥ No ansatz.

¥ Treat 0!modes correctly "crucial at large densities#

¥ Large!N `t Hooft model contains a helical crystal at nonzero B. 

V,V,

¥ Can study sign problem here with "very# modest resources
"orthogonal approach#

V,
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Conclusions

¥ Numerical results in ÒEguchi!KawaiÓ model = QCD2D for                     .

¥ Seems that `t Hooft model has a moderate sign problem ...

¥ Perhaps not outrageous to simulate & re!weight N=3  on large volumes ?

¥ Can show "numerically and analytically#, at large!N :          
"as long as conÞned#

B,LB = 1 , L/B

¥ Sign problem solved for                      by using ZN averaging. µ < m B /N

µ < m B /N



Zero modes
Di$erential realization of           : with some work can realize         E I

p=0

2
!

Ls

"

I

! I
aEI

p=0 =

RedeÞning wave function of zero modes
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Coherent states, contÕd

¥ Fermionic sector : choose reference state                                    .                                |0〉 = |B static baryons〉

, , ,...

HF = +

¥ Next, calculate H F (θ) = !θ|HF |θ"

with

takes some time, only show what          depends on ...  HF
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Coherent states, contÕdHF = +

¥ Calculate

HF = ! ! |HF (" x)|! " = !0|HF (U! " x U 
! )|0"

U! ψa
x U  

! =
!

y∈Z

[A (θ)]xy ei " a (y−x ) /L s ψa
y

, , ,...

,...

U!

!
"

a

ψ  a
x ei " a (y−x ) /L s ψa

y

#

U 
! =

"

wv∈Z

[A (θ)]yv [A #(θ)]xw

!
"

a

ψ  a
w ei " a (v−w)/L s ψa

v

#

, ,



Coherent states, contÕdHF = +

¥ Calculate

HF = ! ! |HF (" x)|! " = !0|HF (U! " x U 
! )|0"

U! ψa
x U  

! =
!

y∈Z

[A (θ)]xy ei " a (y−x ) /L s ψa
y

, , ,...

,...

U!

!
"

a

ψ  a
x ei " a (y−x ) /L s ψa

y

#

U 
! =

"

wv∈Z

[A (θ)]yv [A #(θ)]xw

!
"

a

ψ  a
w ei " a (v−w)/L s ψa

v

#

, ,
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¥ Calculate

HF = ! ! |HF (" x)|! " = !0|HF (U! " x U 
! )|0"

U!

!
"

a

ψ  a
x ei " a (y−x ) /L s ψa

y

#

U 
! =

"

wv∈Z

[A (θ)]yv [A #(θ)]xw

!
"

a

ψ  a
w ei " a (v−w)/L s ψa

v

#



Coherent states, contÕdHF = +

¥ Calculate

HF = ! ! |HF (" x)|! " = !0|HF (U! " x U 
! )|0"

!0|U!

(
∑

a

!   a
x ei " a(y ! x ) /L s ! a

y

)
U 

! |0" =
∑

wv " Z

[A (" )]yv [A #(" )]xw !0|

(
∑

a

!   a
w ei " a(v ! w ) /L s ! a

v

)
|0"

!

a

!

q∈Z

ei ! a (v−w)/L s ! v−w,qL s =
!

q∈Z

Pq! v−w,qL s
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¥ Calculate

HF = ! ! |HF (" x)|! " = !0|HF (U! " x U 
! )|0"

!0|U!

(
∑

a

!   a
x ei " a(y ! x ) /L s ! a

y

)
U 

! |0" =
∑

wv " Z

[A (" )]yv [A #(" )]xw !0|

(
∑

a

!   a
w ei " a(v ! w ) /L s ! a

v

)
|0"

!

a

!

q∈Z

ei ! a (v−w)/L s ! v−w,qL s =
!

q∈Z

Pq! v−w,qL s

〈0|U!

!
"

a

ψ  a
x ei" a (y! x)/Ls ψa

y

#

U 
! |0〉 =

"

q" Z

"

w" Z

[A(θ)]y,w+ qLs
[A#(θ)]xw × Pq



Coherent states, contÕdHF = +

¥ Calculate

HF = ! ! |HF (" x)|! " = !0|HF (U! " x U 
! )|0"

!0|U!

(
∑

a

!   a
x ei " a(y ! x ) /L s ! a

y

)
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! |0" =
∑

wv " Z

[A (" )]yv [A #(" )]xw !0|

(
∑

a

!   a
w ei " a(v ! w ) /L s ! a

v

)
|0"

!

a

!

q∈Z

ei ! a (v−w)/L s ! v−w,qL s =
!

q∈Z

Pq! v−w,qL s

〈0|U!

!
"

a

ψ  a
x ei" a (y! x)/Ls ψa

y

#

U 
! |0〉 =

"

q" Z

"

w" Z

[A(θ)]y,w+ qLs
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"

a

! †a
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Coherent states, contÕdHF = +

¥ Calculate

HF = ! ! |HF (" x)|! " = !0|HF (U! " x U 
! )|0"

!0|U!

(
∑

a

!   a
x ei " a(y ! x ) /L s ! a

y

)
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! |0" =
∑

wv " Z

[A (" )]yv [A #(" )]xw !0|

(
∑
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!   a
w ei " a(v ! w ) /L s ! a

v

)
|0"

!
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!

q∈Z

ei ! a (v−w)/L s ! v−w,qL s =
!

q∈Z

Pq! v−w,qL s

〈0|U!

!
"

a

ψ  a
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y

#
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"
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"

w" Z

[A(θ)]y,w+ qLs
[A#(θ)]xw × Pq

!0|Uθ
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∑

a

!   a
x eiϕa (y! x! QLs )/Ls ! a

y

)
U 

θ |0" #
∑

q" Z

" q
xy $ Pq! Q

Q=1



Coherent states, contÕd

H F¥ So Þnd           depends on

!

q! Z

! q
xy ! Pq" Q =

!

q! Z

" # !

" !

dk
2"

eiqk! xy(k)
$

! Pq" Q

¥ Glue dynamics : ZN vacuum of

〈Pq! Q 〉 = N ! q! Q
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L independence !
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! q : Pq = N !"
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dk
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¥ If assume translation invariance :         

Remarks "I#
! x,y = ! x−y !" " q

xy = " x−y+ qL s

L independence !

¥ Papers ÒignoringÓ 0!modes : have ÒsetÓ               &  break ZN! a ! 0

! q : Pq = N !"
∑

q! Z

ρq
xy # Pq" Q =

∑

q! Z

{∫ !

" !

dk
2π

eiqk ρxy (k)
}

# Pq" Q = ρxy (k = 0)

N N

No L independence !ρq
xy → ρxy



Remarks "II#

!

¥ B enters through :

¥ extra B!dependent, yet constants, terms.

¥  constraints on              obeys :                      . ! xy (p)
!

x

ρxx (p) = B

¥ To minimize 

¥ solve, numerically,                        . 
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! H
!" xy(p)

= 0

HF (! )
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Remarks "II#

!

¥ B enters through :

¥ extra B!dependent, yet constants, terms.

¥  constraints on              obeys :                      . ! xy (p)
!

x

ρxx (p) = B

¥ To minimize 

¥ solve, numerically,                        . 

¥  descretize                         

! H
!" xy(p)

= 0

HF (! )

! xy (p ! (0, 2" ]) "# ! xy (p =
2"
M

,
4"
M

, . . . , 2" )
M = !

M = 1

incorporate  
0- modes

neglect  
0- modes



Results : continuum extrapolation
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Results : B>1



Coherent states

¥ E$ectively makes whole dynamics classical and : 

¥ QCD admits an overcomplete Òcoherent stateÓ basis|C! = U(C)|0!
some state in
 Hilbert space|0! =

which becomes classical at large!N

a(C) = !C| öA|C"

H(C) = !C|H |C"
with

diag (Hquantum) !" min
C

[H(C)]

!
! öA
! t

= ! i [ öA, H ]

"
N !"!"

#
! a(C)

! t
= ! { a(C), H (C)} PB

$

and !
!

a

ei! a " , !
!

a

ø! a ! a" = f (C)|C= Cmin

U(C) = exp
!
CF ! ψ 

xUx→yψy

"
! exp

#
C(1)

g ! N tr ( öW ) + C(2)
g ! N tr ( öE i λi öW )

$



¥ Dominance of glue over fermions :

Coherent states, contÕd

O(N )O(N 2)

! !

H (C) = H glue (Cg) + H F (CF , Cg)

¥ Step A :   Minimize leading 

H glue(Cg) = !Cg|Hglue|Cg" #$ Þx Cg = Cg,min

!
!

a

ei! a" !
!

a

e2i! a" = f (Cg,min )

¥ Step B :   Minimize sub!leading 

H F (Cg = Cg,min , CF ) = !Cg,min |!CF |HF |CF "|Cg,min " #$ Þx CF = CF, min

! ø!! " = f (Cg,min , CF, min )

,



Results : quenched condensates

b=0.6

b=6.0
b=10.0



Results : try ZN average

!O" =
1

Ncnfg

N cnfg!

i =1

Oi #$
1

Ncnfg

N cnfg!

i =1

"
1

N d

N!

k1

N!

k2 =1

á á á
N!

kd =1

Ok
i

#

Re!sum path integral


