PHYSICAL REVIEW D, VOLUME 64, 105010

Nonequilibrium time evolution of the spectral function in quantum field theory
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Transport or kinetic equations are often derived assuming a quasipddieighel) representation of the
spectral function. We investigate this assumption using a three-loop approximation of the 2PI effective action
in real time, without a gradient expansion or on-shell approximation. For a scalar field indimensions the
nonlinear evolution, including the integration over memory kernels, can be solved numerically. We find that a
spectral function approximately described by a nonzero width emerges dynamically. During the nonequilibrium
time evolution the Wigner transformed spectral function is slowly varying, even in the presence of strong
qualitative changes in the effective particle distribution. These results may be used to make further analytical
progress toward a quantum Boltzmann equation including off-shell effects and a nonzero width.
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[. INTRODUCTION considerably more complicated. Indeed, an analysis of a self-
consistent inclusion of a nonzero width has been taken up
Current and upcoming heavy-ion experiments at the BNLonly relatively recently{8]. Similarly, to go beyond leading
Relativistic Heavy lon CollidefRHIC) and CERN Large order in a gradient expansion seems to be rather cumbersome
Hadron Collider(LHC) have been an important motivation [9].
for an extensive theoretical study of kinetic or transport Recently, a successful numerical solution of the nonequi-
equations beyond the level of the classical Boltzmann equdibrium time evolution without the use of a gradient expan-
tion. In a (nonequilibrium environment the quasiparticle sion or on-shell approximation has been presented for a sca-
structure of the theory can change and for instance the pregar field theory in 1+ 1 dimensiong10]. Both the early-time
ence of nuclear matter in heavy-ion collisions may affect thebehavior and the large-time physics of thermalization can be
mass and width of vector mesofisee e.g., Ref{1] for a  described remarkably well for quantum fie[d€], as well as
discussion of the broadening of temeson. In order to  for the classical field limit put to the test by Monte Carlo
give a consistent treatment these effects have to be incorporethods and numerical integratiptl]. The evolution equa-
rated into a kinetic description. Also in other areas of physicgions can be obtained from the three-loop expansion of the
an extension of the classical Boltzmann equation to a morelosed time path generating functional for two-particle irre-
general quantum Boltzmann equation is needed. The theorucible(2PI) Green'’s function$5,10] and comprise the clas-
of baryogenesis and leptogenesis requires the solution of sical Boltzmann equatiofd—7]. The full solution of these
large set of Boltzmann equations with a proper inclusion ofequations allows one to directly investigate the influence of
CP violating and off-shell effects in an expanding universeoff-shell effects on the time evolution or the validity of a
[2]. In Ref. [3] a description of the dynamics of Bose- gradient expansion.
Einstein condensates using a quantum Boltzmann equation In this paper we focus on the kinetic aspects of the evo-
can be found. lution equations and compute the nonequilibrium time de-
It is well known [4—7] that a consistent setup of kinetic pendence of the spectral function without further approxima-
equations derived from a microscopic quantum field theorytion. The paper is organized as follows. In Sec. Il we briefly
needs to incorporate two quite different aspects: the statistreview the Schwinger-Keldysh formalism for a nonequilib-
cal information typically described in terms of one-particle rium scalar field. We derive exact time evolution equations
distribution functions on the one hand, and the kinetic infor-starting from the Schwinger-Dyson equation for the two-
mation about the spectrum of the theory, encoded in th@oint function and use the three-loop 2Pl effective action to
spectral function, on the other hand. There is a possibility tdind a consistent approximation to the self-energy. In Sec. IlI
independently approximate the statistical and the spectral asse discuss the initial conditions used in this paper. In order
pects of the time evolution equations. In the derivation of theto make contact with heavy-ion physics we consider as initial
classical Boltzmann equation one neglects all nontrivial ki-state a so-called “tsunami”: a particle number distribution
netic aspects of the spectral function, which is approximategheaked in momentum space. Such an initial state is reminis-
by an on-shells function. A first-order gradient expansion is cent of two colliding high energy wave packdt2]. We
then sufficient to derive the Boltzmann equation, describinghasten to say that in our (11)-dimensional scalar field
the evolution of the statistical information only, from the model direct applicability to phenomology is of course lim-
underlying field theoryf4—7]. It turns out that relaxing the ited. We study in this paper in particular the time evolution
assumption of on-shell quasiparticles makes the problerof the Wigner transformed spectral function suitable for com-
parison with standard frameworks for kinetic equations. De-
tails of the Wigner transform are given in Sec. IV. We present
*Email address: aarts@thphys.uni-heidelberg.de our numerical results in Sec. V. In Sec. VI we make a con-
TEmail address: j.berges@thphys.uni-heidelberg.de nection with equal-time methods and moment expansions
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1t For a real scalar field(x,y) andp(x,y) are real functions
with symmetry propertied=(x,y)=F(y,x) and p(X,y)=
—p(y,X). We usep and F as the basic quantities in this
paper.
Evolution equationsThe full propagator2.4) obeys the
Schwinger-Dyson equation

L/

FIG. 1. Keldysh contou€ in the complex-time plane.

. L G (x,Y)=Gg "(x,y) —2(X,y) (2.9
employed before. Our conclusions are summarized in Sec.
VIIL with the proper self-energy> and Gg(x,y)=i[Oy
+m?]163 1 (x—y). A differential equation foiG which may
Il. TIME EVOLUTION EQUATIONS be used to study the time evolution for given initial condi-

| funcii id | | . Idtions can be obtained from Eg.(2.6) using
Spectral functionWe consider a real, scalar quantum fie r{cderlszl(X,Z)G(Z,y):ég+1(x_y), and one finds

theory with field operators obeying the Heisenberg equatio

of motion (J,+m?) ¢(x) + X ¢3(x)/6=0. We are interested

in the nonequilibrium time evolution of the spectral function [+ M?2(x)]G(X,y) +i J dd+1zy, (nonlocal) y 7)G(z,y)
p given by the expectation value of the commutator of two ¢

fields, =—isd(x—y). 2.7

p(X,y)=i{[p(x),d(y)]-), (2D Here we have separat&i into a local part and a nonlocal

part:
where(-) denotes the average over an initial density matrix.

Nonequilibrium initial value problems can be formulated us- 3, (x,y) = —i 3 (l°ca)(x) 52*1(x—y)+2(“°n'oca')(x,y)_

ing the Schwinger-Keldysh or closed-time-path formalism (2.9
[13]. For a detailed discussion we refer to Rg]. In this

formalism the theory is formulated along a contdlin the  The local part, (°“@ corresponds to a mass shift and we find
complex-time plane, as shown in Fig. 1. Expectation valuest convenient to writeM?(x)=m?+ 3, (°ca)(x).

are defined along this contour. The two-point function is usu- Since our interest focuses on the nonequilibrium dynam-

ally written as ics of p we rewrite Eq.(2.7) such that the spectral function
appears explicitly as one of the dynamical degrees of free-
G(X,Y)=G=(X,y)O(xX°—yO) + G_(x,y)O(y°—x?), dom. Similar to the above decomposition Brwe can de-

(2.2 compose the self-energy

with © functions defined along the closed time péttand
the Wightman functions defined &- (x,y)={®(x) ¢(y))
=G_(y,x).! For a real scalar fiel&* (x,y)=G_(x,y). In
terms of these, the spectral function is given by

i
3 (onoet ok, y) = Ze(x,y) — 52,60 [O0(X°-Y°)

=0y’ —x%] (2.9

into two real functions, the statistical component of the self-
energy obeying (x,y) =2¢(y,x) and the spectral compo-

. . YY) =— ,X). Th If- i I
The spectral function can be obtained from the propagatﬁheenhzsﬁg(lzy) asz o(¥:X) ese self-energies are related to
> <

(2.2 directly by writing
Ep(xvY):i[2>(X'Y)_2<(X’Y)],

p(X,Y)=i[G=(Xy) = G<(Xy)]. (2.3

GOXY)=F(xY) = 5 pY[OO=Y) = Oy =31, .
(24) 2l:()(1y)=§|:2>(X1y)—i_zf<(x1y):|'

Here we have separated the propagator using the commutai@fe 5150 note that the retarded and advanced propagators and
of two fields, p(x,y), and the anticommutator of two fields, self.energies are related to the spectral components as
the symmetric or statistical two-point function Gr(X,Y) =0 (x°—y%) p(X,y) = GA(Y,X) and  Sg(x,Y)
L L =0(x°- yo)Ehpf(w) =dEA(y,X)- @) -
_ 1 _ 1 It is straightforward to express E(.7) in terms of the
Fiy)= 2([¢(x),¢(y)]+>— 2[G>(x,y)+G<(x,y)]. real functions introduced above. The resulting equations are

(2.9

x0
[DX+M2(X)]p(x,y)=—fodzof dz3,(x,2)p(2Y),
y

These two-point functions were also used in Réf)]. (2.10
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) X0 tive calculation in thermal equilibriunp16]. We note from
[Ox+MAX)F(Xy)=— JO dZOJ dzX ,(x,2)F(zy) Egs.(2.10 and(2.11) that in local approximations, such as
the Hartree approximation, derivable from the two-loop 2PI

v effective action, and leading-order larileschemes, the evo-
+J dz f dzZe(x,2)p(z2,y). lution of the spectral functiop does not couple back to the

0 evolution of the symmetric two-point functios.
(2.1) Thermal equilibrium.lt is instructive to consider the in-

_ ) _ troduced quantities in thermal equilibrium. The two-point
The form of these equations is exact and they are equivaleffinction G in equilibrium is described by the same equation
to the standard Schwinger-Dyson identi.6). The equa- (2.7 if the closed time path is replaced by an imaginary path
tions forp and F are explicitly real and causal. A generic C=[0,~i8], with B the inverse temperatufd]. Since the
feature is the presence of nonlocal “memory” integrals. Theequilibrium two-point functions depend only on the relative
time integral in Eq(2.11) starts at some initial time taken t0 cqordinates it is convenient to consider the Fourier trans-
be z°=0. We note that due to the canonical commutationformsp(eq)(w,p), etc. From the periodicity*KMS” ) condi-

relations the spectral function obeys the equal-time propefig, for G(x,y) and S(monocalyx vy in imaginary time one

ties finds the generic equilibrium relations relating for example
G w,p) and G w,p) [17]:
P(X,y)|x0:y0:01 ﬁxop(X,Y)|x0:y0: 5d(X_y)- =P =(@.p) [17]
(212 G w,p)=e#GY w,p). (216
The time evolution of the spectral function is completely h | and istical lov h
determined by(2.10 and (2.12. For the spectral and statistical components we employ here

Three-loop 2P effective actioffo solve Eqs(2.10 and this translates into the following equilibrium relatiofg]:

(2.12) one has to find suitable approximation schemes for the 1
self-energie ¢ and %, which respect all symmetries and FE) w,p)= —i(nB(w)Jr >

. oS . . pNw,p), (217
allow one to describe the nonequilibrium early-time behavior

as well as the large-time approach to equilibrium. Time re- 1

versal symmetry can be easily guaranteed by deriving the (eq) _ =5 (eq)

evolution equations from an effective action by a variational 2 (@p)= I(nB(w)+ 2 > @.p)

principle. A systematic way to achieve the latter is by using (2.18

the loop expansion of the 2Pl effective actid¥], formu- ) 8o . . . eq)

lated along the closed time p4th5,5]. Recently, it has been With Ng(w)=(e”—~1)"%. While the spectral functiop'*

shown that the equations in the three-loop approximatiorfncodes the information about the spectrum, one observes

describe both the early-time behavior and the physics of thethat the symmetric functiof*® encodes the statistical as-

malization[10,11]. The self energies in this approximation PECts in terms of the particle distribution functiog. For a

[5,10], here expressed in terms @&ndF, are for a Gaussian Vanishing o dependence the functionT*Y(w,p)

initial density matrix given by =3 w,p)/2w plays the role of a decay rate for one-
particle excited states with momentym

A2 1
3, (X,2)=— - p(x.2) F2(x,z)—

1—2p IIl. INITIAL CONDITIONS

2(x,Z)},
(2.13 . .
We consider a spatially homogeneous system such that,
after spatial Fourier transformation, the two-point functions
3
F2(x,z)— sz(x,z)} depend only omp and we consider the modp$x?,y%;p). As
o1 indicated above, the initial conditions fgr(x°,y%p) are
(2.149 fixed by the equal-time relation®.12. As initial conditions

. . . O 0-
(cf. Ref.[10] for the extension to quartic initial density ma- fOr the symmetric two-point functior(x",y";p) we con-

trices. The effective mass term including the local part of sider a “tsunami’-like situation[12] in which a spatially
the self-energy reads homogeneous collection of particles move with approxi-

mately the same momentum peaked aroppdand — py.
Explicitly, we take

2

A
SE(X,2)=— FF(x,z)

M?(x)=m?+ iF(x X) (2.15
5 F(xx). .

Fo(x%,y%p)lxo-yo- B (|o)+E
0 1Y xY=y"=0 w, 0 2

Equations(2.10 and (2.11) with Egs.(2.13—(2.15 form a
closed set fop and F that is energy conserving and time-

reversal invariant. We emphasize that the propagators in the ) 1

“tadpole” diagram contribution in Eq.(2.15 and in the 9x00y0F o(X%,y P x0=y0-0= wp nO(pHE}’
“setting-sun” contributions(2.13 and (2.14) are full ones. (3.1
The form of the self-energies presented hewéh free in-

stead of full propagatoyas also been found in a perturba- &XOFO(XO,yO;p)|X0:y0:0=0,
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with w,= Jp?+m? and the initial particle number Thei is introduced such that(X%; w,p) is real. Because the
spectral function is antisymmetricp(X% w,p)=—p(X°;
—w,p), we will present the positive-frequency part only.
1 ) Furthermore, as a consequence of the equal-time relation
no(p)=Nexp — ﬁ(|p|_|pts|) : (32 (2.12 the Wigner transform obeys the sum rule
=[dw/(27)w p(X° w,p)=1. In our simulations an evalu-
ation of the sum rule typically results in 1.080<1.003,
Here o controls the width of the initial distribution antf'is  indicating the accuracy in the numerical evaluation of the
a normalization constant. The initial condition is clearly far Wigner transform.
from thermal equilibrium and reminiscent of two colliding  Since we consider an initial-value problem wixf,y°
high energy wave packef42]. =0, the time integral over=x°—y? is bounded by+2X°.
To study the nonequilibrium evolution of the spectral This leads to a so-called “finite-time effect” in the Wigner
function p(x°,y%p) we solve the coupled Eq$2.10 and  transformed quantities. To understand the qualitative aspects
(2.11) with (2.13—(2.15 numerically along the lines of Ref. of a finite-time interval it is instructive to consider the free

[10]. We use a standard discretization on a lattice in spacgpectral function po(xo,yo;p):wljlsir{wp(xo—yo)] with

and time for a finite spatial volume and spatially periodicwp: [p?+m?. After performing a Wigner transformation,
boundary conditions. To remove finite size effects we in-ye find

crease the volume until the results become stable. Because

the evaluation of the memory integrals is rather time- and
memory-consuming, the numerical results presented below

are for a (1+1)-dimensional system. The lattice acts as a po(X%w,p)=
cutoff and regulates the ultraviolet divergences, which have wp(® = wp) wp(w+wp)
to be renormalized. In £1 dimensions this is straightfor-
ward since only the one-loop contribution is logarithmically
divergent. We absorb this in a bare mass parameterith
the replacemenm?— u?=m?-6m? in Eq. (2.15. The
countertermém? cancels the divergent vacuum contribution
coming from the one-loop graph. The finite part &h? is >
fixed by requiring that the renormalized one-loop mass pa- @p)- i ) i i
rameter in vacuurfing(p)=0] is equal tom, and we express For an |r_1tf_aract|ng systerr_], however, eff(_acltlve. damping
all dimensionful scales in units af. For the plots we have leads to a finite correlation time, such that finite-time ef-

used a space lattice with spacimp=0.3 and a time lattice f€CtS are expected to vanish thp‘> 7. This can be inves-
a,/a=0.25. The system size L= 24. tigated analytically by assuming that the spectral function is

strictly exponentially damped and can be written as

p(xo,yo;p)=e*7p|XO*YO‘Eglsir{Ep(x°—y°)]. The effective

massE, and ratey, are allowed to depend on the tin@.
Derivations of transport or kinetic equations are typically The corresponding Wigner transform reaggX®; ,p)

performed by considering correlation functions in the so-=pew(X%®,p)+8p(X%w,p), where pgy denotes the

called Wigner representation. Two-point functions are writ-Breit-Wigner function

ten in terms of the center-of-mass coordinxte (x+y)/2

and the relative coordinate—y, with respect to which a

sin (o0 — ) 2X°] _sin(w+ wp)2X°]

4.2

For finite X° this spectral function shows a rapidly oscillat-
ing behavior, while its envelope is peakedwt = w,. In
the limit X°—o it reduces topg(w,p)=_27sgn()s(w?

IV. WIGNER TRANSFORMATION

Fourier transformation to momentum space is performed 20T (X

(Wigner transformation Derivations based on a gradient ex- pew(X%w,p)= £ 4.3
. . .. . [ Z_EZ(XO)]2+ ZFZ(XO)

pansion indy assume a slow variation of the two-point func- w p @ Ly

tions with X. In particular, the classical Boltzmann equation
can be obtained from Eq$2.10—(2.15 using a first-order
gradient expansion and an on-shell form of the spectral funcwith a width I' ,(X°) = 2y,(X°). The additional contribution
tion with zero width[5]. The full equations(2.10—(2.15  dp(X’% w,p) vanishes exponentially as exp(,X°), such
can therefore be considered as a “quantum Boltzmann equdhat the finite-time effect is indeed absent for large enough
tion” including off-shell effects and resumming an infinite (but finite) X°. We want to emphasize that this finite-time
order of derivatives. effect is a general consequence of an initial-time problem
To analyze the evolution of the spectral functiowt to  formulated in terms of Wigner transformed quantities and
solve the dynamigswve perform a Wigner transformation and should be taken into account when used to describe the
write early-time behavior](pxos 1) in an experimental setup.
Finally, we note that the positivity condition
sgn(@) p(X% w,p)=0 can only be shown to hold in the spe-
. ) 2x° ‘o ) cial case that the initial density matrix commutes with the
ip(X%0,p)= f_zxodt &lp(X%+ 112 X0~ t12;p). full Hamiltonian, such as in thermal equilibrium. In this case
(4.1  the system is of course stationary and independeX’oAs
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FIG. 2. Absolute value o,f;(_X°/2+t,X°/27t;p) as a function of FIG. 3. Wigner transformg(X%; w,p) of the real-time spectral
t at fixed mX°=35.1 for spatial mqmengurpzzwk/L with k=0 fynctions of Fig. 2 as a function @b at mx°=35.1 fork=0 (left
(full) and 4 (dotted. The coupling is\/m"=4. peak andk=4 (right peal. Also shown are fits to a Breit-Wigner

function (dotted with (E,/m,I';/m)=(1.46,0.37) k=0) and
] ) o (1.82,0.30) k=4). The inset shows a blowup of the zero mode
a consequence the interpretation of the nonequilibrium speGgound the three-particle thresholdE@m=4.38. The expected
tral function as the density of states should be taken withhump from off-shell decay is small but visible.
care.

V. NONEQUILIBRIUM EVOLUTION tured. In particular, the slope gf(X%w,p) for small w is
In Fig. 2 we show the time evolution of the spectral func- quantitatively different. We also see that the Breit-Wigner fits

tion p(X%+t/2X°—t/2:p) as a function of the relative tinte give a narrower spectral functidsmaller width and there-

for two different momentum modes at givesi, as obtained f_ore would predict a slower exponential relaxation in real
from the numerical solution of Eq§2.10—(2.15. From the  tMme- o o
logarithmic plot one observes an effective damping of the_ W& now turn to the dependence ofX"; »,p) on X". In
oscillating spectral function while the oscillations neverFi9- 4 we show the spectral function at zero momentum
damp out completely. The decrease of the maximum ampli-
tude very quickly approaches an approximately exponential 4 ;
behavior characteristic for the decay of one-particle excited 2 E(X m
states with given momentum. One observes that the zerc
momentum mode is more strongly damped than the higher
momentum moda. 3
The effective damping should correspond to a nonzero —
width of the Wigner transformed spectral function. In Fig. 3 ;f
we display the Wigner transforms(X°; w,p) for the zero Q><
momentum mode(left peak and the higher momentum E«_Z i
mode (right peak for the sameX® time as in Fig. 2. One g
clearly observes that the interacting theory has a continuous
spectrum described by a peaked spectral function with a non:

00

mX’

20 40 60

zero width. The inset shows a blowup of the zero mode [ A W mX'=25.0
around the three-particle thresholdem=4.38. The ex- ——— mX'=354
—— mX'=68.2

pected bump in the spectral function is small but visible. We .
stress that this bump in the spectral function is kinematically 4 e ‘ e
forbidden for the on-shell limit and arises purely from off- 0 1 2 3 4
shell decay. In Fig. 3 we also present fits to a Breit-Wigner
spectral function. While the position of the peak can be fitted . 4. Time dependence of the spectral funcligX®; w,p) at
easily, the overall shape and width are only qualitatively capthree values ok® for p=0. The peak slowly shifts towards lower
values. The inset shows th¢° dependence oE,(X°) obtained
from a fit to a Breit-Wigner functior(circles as well as the one-
2An analysis of damping times as a function of the couplngan particle energysp(xo) defined via equal-time two-point functions,
be found in Ref[10]. see Eq.(5.2) below (line).
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0.35 . . ; 4l N ' ' ' .
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31 [ —— mx'=130 .
s 0.25
= —
3 R
< S 2
= o2 =
0.15 r
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.

FIG. 5. Time dependence of the relaxation ra@QXO), deter-
mined directly in real time fromp(X°+t/2X°—t/2;p) for p
=2wk/L, k=0 (full) andk=4 (dashed Also shown ist(XO)lz
from a fit to a Breit-Wigner function, fok=0 (squaresandk=4
(triangles.

FIG. 6. Effective particle number(e, ,X%) as a function ok,
at four values ofX°. As time goes on, the original “tsunami” van-
ishes and the infrared modes become more excited.

to describe the physics of thermalization at large enough

p(X%w,p=0) for three different values oX°. We see that t|m_?§[10]. i ¢ the statistical inf i b

the peak slowly shifts to smaller values. In the inset to Fig. 4t i 3 ]?VO ut;]on 0 I?’ statis |ce|1 tl'n orfma LOEH tc?n Tf ex
this behavior is quantified by plotting tH° dependence of tLa:aCt?\eo:OZ h%_ttegua- Ime cotr_rei a '?n ;Jnc '.t'ﬁ. tp). ible t
Ep(XO) obtained from a fit to the Breit-Wigner function fi y exti It' ? q(?af'.f)a;.'c efs rutg: ur(fe s pOSSIb.e _O
(4.3). For comparison, the solid line in the same figure show: ienmef a qu?s#)nar ItSve Isir?t fu rllor:i l;gﬁ;i%' rlg)m {ah'com ina
the time-dependent one particle energyX®) as defined via (c))seo eqeua '-ntroed cg_pct)he ut CO_O o'nt, f.ncct)'rorKls pur-
equal-time two-point functions in Eq5.2) below. We see a P we | u Wo-pol unctiork (x,y)

_1 - . )
good agreement of both definitions of the one-particle energy 2([7(x), m(y)]+), wherem(x) = d,04(x) is the canonical
for large enough times. We come back to this below. omentum. In the spatially homogeneous situation we con-

A qualitative way to characterize thé° dependence of s!der hgre,K(xO,yO,p)=ax%(9yo|:0(x°,yf’,p). 3"’9 define the
the shape of the spectral function is to assume that it is apcjlstnbunon functionn(e,(X7),X") at time X" as
proximately described by a Breit-Wigner function. The time
erendence orp(xo) can thgn be followgd by peorfornjing n(ep,X°)+ E=[K(X°,X°;p)F(XO,XO;p)]l’Z. (5.1)
fits for different values ofX". The resultingl’,(X")/2 is 2
shown in Fig. 5 for two momentum modes. After a variation
for early times, theX® dependence becomes weaker forFor the free theory the definition GKsp,XO) corresponds to
larger times. As indicated abovsee Fig. 3, the Breit- the standard one-particle distribution. The distribution func-
Wigner fits result in a smaller width than what is expected bytion depends on a time-dependent one-particle energy, de-
comparing with the actual spectral function. A simple way tofined as
obtain a quantitative description is by extracting a relaxation
rate y, directly in real time, i.e., from a fit of the spectral ep(X0) =[K(X%,X%p)/F(X° X% p) ]2 (5.2
function p(X°+t/2X°—t/2;p) to an exponential form
~exq—yp(xo)t] (see Fig. 2 The resulting rates are also The applicability of this definition to describe one-particle
presented in Fig. 5. We observe that the relaxation rate foenergies for the present nonequilibrium situation finds an im-
the zero mode increases first, corresponding to a broadenimyessive demonstration by comparing it with the position of
of the Wigner transformed spectral function, before it levelsthe peak in the spectral function as discussed alfcivd-ig.
off at later times. Despite the quantitative differences we sed).
a similar qualitativex® dependence from the Breit-Wigner fit In Fig. 6 we show the results for the effective particle
for large enough times. numbern(e,,X° as a function of,, at four values ofx°.

Particle distribution functionThe relatively weak® de-  The initially high occupation number in a small momentum
pendence of the kinetic aspects of the evolution encoded irenge rearranges as time goes on. The original “tsunami”
the spectral function has to be confronted with the time dewvanishes and the infrared modes become more excited. The
pendence of the statistical aspects encoddd ifhe particle  distribution is not yet thermal. Thermalization takes place on
distribution is expected to exhibit strong qualitative changeslonger time scales, which is shown for this model in Ref.
since we start with an initial conditio(8.2) far away from  [10]. The strong qualitative changes of the statistical aspects
thermal equilibrium and the current approximation is knownencoded in the particle distribution function have to be con-
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fronted with the comparably moderate changes of the spec- 3500 (x%,y%;p) | x0y0=— Ag(X%p),
tral function shown in Figs. 4 and 5. X Y

Iaop(x0,y;p) |xo— 0= — 28x0A5(X’;p),

VI. EQUAL-TIME SPECTRAL FUNCTION AND 6.4
MOMENTS
5 0,0 _ % 0.
In order to make a connection with methods employed 0P (X, Y% p)|x0—y0= — 2 Ix0As(X7p)
before, we discuss some equal-time properties of the spectral
function. As has been discussed earlier, the spectral function +As(X%p).

is the commutator of fields and obeys elementary equal-time

propertie§ Eq. (2.12]. There is a further hierarchy of equal- The combination of Eqg¢6.4) and(6.2) gives information on
time relations that follow from the exact evolution equationthe time dependence of the lowest moments. Therefore, also

(2.10. The identity in approximation schemes that are based on an expansion in
moments, the lowest quantity that shows a direct dependence
on the self-energy., appears only at relatively higffifth)

320p(x%,y%;p)|0=,0=0 (6.1)  order. We conclude that both in equal-time formalisms and in
approximations based on moments a proper inclusion of
scattering effects might be difficult to achieve.

can also be traced back directly to the operator equation of

m_o_tion. The following three equal-time derivatives are less VIl. CONCLUSION

trivial, and read

The presence of a nonequilibrium environment affects the
quasiparticle structure of the theory, encoded in the spectral
aiop(xo,yo; p)|xo—yo=—[p?+M3(x)], function. As a relevant physical application one may think of
high energy heavy-ion collisions where spectral properties of
the vector mesons are affected by the presence of nuclear
3xop(x°,y°;p) |0 yo=— 23,0M?(x), (6.2  matter.
In this paper we have concentrated on a self-consistent
determination of the spectral function out of equilibrium, us-

&iop(xo,yo;p)|xozyo=[p2+MZ(X)]z ing a scalar field theory in 1 dimensi'olns' as pu('toy)
model. We have calculated the nonequilibrium time evolu-
_3aio|v| 2(x) tion of the spectral function by solving the equations of mo-
tion obtained from the three-loop 2PI effective action in real
—&Xoip(xo,yo;p)lxozym time. To compare the dynamics of the spectral function and

the statistical aspects of the theory we also compute the evo-

) lution of an effective particle number distribution. Scattering
These expressions are exact. One observes that the sefyy off-shell contributions are included in the dynamical

energyX,, necessary to describe scattering, enters for th@yolution, in contrast to well-studied Hartree and leading-
first time only in the fifth derivative. This suggests that in o qer largeN approximations. Even for moderate couplings
formalisms which are strictly based on equal-time correlatioryq initial conditions far away from equilibrium, we observe
functions[20], the kinetic aspects of scattering encoded ing rather weak dependence of the Wigner transformed spectral
the spectral function may only be captured in very sophistifynction onX°. This fact provides a necessary condition for
cated truncations. _ . _ a successful gradient expansion typically employed in the
The above relations can be immediately recast in terms Qfierivation of kinetic equations. After variations at early times
momen_ts of the spectral function in the Wigner presentationye opserve that the spectral function approaches a rather
We define thenth moment as stable shape characterized by a nonvanishing width. A con-
sistent “quantum Boltzmann equation” certainly has to relax
the zero-width assumption employed in the derivation of the
An(xo;p):f w"p(X%w,p). (6.3  standard Boltzmann equation. We have argued that it might
— 27T be notoriously difficult to derive the kinetic aspects of scat-
tering encoded in the spectral function from equal-time for-
. malisms or approximation schemes based on an expansion in
Due to the antisymmetry op(X°w,p) all even moments moments. We emphasize that the employed framework based
Azn(X%p) vanish. Itis straightforward to relate the odd mo- o the 2P| effective action allows for a consistent description
ments directly to the equal-time derivatives given above, Uspf hoth early and late time behaviors. Since a change in the
ing Ox0= 2dxo+d;. The first moment is just the sum rule, position of the peak and width of the spectral function can be
A(X";p)=1, and Eq.(6.1) provides a consistency check: described consistently in this framework, it would be inter-
920p(x%,y%;p) [ xo=,0= dx0A1(X%p) =0. For the higher de- esting to extend the study presented here to more realistic
rivatives one finds models for heavy-ion collisions.

» dw
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