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Exact and truncated dynamics in nonequilibrium field theory
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Nonperturbative dynamics of quantum fields out of equilibrium is often described by the time evolution of
a hierarchy of correlation functions, using approximation methods such as Hartree, largeNf , andnPI-effective
action techniques. These truncation schemes can be implemented equally well in a classical statistical system,
where results can be tested by comparison with the complete nonlinear evolution obtained by numerical
methods. For a (111)-dimensional scalar field we find that the early-time behavior is reproduced qualitatively
by the Hartree dynamics. The inclusion of direct scattering improves this to the quantitative level. We show
that the emergence of nonthermal temperature profiles at intermediate times can be understood in terms of the
fixed points of the evolution equations in the Hartree approximation. The form of the profile depends explicitly
on the initial ensemble. While the truncated evolution equations do not seem to be able to get away from the
fixed point, the full nonlinear evolution shows thermalization with a~surprisingly! slow relaxation.
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I. INTRODUCTION

An understanding of the dynamical evolution of noneq
librium quantum fields is needed in diverse physical sit
tions as nonrelativistic condensed matter, relativistic hea
ion colliders, and the early universe. For several reason
theoretical description is expected to be difficult. First, effe
tive irreversibility has to arise from time-reversal invaria
equations. Second, for~asymptotically! late times one ex-
pects a nonequilibrium system to thermalize, which impl
an effective independence of the initial state, and prescrib
definite value for all correlation functions. Furthermore, d
ing the nonequilibrium evolution, the answer to the questi
what dominates the full dynamics at a certain stage, m
itself be time-dependent. When approximation methods
used, the chosen method will often need to be modified
replaced as time goes on, to incorporate this shift in imp
tance.

To illuminate this, consider as a prototype for a noneq
librium system the universe at the end of inflation~see e.g.
@1,2#!. In this case several distinct regimes are easily ide
fied. While the early stage is dominated by the oscillat
inflaton field, in the intermediate regime the created qua
scatter both with the inflaton and with each other, leading
a partial energy redistribution between the modes. Finally
the last stage subsequent interactions are expected to
the universe to thermal equilibrium. It is a great theoreti
challenge to describe these various stages in a unified w

Although in principle the time evolution of expectatio
values is determined completely, after the initial density m
trix is given, by the microscopic Heisenberg equations
motion, this is in practice only of minor help, due to th
absence of exact solutions or solution methods. Conside
example a simple scalar quantum field theory with a qua
interaction. The Heisenberg equation of motion determi
the time evolution of the mean field,

~] t
22¹x

21m2!^f~x,t !&52l^f3~x,t !&/2, ~1!

where the brackets indicate the expectation value with
0556-2821/2000/63~2!/025012~15!/$15.00 63 0250
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spect to the initial density matrix. This equation requir
knowledge of the three-point function̂f3(x,t)&. The equa-
tion for the three-point function itself involves the five-poi
function~in generaln12-point functions are needed to solv
the exact evolution forn-point functions!, which leads to a
full hierarchy of coupled equations. In most cases a solut
to this hierarchy is not available, and it becomes of inter
to find approximation schemes that capture the essential
of the full dynamics as correctly as possible.

A widely used approach is to truncate the infinite hier
chy of correlation functions. One of the simplest truncatio
is the Hartree approximation in which at most two-po
functions appear, and the three-point function is replaced
^f3(x,t)&53^f(x,t)&^f2(x,t)&. A systematic way to
implement this is by using a largeNf expansion, whereNf
denotes the number of e.g. scalar or fermion fields@3# ~for
applications, see e.g.@4–7#!. The main drawback of thes
Gaussian truncations is that in homogeneous or translat
ally invariant ensembles scattering is absent, which limits
range of validity. This feature has been an important stim
lation to improve upon the homogeneous Hartree and la
Nf approximations. One possibility is to allow for inhomo
geneous mean fields. In that case scattering via the sp
dependent mean field̂f(x,t)& is present in the effective
equations~see e.g.@8# for analytical investigations and@9#
for a numerical study!. Another natural extension is to g
beyond the Gaussian approximation and include higher n
trivial correlation functions@10–12#, guided e.g. by the large
Nf expansion to next-to-leading order. This typically resu
in effective equations that are nonlocal in time. From a pr
tical ~numerical! point of view, it is desirable to use effectiv
equations that are local in time, as in the Hartree approxim
tion. This has motivated the use of the 1PI-effective act
for equal-time correlation functions@13–15#. Truncated at
quartic order this includes scattering and all 1/Nf corrections
@16#. A discussion of the structure of dynamical equatio
for equal-time correlation functions in the largeNf expan-
sion up to and including 1/Nf

2 terms can be found in@17#.
Finally, very promising results have been obtained recen
@18#, using a truncation of the 2PI-effective action at ne
©2000 The American Physical Society12-1



i
o

no

es
y
e
e
t
ti

d
th
xa

ns
e

th
in

r-
t

ns
ilit
m

on
b

th
he
t-
in

nt
th

or
th

rc
ta
o
d
o
th
th
om
y
il

o
ic

.
nc
ve

at
lent
g is
in-
ec.
e
ided
ions
the
la-
,
in

of

e

ble is
rete
o

ch
is

d a
e a
s-

-

se
le

AARTS, BONINI, AND WETTERICH PHYSICAL REVIEW D63 025012
to-leading order. The resulting equations are nonlocal
time, i.e. they require the integration of memory kernels. F
a (111)-dimensional field theory this appears, however,
to be a numerical obstacle.

In all cases, it would be desirable to perform a direct t
of these methods and their range of validity. Unfortunatel
comparison with the full nonperturbative evolution in th
quantum field theory cannot be made, due to the absenc
exact methods. In the case of quantum mechanics on
other hand, such tests can be performed, and the evolu
from a Hartree factorization, a 1/Nf expansion at leading an
next-to-leading order, and other extensions beyond
Gaussian approximation have been compared with the e
evolution obtained by numerically solving the Schro¨dinger
equation@10,11#. It is, however, not obvious how the lesso
learned from quantum mechanics with one degree of fr
dom can be translated to field theory with~in principle infi-
nitely! many degrees of freedom. Both scattering and
possibility of taking the thermodynamic limit are absent
the quantum mechanical case.

The situation in classical field theory is completely diffe
ent. Here the full evolution can be simulated using Mon
Carlo methods and numerical integration: initial conditio
are generated by sampling according to the initial probab
distribution, and the subsequent time evolution follows fro
solving the classical equations of motion, which can be d
numerically. Expectation values are then constructed
summing over many independent realizations. When
number of initial conditions is taken larger and larger, t
initial probability distribution is approximated better and be
ter, and the resulting time evolution will become exact,
principle. As we will see below, it is possible to impleme
many of the approximation methods discussed above for
quantum field theoretical case also in a classical field the
The reason is that the methods do not directly touch upon
quantum nature, but instead state how to truncate a hiera
of correlation functions, which is present in a classical s
tistical system as well. Therefore, we focus in this paper
nonequilibrium evolution in classical field theory, formulate
on a spatial lattice to regularize the theory. Note that the r
of the thermodynamic limit may be investigated keeping
lattice spacing fixed. The general strategy is to compare
truncated dynamics with the numerical results obtained fr
sampling initial conditions from a given initial probabilit
distribution. Our hope is that the insights obtained below w
survive when going to the quantum field theory.

In the remainder of the Introduction we give the outline
the paper. As a simple toy model we consider a class
scalar field theory in 111 dimensions, with the~continuum!
action

S5E dtdxF1

2
~] tf!22

1

2
~]xf!22

1

2
m2f22

l

8
f4G .

~2!

In the next section we show how the~homogeneous! Hartree
approximation can be implemented in the classical theory
Sec. III we discuss evolution equations obtained from a fu
tional differential equation for the equal-time 1PI effecti
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action. A truncation of the time-dependent effective action
quadratic order gives evolution equations that are equiva
to those obtained in the Hartree approximation. Scatterin
incorporated by a truncation of the effective action that
cludes momentum-dependent four-point functions. In S
IV the choice of initial probability distribution and som
numerical and lattice aspects are discussed. We have div
the comparison between the truncated evolution equat
and the lattice results in two parts. In Sec. V we discuss
early and intermediate times, where the system is still re
tively far from thermal equilibrium. The late-time regime
where thermal equilibrium is approached, is described
Sec. VI. Our findings are summarized in Sec. VII.

II. CLASSICAL HARTREE APPROXIMATION

The classical problem is fully specified by the equation
motion

] t
2f~x,t !5@]x

22m2#f~x,t !2lf3~x,t !/2, ~3!

supplemented with initial conditions forf(x,t) and p(x,t)
5] tf(x,t). These initial conditions are determined by th
initial probability distribution r@p(x),f(x)#, where f(x)
5f(x,0),p(x)5p(x,0). The choice of initial distribution is
not needed at this stage, we only assume that the ensem
translationally invariant in space and respects the disc
symmetryf→2f, p→2p. The average with respect t
the initial distribution will be denoted with brackets^•&. Our
aim is to find evolution equations for~equal-time! correlation
functions of the fieldf(x,t) and the canonical momentum
p(x,t).

As discussed in the Introduction, a widely used approa
in quantum field theory is the Hartree approximation. Th
can be implemented in the classical theory as well, an
brute but simple way to do this is as follows. If we assum
Hartree-type factorization for the interaction term in the cla
sical equation, i.e.,lf3→3lf^f2&, we find

] t
2f~x,t !5F]x

22m22
3

2
l^f2~x,t !&Gf~x,t !. ~4!

In the case of translationally invariant ensembles,^f2(x,t)&
is independent ofx and the equation can be written in mo
mentum space as

] t
2f~q,t !52v̄q

2f~q,t !, ~5!

with the effective frequency squared

v̄q
25vq

21
3

2
l^f2&, ~6!

wherevq
25q21m2, and^f2&5^f2(x,t)&. In the case ofNf

scalar fields with a completeO(Nf) symmetry, the second
term on the right-hand side of Eq.~6! is multiplied by (Nf
12)/(3Nf). In this paper we restrict ourselves to the ca
Nf51. Note, however, that there is no problem in princip
to extend the analysis below to finiteNf.1. The unequal-
time two-point function
2-2
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EXACT AND TRUNCATED DYNAMICS IN . . . PHYSICAL REVIEW D 63 025012
S~x2y;t,t8!5^f~x,t !f~y,t8!&5E dq

2p
eiq(x2y)S~q;t,t8!,

~7!

obeys in this approximation the usual mean-field equation
motion

@] t
21v̄q

2#S~q;t,t8!50, ~8!

where the effective frequency is determined from the tw
point function at equal time:

v̄q
25vq

21
3

2
lE dp

2p
S~p;t,t !. ~9!

Note that modes with a given momentumq only interact
with the homogeneous mean-field background, so that di
scattering between different momentum modes is absen

The dynamics can be written equivalently1 in terms of
equal-time expectation values, at the expense of introdu
more than one two-point function. The following four com
binations area priori independent:

Gff~x2y,t !5^f~x,t !f~y,t !&,

Gpp~x2y,t !5^p~x,t !p~y,t !&, ~10!

Gpf~x2y,t !5
1

2
^p~x,t !f~y,t !1f~x,t !p~y,t !&,

and the parity-odd combination

Gpf
odd~x2y,t !5^p~x,t !f~y,t !2f~x,t !p~y,t !&. ~11!

The dynamical equations are conveniently written in m
mentum space, according to

Gff~q,t !5E dx e2 iqxGff~x,t !, ~12!

etc., and they couple only the combinations~10!:

] tGff~q,t !52Gpf~q,t !,

] tGpf~q,t !52v̄q
2Gff~q,t !1Gpp~q,t !, ~13!

] tGpp~q,t !522v̄q
2Gpf~q,t !.

The fourth combinationGpf
odd(q) is exactly conserved unde

the Hartree equations and does not enter in the dynamic
is zero in the case that the ensemble is invariant under s
reflection.

In the Hartree approximation a nontrivial combination
two-point functions, termeda2 in @14#, is conserved,

1In the sense that the evolution equations presented below
obtained from the same starting point~5!.
02501
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a22~q!5Gff~q,t !Gpp~q,t !2Gpf
2 ~q,t !, ~14!

for eachq. This can be understood from the absence of sc
tering or mode mixing at this order and the resulting sy
metry ~see Appendix A!. Finally, the Hartree equations con
serve the expectation value of the energy,

EHartree5LE dq

2p F1

2
Gpp~q,t !

1
1

2 S vq
21

3l

4 E dp

2p
Gff~p,t ! DGff~q,t !G , ~15!

which can be obtained using a Gaussian factorization of
f4-term in the microscopic expression for the energy,
from the effective Lagrangian given in Appendix A.

III. EQUAL-TIME EFFECTIVE ACTION

In order to improve upon the Hartree approximation, it
necessary to include direct scattering contributions in
evolution equations. We aim here at a formulation that
local in time. This is also desirable from a numerical point
view.2 One way to achieve this is by employing a formalis
based on the equal-time effective actionG@f,p;t#, the gen-
erating functional of 1PI equal-time correlation functio
@13#. The effective action obeys the following~functional!
evolution equation@14,16#:

] tG@f,p;t#52LclG@f,p;t#, ~16!

with

Lcl5E dx Fp~x!
d

df~x!
1f~x!S ]x

22m2

2
1

2
l@f2~x!13Ḡff~x,x!# D d

dp~x!

2E dx1dx2dx3 Ḡfc1
~x,x1!Ḡfc2

~x,x2!

3Ḡfc3
~x,x3!

d3G

dc1~x1!dc2~x2!dc3~x3!

d

dp~x!G .
~17!

Here c[(f,p) and Ḡcc8(x,x8) denotes the full~matrix!
propagator in arbitrary field background, obtained fromG as

Ḡcc8
21

~x,y!5
d2G

dc~x!c8~y!
. ~18!

The full propagator evaluated at zero background is writ
without the bar. The effective action depends on ‘‘effective
fieldsf andp, which are defined via the Legendre transfo

re2See however@18# for a successful implementation of time
nonlocal evolution equations.
2-3
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mation, relatingG and lnZ in the usual way@13#. Though we
use the same notation, these fields should not be conf
with the microscopic fields that appear in the original act
~2!.

In order to solve the exact evolution equation~16!, some
lin

w

b
gs
m

02501
ed

approximation has to be made. This brings us back to
issue of truncations, as discussed in the previous secti
We use a truncation or ansatz that includes all 1PIn-point
functions, withn<4, and respects the symmetryc→2c as
well as spatial translation and reflection. The ansatz read
G@f,p;t#5E
q
F1

2
A~q!f* ~q!f~q!1

1

2
B~q!p* ~q!p~q!1C~q!p* ~q!f~q!G1

1

8Eq1 ,q2 ,q3 ,q4

2pd~q11q21q31q4!

3@u~q1 ,q2 ,q3!f~q1!f~q2!f~q3!f~q4!1v~q1 ,q2 ,q3!p~q1!f~q2!f~q3!f~q4!

1w~q1 ,q2 ,q3!p~q1!p~q2!f~q3!f~q4!1y~q1 ,q2 ,q3!p~q1!p~q2!p~q3!f~q4!

1z~q1 ,q2 ,q3!p~q1!p~q2!p~q3!p~q4!#.
d a
m,

-

nes
We use the shorthand

E
q
5E dq

2p
,

and suppress the time dependence of the two-point coup
A,B,C, the four-point couplingsu, v, w, y, z, and the corre-
lation functionsGcc8 in this section.

The matrix relation~18! at vanishing background can no
be given explicitly, and

Gff~q!5B~q!/a2,

Gpf~q!52C~q!/a2, ~19!

Gpp~q!5A~q!/a2,

with the determinant

a2~q!5A~q!B~q!2C2~q!. ~20!

This definition ofa(q) is equivalent to that in Eq.~14!. For
future convenience we introduce

c~q![
C~q!

B~q!
, ~21!

which will be used to convert two-point functions:

Gpf~q!52c~q!Gff~q!. ~22!

The time dependence of the effective action determined
Eq. ~16! translates into evolution equations for the couplin
Exact flow equations for the two-point functions follow fro
taking the second derivatives of Eq.~16! with respect tof
gs

y
.

andp at f5p50:3

] tA~q!52ṽq
2C~q!

] tB~q!522C~q!22g~q!B~q! ~23!

] tC~q!52A~q!1ṽq
2B~q!2g~q!C~q!,

with the frequency squared

ṽq
25vq

21
3l

2 E
p

Gff~p!2
3l

8 E
q1 ,q2 ,q3

2p

3d~q2q12q22q3! Gff~q1!Gff~q2!Gff~q3!

3@4u~q1 ,q2 ,q3!23c~q1!v~q1 ,q2 ,q3!

12c~q1!c~q2!w~q1 ,q2 ,q3!

2c~q1!c~q2!c~q3!y~q1 ,q2 ,q3!#, ~24!

where we recognize the free part, the Hartree term, an
contribution with the topology of the setting-sun diagra
containing three full propagators and a~complicated! dy-
namical vertex function~see Fig. 1!. The other factor appear
ing in Eq. ~23! has a setting-sun structure as well:

g~q!5
3l

8 E
q1 ,q2 ,q3

2p

3d~q2q12q22q3! Gff~q1!Gff~q2!Gff~q3!

3@v~q,2q1 ,2q2!22c~q1!w~2q1 ,q,2q2!

1c~q2!c~q3!$y~q3 ,q2 ,2q!12y~2q,q1 ,q3!%

24c~q1!c~q2!c~q3!z~2q1 ,q,2q2!#. ~25!

3The equations presented below are slightly simpler than the o
that can be obtained from settingNf51 in the equations for the
O(Nf) model @16#.
2-4
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EXACT AND TRUNCATED DYNAMICS IN . . . PHYSICAL REVIEW D 63 025012
These equations have to be completed with the evolu
equations for the four-point couplings, and those are liste
Appendix B. Note thata(q) is no longer a conserved quan
tity as it is in the Hartree approximation, but obeys] ta(q)
52g(q)a(q).

Finally, the evolution equations conserve exactly the
ergy

EG5EHartree2
3

8
lE

q1 ,q2 ,q3 ,q4

2pd~q11q21q31q4!

3Gff~q1!Gff~q2!Gff~q3!Gff~q4!@u~q1 ,q2 ,q3!

2c~q1!v~q1 ,q2 ,q3!1c~q1!c~q2!w~q1 ,q2 ,q3!

2c~q1!c~q2!c~q3!y~q1 ,q2 ,q3!

1c~q1!c~q2!c~q3!c~q4!z~q1 ,q2 ,q3!#. ~26!

It is illuminating to make a connection with the Hartre
equations derived in the preceding section. A truncation
the effective action at quadratic order gives dynamical eq
tions involving only A,B, and C. It is straightforward to
check that these give precisely the Hartree equations~13! for
the equal-time two-point functions.

The equal-time effective action permits an easy inclus
of quantum effects@19#. The Hartree approximation does n
distinguish between classical and quantum field theories
the quartic truncation the quantum effects add simple te
to the evolution equations of the quartic couplings@14#. A
direct verification of the truncated evolution for quantu
fields is obviously much harder.

IV. INITIAL ENSEMBLE AND LATTICE
DISCRETIZATION

For an investigation of the time evolution of correlatio
functions we need to specify the initial ensemble or proba
ity distribution. In this paper we choose to start from
Gaussian, translationally invariant ensemble. The reason
take an initially Gaussian ensemble are the following: first
all, the Hartree equations truncate the dynamics to Gaus
dynamics for all times. Therefore, possible truncation effe
will show up during the time evolution only, but not alread
initially, since the initial ensemble is treated correctly in t
Hartree approximation. Furthermore, Gaussian ensem
are the ones that are often considered inquantumfield theory
away from equilibrium. It is straightforward to construct a
initial density matrix that leads to Gaussian correlation fu
tions, and vice versa. Finally, from a technical point of vie
Gaussian ensembles can easily be implemented in both

FIG. 1. Graphical representation of the effective frequen
squared, Eq.~24!. The thick~thin! lines denote the full~free! equal-
time two-point functionGff . The blob in the setting-sun diagram
is a full equal-time vertex function.
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truncated evolution equations and the numerical evolut
obtained by sampling initial conditions.

In the set of Gaussian ensembles, we choose to take
equilibrium distribution function of the unperturbed Ham
tonianH0, where

H5E dx F1

2
p21

1

2
~]xf!21

1

2
m2f21

l

8
f4G

5H01V,

V5E dx
l

8
f4. ~27!

Thus, the initial probability distribution is given by

r@p~x!,f~x!#5Z0
21exp@2H0 /T0#,

Z05E DpDf exp@2H0 /T0#, ~28!

wheref(x)5f(x,0),p(x)5p(x,0), and

E DpDf5E )
x

dp~x!df~x! ~29!

denotes the integral over the initial phase-space. The t
perature of the initial ensemble is denoted withT0. Note that
this distribution function is of course not the equilibriu
distribution for nonzerol.

Since the ensemble is Gaussian, the only nontrivial co
lation functions att50 are the two-point functions, and the
read

^f~q!f~q8!&5Gff~q,0!2pd~q1q8!,

Gff~q,0!5T0 /~q21m2!,

^p~q!p~q8!&5Gpp~q,0!2pd~q1q8!,

Gpp~q,0!5T0 . ~30!

Possible variations of this initial ensemble would be
choose different ‘initial temperatures’T0(q) for each mo-
mentum mode and thef andp fields.

To properly define the model, we formulate it on a latti
in space with spacinga. The number of spatial sites isN,
such that the volume isL5Na, and we use periodic bound
ary conditions. Due to the finite volume and lattice cuto
the momentumq takes a finite number of discrete values:

q5
2pk

L
, k5H 2

N

2
11, . . . ,

N

2 J , ~31!

y

2-5
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AARTS, BONINI, AND WETTERICH PHYSICAL REVIEW D63 025012
and momentum integrals are replaced by sums:*dq/(2p)
→L21(q . The dispersion relation is modified due to th
Laplacian on the lattice and reads

vq
25q̂21m2, q̂25

2

a2
~12cosaq!. ~32!

Classical field theory suffers from the Rayleigh-Jeans div
gence, which implies that the lattice cutoff cannot be taken
zero in a straightforward manner. Indeed, the expecta
value of the full energy in this ensemble is

^H&5^H0&1^V&5LFT0

a
1

3l

8
^f2&2G

5NFT01a
3l

8
^f2&2G , ~33!

where the first explicit expression is written such that
extensivity of the energy and the linear divergence asa→0
are manifest, and the second one on the other hand em
sizes ‘‘classical equipartition’’ in a system withN degrees of
freedom. In this paper we work at fixed lattice cutoffma
50.25 ~corresponding to a fixed momentum cutoffL
5p/a54pm). The thermodynamic limit can be taken b
increasing the number of lattice sitesN, keeping the initial
temperatureT0 fixed.

The expectation valuêf2& can be calculated att50:

^f2~x!&5
1

L (
q

Gff~q,0!5
1

L (
q

T0

q̂21m2
[

T0

m
I .

~34!

The sum is ultraviolet finite. For the lattice sizes we use
value is close to the infinite volume value:I 5 1

2 @1
1a2m2/4#21/2.0.5.

The initial conditions for the evolution equations can no
be given explicitly. They read

A~q,0!5Gff
21~q,0!5~ q̂21m2!/T0 , ~35!

B~q,0!5Gpp
21~q,0!51/T0 ,

and

C~q,0!5u~q1 ,q2 ,q3 ;0!5v~q1 ,q2 ,q3 ;0!

5w~q1 ,q2 ,q3 ;0!5y~q1 ,q2 ,q3 ;0!

5z~q1 ,q2 ,q3 ;0!50. ~36!

The evolution equations are solved using a standard fou
order Runge-Kutta algorithm that is exactly time reversib

The full nonlinear evolution is constructed by sampli
initial conditions from the Gaussian ensemble~30! and solv-
ing the equation of motion numerically for each initial co
dition in real space. In order to do this, the action is d
cretized on a lattice in time as well, with step sizea0,a.
The resulting discretized equations of motion are of the le
frog type. We have useda0 /a50.05 and 0.01, and checke
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independence of the step size. The ensemble is approxim
by using many independent initial conditions. The number
ensemble members is denoted withNm . For the results pre-
sented below we have usedNm;2500216000.

Finally, for the numerical analysis it is convenient to u
the mass parameterm as the dimensionful scale. Therefo
we rescale all dimensionful parameters with the appropr
power ofm. Rescaled variables will be denoted with a prim
Furthermore, the classical equation of motion~3! can be
made independent of the couplingl by introducing a field
f8 as

f85A3l/m2 f. ~37!

The rescaled~dimensionless! canonical momentum isp8
5(3l/m4)1/2p and the dimensionless energy readsE8
53lE/m3. We define a dimensionless temperatureT8
53lT/m3 such thatE/T5E8/T8. As a result, besides th
lattice parametersa85ma and N (L85a8N), only one pa-
rameter remains to be specified:

T08[
3l

m3
T0 . ~38!

A larger value ofT08 corresponds to a larger effective inte
action strength.4

V. EARLY AND INTERMEDIATE TIMES

We are now fully equipped to compare the time evoluti
using the different methods. For shortness, we refer below
the evolution obtained in the Hartree approximation as
~leading order! and the evolution from the equal-time effe
tive action truncated up to four-point couplings as NL
~next-to-leading order!. Although in principle there is no
small parameter governing the truncation, we use the la
ing common in the largeNf expansion, since the Hartre
approximation is closely related to the leading-order con
bution in 1/Nf . The full nonlinear evolution of a sample o
initial conditions is denoted with MC~Monte Carlo!.

The equal-time two-point function at zero momentu
Gff(q50,t) is shown in Fig. 2, for a typical choice of pa
rameters. The numerical integration of the NLO evolution
rather time consuming, due to the presence of the four-p
couplingsu, v, w, y, andz that depend on three independe
momentum variables. Therefore it is not possible to take
large volumes as in LO and MC. However, we have chec
that at this stage this does not affect the comparison. I
clear that the first few oscillations are well approximated
both LO and NLO dynamics. We will refer to this period a
the early-time regime. It is visible that the Hartree evoluti
underestimates damping whereas the size of the oscillat
in NLO remains comparable with the MC result muc
longer. Aroundmt510 the periods of oscillation in NLO
and MC evolution start to disagree.

4A quick way to change to primed variables is to putm51,l
51/3.
2-6
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EXACT AND TRUNCATED DYNAMICS IN . . . PHYSICAL REVIEW D 63 025012
The crucial quantity in the mean-field approximation~4!
is the field squared̂f2(x,t)&5L21(qGff(q,t) which is
presented in Fig. 3. Again we see that the first few osci
tions are in good agreement. Then a difference becomes
ible between LO on the one hand, and NLO and MC on
other hand: at LO the amplitude of oscillations reduc
slower~less damping! and the averaged value lies below t
other two. A comparison of the time-averaged values
tween 20,mt,50 shows that the Hartree result differs by
few percent from NLO and MC. The time-averaged value
NLO is surprisingly close to the MC result.

After the initial reduction the size of fluctuations increas

FIG. 2. Time evolution of the two-point functionGff8 (0,t). We
compare the Hartree equations~LO, N5512), the next-to-leading
order equations~NLO, N5160), and the results from a Mont
Carlo sampling (N5512,Nm516000). In Figs. 2–8 the initial tem
perature of the Gaussian ensemble isT0855. In all figures, the lat-
tice spacing isma50.25.

FIG. 3. Time evolution of̂ f82(x,t)&5L821(qGff8 (q,t). The
initial value is ^f82&5T08I 52.5. The time-averaged values in th
interval 20,mt,50 are 2.049~LO!, 2.114 ~NLO!, and 2.126~5!
~MC!. The Hartree fixed-point value~see below! is 2.056.
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again in NLO aroundmt530. To investigate this issue, w
study the volume dependence of the evolution in NLO. T
phenomenon of ‘‘resurgence of fluctuations’’ is presented
Fig. 4 for relatively small volumes. We see that fluctuatio
become large again after the initial reduction and that
evolution becomes undamped. The time when this occ
increases with the volume. We stress that this effect is
physical, as it is absent in the MC result, nor is it genera
by errors in the numerical integration. Rather, it is a prope
of the NLO approximation. Since this seems to be an imp
tant limitation for the validity of NLO, we analyze the the
modynamic limit and the consistency of the NLO evolutio
on a quantitative level. We compare the dynamics for diff
ent volume sizes with the largest one that is availableN
5160). For an equal-time observableO(t), we define the
difference

DON~ t !5
u^ON~ t !&2^O160~ t !&u

^O160&av
. ~39!

The normalization̂ O160(t)&av is the time-averaged value o
^O160(t)& between 0,mt,20, and is used to set the scal
We denote the time whereDON(t) exceeds the conservativ
bound of 0.005 bytN . The dependence oftN on the volume
is shown in Fig. 5. It turns out thattN is sensitive to the
details of the evolution, due to the oscillating character
DON(t). This sensitivity is indicated with error bars. We s
that in a larger volume the evolution behaves better fo
longer time, and that this time increases roughly linea
with the system size. We emphasize that the possibility
taking the thermodynamic limit distinguishes the comparis
performed in this paper with those where quantum mech
ics was used to test the truncated evolution. For this as
classical fields are closer to quantum fields than quan
mechanics is.

At a later moment, to which we will refer astu , fluctua-
tions grow rapidly and the numerical evolution becomes

FIG. 4. Volume dependence: NLO evolution of^f82&. In a
smaller volume the evolution deviates earlier from the large-volu
limit. Damping can be seen only in the period before the evolut
starts to deviate.
2-7
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AARTS, BONINI, AND WETTERICH PHYSICAL REVIEW D63 025012
controlled. Typically tu is much larger thantN . We have
checked that the time where the evolution starts to beh
badly is not an artifact of the numerical integration. For
stance, reducing the step size by a factor of 5 does not a
the results. A similar behavior has been noted before i
system of anharmonic oscillators in 011 dimensions@15#.
The breakdown of the evolution equations beyond lead
order at large times has also been observed for quantum
chanics@11#.

Fixed points in the Hartree approximation

From the viewpoint of thermalization, the most interesti
observable isGpp(q,t). In an interacting theory the equilib
rium value isGpp

eq (q)5T for all q. Away from equilibrium
we define therefore an ‘‘effective temperature’’ for a m
mentum modeq:

T~q,t ![Gpp~q,t !, ~40!

and the average temperature over all modes

T~ t !5N21(
q

Gpp~q,t !5a^p2&. ~41!

Because of our choice of initial ensemble all moment
modes have initially the same~noninteracting! temperature
T0, so thatGpp(q,0) is flat in momentum space. Due to th
nonzero coupling it deviates from being flat immediately
ter t50. For later times deviation from ‘‘flatness’’ o
Gpp(q,t) is a good measure for deviation from thermal eq
librium.

In Fig. 6 we show the average temperatureT8 as a func-
tion of time. The qualitative aspects comparing LO, NL
and MC are the same as in Fig. 3. Furthermore we see m
rapid oscillations with a small amplitude which were abs
in Fig. 3. The reason is that̂f2& is ultraviolet finite and

FIG. 5. Thermodynamic limit in the NLO evolution: volum
dependence of the timemtN where DON(t) exceeds 0.005~see
text!, for O5p82(x,t) andf82(x,t). The dashed line is a straigh
line fit through the origin.
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therefore dominated by the low-momentum modes, wh
^p2& is sensitive to all frequencies up to the lattice cutoff

Figure 6 gives the impression that the system establish
new temperatureT8'5.32ÞT0855 rather quickly. However,
in order to be in thermal equilibrium, all momentum mod
should have the same temperature. In Fig. 7 the effec
temperatureT8(q,t) for three momentum modes is show
Perhaps surprisingly, we see that for eachq T8(q,t) oscil-
lates around a different value. The mean values appear ra
stable and do not seem to approach each other. This
sembles the nonthermal fixed points discussed in@16# for the
NLO equations.

In fact, it turns out that this behavior can be understo
with satisfactory accuracy already in terms of fixed or s
tionary points of the evolution equations in the Hartree a
proximation. The relations between the two-point functio

FIG. 6. Time evolution of the effective temperatureT8(t)
5N21(qGpp8 (q,t). The time-averaged values in the interval 2
,mt,50 are 5.293~LO!, 5.318 ~NLO!, and 5.321~4! ~MC!. The
value at the Hartree fixed point is 5.291.

FIG. 7. Time evolution of the mode-temperatureT8(q,t)
5Gpp8 (q,t) for modesq/m50,p/2,p. The initial value isT0855
for all q. The LO result is not shown for clarity.
2-8
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EXACT AND TRUNCATED DYNAMICS IN . . . PHYSICAL REVIEW D 63 025012
at a fixed point~denoted with a star! are readily determined
from the Hartree equations~13!, and read

Gpp* ~q!5v̄q*
2Gff* ~q!, Gpf* ~q!50, ~42!

with

v̄q*
25vq

21
3

2
l^f2&* . ~43!

The first equation shows an expected relation betweenpp
andff two-point functions, the second expression confir
that the time-reflection odd two-point function has to van
at a stationary point.

The fixed-point structure of the Hartree equations by its
does not yet constrain the allowed fixed-point solutions co
pletely. However, we can supplement the set of equati
~42! with the nontrivial combinationsa2(q), given in Eq.
~14!, that are exactly conserved for each momentum modq
independently. At a fixed point this gives a third relation

Gpp* ~q!Gff* ~q!5a22~q!. ~44!

We recall thata(q) can be determined from the initial en
semble. Combining Eqs.~42! and ~44! yields the complete
fixed-point solution

Gpp* ~q!5
v̄q*

a~q!
, ~45!

Gff* ~q!5
1

v̄q* a~q!
. ~46!

SinceGpp* (q) is identified with the effective temperature fo
a modeq, the first equation shows that at a fixed point t
system will generically be nonthermal, since the tempera
of a mode depends on its momentum, and that the nont
mal ‘‘temperature profile’’ follows directly from the initia
ensemble. The second expression leads to a gap equa
after an integration overq,

^f2&* [E dq

2p
Gff* ~q!5E dq

2p

1

v̄q* a~q!
, ~47!

since the right-hand side depends on^f2&* via v̄q* . We
would like to stress again that for an arbitrary initial e
semble the fixed point in the Hartree approximation is de
mined completely and all its properties can be calculated

We will now become explicit and specialize to the Gau
ian initial ensemble we consider in this paper. From the
tial expectation values~30! one finds

a~q!5
vq

T0
, ~48!

so that the gap equation reads
02501
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^f2&* 5T0E dq

2p

1

v̄q* vq

. ~49!

It is convenient to introduce the dimensionless parameteD
53l^f2&* /(2m2)5^f82&* /2, so that the above equatio
can be written as

D5
T08

2p

1

A11D
FS p

2
,A D

11D D , ~50!

whereF(p/2,k) is the~complete! elliptic function of the first
kind, and we recall thatT0853lT0 /m3. This gap equation
can be solved numerically. ForT0855, we find ^f82&*
52D52.06, which can be compared with the time-averag
value of the LO, NLO, and MC evolution in Fig. 3.

For the effective momentum-dependent temperature at
fixed point we find

T* ~q!5Gpp* ~q!5T0

v̄q*

vq
5T0F11

3

2

l^f2&*

vq
2 G 1/2

. ~51!

In order to compare this profile with the numerical resul
we calculate the time average ofT8(q,t) between 0,mt
,50 for the LO, NLO, and MC evolution. The result i
shown in Fig. 8. We see that the temperature profile eme
ing dynamically in the Hartree approximation is extreme
well described by its fixed-point shape~51!. The result from
MC turns out to be remarkably close, implying that the fu
nonlinearity only has a small quantitative effect at this sta
and that direct scattering is not very important. Also, t
NLO profile is close to the MC result, showing that the i
clusion of momentum-dependent four-point functions in t
truncation of the effective action improves the agreem
with the full evolution. Finally, the frequency of oscillatio

FIG. 8. Temperature profile: effective mode-temperatureT8(q)
versus momentumq/m after time averaging over the interval
,mt,50, for the LO, NLO, and MC evolution. The fourth line i
the analytic expression at the fixed point of the Hartree equatio
with ^f82&* 52.06 from the fixed-point gap equation.
2-9
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AARTS, BONINI, AND WETTERICH PHYSICAL REVIEW D63 025012
of the individual two-point functionsGcc8 ~or A,B, andC)
is approximately 2v̄* , which can be seen in Fig. 7 fo
Gpp(q,t). We refer to the stage where the dynamics is w
described by the Hartree fixed point as the intermediate-t
regime.

At next-to-leading order, the fixed-point structure chang
and becomes much more complicated. From time-reflec
symmetry, it is clear that the two-point functionC(q,t), and
the four-point couplingsv(q1 ,q2 ,q3 ;t) and y(q1 ,q2 ,q3 ;t)
have to vanish at a fixed point. This implies that alsog(q,t)
vanishes. However, the other four-point couplings canno
zero at a fixed point, which can be seen e.g. from the
namical equation forv(q1 ,q2 ,q3 ;t) in Appendix B. There-
fore the fixed point is determined by a set of integral eq
tions. Furthermore, the relation of the fixed point to t
initial ensemble may be rather complicated.

VI. LATE TIMES AND THERMALIZATION

The results in the previous section show that in
intermediate-time regime correlation functions appear qu
stationary but are not thermal. In particular the tim
averaged value ofGpp(q,t) is well described by the non
thermal profile~51!, determined from the fixed point of th
Hartree equations. Since the MC profile is, up to a sm
quantitative correction, in agreement with Eq.~51! as well,
we infer that this~quasi-!fixed point plays a role also in th
full nonlinear evolution.

The fate of the fixed point can be determined by going
longer times. In Fig. 9 we show the evolution of the effecti
temperature of the zero-momentum mode for LO and M
We have chosen a higher value forT08 than before. Also
shown are the average temperature over all modes,T8(t). As
was already mentioned in Sec. V, the equilibrium tempe
ture, which we will denote withT8, is established very early

FIG. 9. Time evolution of the zero-mode temperatureT8(0,t)
~two upper lines! from LO (N58192) and MC (N5128,Nm

512500). The Hartree fixed-point value is 28.5. The average t
peratures over all modesT8(t) ~two lower lines! appear as straigh
lines with the MC result slightly above the LO result. The initi
temperature of the Gaussian ensemble isT08515.
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in the evolution, so that the lines presentingT8(t) appear
straight. We see that at LO the zero mode remains oscilla
around approximately 29.2. We have calculated the fix
point value forT08515 and foundT8* (q50)528.5. The full
nonlinear evolution, on the other hand, shows a decre
towardsT8: the approach to thermal equilibrium. We als
see that the damping at LO is unrelated to the MC result.
clear that whereas the Hartree approximation describes
early and intermediate regimes qualitatively~or even quanti-
tatively!, it is not able to move away from the fixed point an
the approximation breaks down completely in the late-ti
regime.

Unfortunately, for accessible volume sizes the NLO ev
lution cannot reach the relevant time scales before becom
unreliable~see the discussion around Figs. 4 and 5!. At the
largest possible times where the evolution could still be f
lowed, we have not been able to see a sign of thermalizat

We continue with MC only. As indicated above, a goo
observable to follow during the thermalization stage is
temperature profileGpp(q,t), which should become fla
(q-independent!. The evolution from the fixed-point profile
at intermediate times to a thermal profile at late times
presented in Fig. 10. We show the time dependence
T8(q,t) for all modes up to the lattice cutoff, averaged ov
an interval mDt51500, for six intervals. In the first few
intervals, the presence of the nonthermal profile is still v
ible. As time goes on, the profile becomes flatter and flat
In the last interval shown, betweenmt513500 and 15000,
the profile appearsq-independent and can hardly be disti
guished from the straight line,T8524.01. We see that al
momentum modes obtain the same temperatureT8 roughly
at the same time. For a detailed investigation on the issu
thermalization in this model concerning other correlati

-

FIG. 10. Approach to equilibrium:~time-averaged! snapshots of
the momentum-dependent temperatureT8(q,t) for all the modes up
to cutoff L/m54p. The curves represent a time average over
interval (t i2Dt,t i), with mDt51500, and mt151500 (i 51),
3000 ~2!, 4500 ~3!, 6000 ~4!, 9000 ~5!, and 15000~6!. Line 6 is
hardly distinguishable from the dotted horizontal line, which is t
average temperature from all modes (T8524.01). The parameter
areT08520, N5256,Nm52500 ~in Figs. 10–12 MC only!.
2-10
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EXACT AND TRUNCATED DYNAMICS IN . . . PHYSICAL REVIEW D 63 025012
functions thanGpp we refer to our previous paper@20#. The
aspects of thermalization we studied there are complem
tary to our findings here~in Ref. @20# we focused on the
independence of initial conditions, the long-time behavior
temporal averages in single ‘‘microstates’’ and other~non-
Gaussian! initial ensembles, and the role of the thermod
namic limit!.

To determine the time scale for thermalization, we co
centrate on the zero mode. In Fig. 11 we show the relaxa
of T8(0,t) towards the average temperatureT8(t) for three
different initial temperaturesT08 . The numerical data are fit
ted with an exponential of the form

T8~0,t !5T8@11ke2t/t#. ~52!

The fit is performed over the whole time interval.5 The re-
sulting relaxation rate 1/mt is shown in Fig. 12 versus th
equilibrium temperatureT8, for two system sizes, at fixe
lattice spacingma50.25. No volume dependence is visibl

In the remainder of this section, we discuss the therm
zation time scale. In a quantum theory, the relaxation rat
in general related to the imaginary part of the self-ene
@21#. A recent analysis, applying the relaxation-time appro
mation to a weakly coupled quantum scalar field in 311
dimensions, can be found in@22#. At weak coupling, the rate
is determined by the imaginary part of the setting-sun d
gram, describing an on-shell two-to-two scattering proce
vp1vk→vq1vp2k2q . In Appendix C we show how to
implement a relaxation-rate~linear response! approximation
for a classical field close to equilibrium. We also give t

5We also checked for possible power law corrections to the ex
nential relaxation, but found no indication for those.

FIG. 11. Relaxation of the zero-mode temperatureT8(0,t) to the
average temperature for three values of the initial temperatureT08 .
The average temperaturesT8(t) from all modes appear as straig
lines. Also shown are exponential fits, explained in the text. T
parameters areN5128,Nm55000 each.
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calculation of the imaginary part of the classical setting-s
diagram in 111 dimensions, taken on-shell for arbitrary e
ternal spatial momentum.

One should note, however, that in 111 dimensions on-
shell two-to-two scattering is special, since the ener
conservation relation has only two simple solutions:q52k
andq5p. Both solutions givevp1vk→vp1vk , and scat-
tering events of this type do not change the population nu
bers for the participating momentum modes. We find in A
pendix C that the naively computed ‘‘relaxation rate’’
several orders of magnitude bigger than the thermaliza
rate observed in the numerical simulations.

Processes with nontrivial momentum exchange are ne
sary for thermalization. This goes beyond two-to-two sc
tering and occurs only at higher order. It is possible tha
resummation of the self-energy to two-loop order~i.e. in-
cluding a resummation of the setting-sun diagram! will de-
termine the relevant time scale. This is suggested by
results found in@18#, where~quantum! evolution equations
for the two-point function are solved. Those equations c
tain a setting-sun type contribution with fully dressed~in a
self-consistent manner! propagators. This would also cur
the collinear singularity that appears in the lowest-ord
setting-sun diagram, both in the quantum and in the class
theory ~see Appendix C!.

VII. OUTLOOK

We have investigated the nonequilibrium time evoluti
of correlation functions in field theories. In order to gain
understanding of the validity of approximations often us
for quantum fields away from equilibrium, we argued tha
is useful to consider the equivalent problem in classical fi
theory. Taking~111!-dimensional classicalf4 theory, dis-
cretized on a lattice, as a simple~but often used! model, we

o-

e

FIG. 12. Relaxation rate 1/mt of the zero-modeT8(0,t) versus
the final equilibrium temperatureT8. The initial temperatures are
T0852.5,5,7.5, . . . ,22.5, for N5128 usingNm55,000 initial con-
ditions for each temperature, andT0855,10,15,20 forN5256 (Nm

52500). Statistical errors are smaller than the symbol sizes.
line is a phenomenological power law fit of theN5128 data,
1/mt55.831026(T8)1.39.
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AARTS, BONINI, AND WETTERICH PHYSICAL REVIEW D63 025012
have implemented a Hartree approximation and a trunca
for equal-time correlation functions containing scatterin
The truncated dynamics was compared with the fully non
ear results from a numerical sampling of initial condition
We believe that our findings are relevant for t
(311)-dimensional quantum theory as well.

For the investigated initial Gaussian ensembles the ev
tion at early and intermediate times is well reproduced
both truncations. We found that the Hartree approximat
underestimates damping. This difference becomes more
nounced at larger coupling. The inclusion of scattering le
to a quantitatively better agreement with the full numeri
evolution.

There is an intermediate-time regime in which correlat
functions have nonthermal values. The characteristic beh
ior in this regime can be understood from the presence
nonthermal quasi-stationary point, which is close to a fix
point in the Hartree approximation. As a consequence
~infinitely many! conserved correlation functions, the Hartr
approximation cannot move away from this fixed point a
is therefore unable to describe thermalization.

The quartic approximation to the equal-time effective a
tion ~NLO! suffers from a different problem. For a finit
system (N finite! the initially very successful description o
the evolution moves away from both the infinite-volum
evolution at NLO and the numerical results at some timetN .
For t.tN fluctuations grow that are related to the truncati
and not to the physical system. We find thattN is propor-
tional to N, such that the problem may disappear forN
→`. In practice this is of little help, since only finiteN can
be investigated numerically. At a timetu@tN the evolution
becomes uncontrolled and cannot be followed numerica
For accessible values ofN, both tN and tu are found to be
~much! smaller than the typical relaxation time for therma
ization. For this reason, we do not know whether NLO isin
principle able to describe thermalization or not.

Since the late-time regime can certainly not be descri
by the Hartree approximation, and the quartic approximat
including scattering becomes unreliable on the relevant la
time scales, we conclude that the regime of thermalizatio
still unsolved in the approach using evolution equations
equal-time correlation functions.

Concerning the late-time regime, promising results
translationally invariant ensembles have been obtained
cently using an unequal-time formulation that is tim
nonlocal @18#. It would be interesting to implement th
method employed there in a classical theory and carry o
similar comparison as we did in this paper for the equal-ti
formulations. An open question in that respect is whethe
successful truncation can be found in an equal-time form
ism as well or if the nonlocality is crucial for an analytic
description of the thermalization regime.
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APPENDIX A: SYMMETRY AT LEADING ORDER

The Hartree equations conserve the combinationa(q),
defined in Eq.~14!, for eachq. This can be understood a
follows @4#. The effective equations can be rewritten by i
troducing a set of complex variablesj(q,t) as

Gff~q,t !5j* ~q,t !j~q,t !,

Gpf~q,t !5
1

2
@ j̇* ~q,t !j~q,t !1j* ~q,t !j̇~q,t !#, ~A1!

Gpp~q,t !5 j̇* ~q,t !j̇~q,t !.

In terms of these the evolution equations~13! read

j̈~q,t !52S vq
21

3

2
lE dp

2p
uj~p,t !u2D j~q,t !. ~A2!

This equation can be derived from an effective Lagran
density

Leff5E dq

2p F u j̇~q,t !u2

2S vq
21

3

4
lE dp

2p
uj~p,t !u2D uj~q,t !u2G , ~A3!

which has a global~i.e. time independent! symmetryj(q,t)
→exp@iu(q)#j(q,t) for eachq. The corresponding conserve
charge reads

Q~q!5 i @j* ~q,t !j̇~q,t !2 j̇* ~q,t !j~q,t !#. ~A4!

This charge is in fact the conserved quantity andQ(q)
52a21(q).

APPENDIX B: EVOLUTION OF THE FOUR-POINT
COUPLINGS

In this appendix we list the equations that determine
time evolution of the four-point couplings. Again, thes
equations are slightly simpler than the ones that can be
tained from settingNf51 in the equations for theO(Nf)
model @16#.

The evolution equations read

] tu~q1 ,q2 ,q3!5@ṽq1

2 v~q1 ,q2 ,q3!14lC~q1!

24lC~q2!S1~q11q2 ,q3!#SY M,

] tv~q1 ,q2 ,q3!5@2ṽq2

2 w~q1 ,q2 ,q3!24u~q1 ,q2 ,q3!

14lB~q1!2g~q1!v~q1 ,q2 ,q3!

24l$B~q1!S1~q11q2 ,q3!

1C~q4!S3~q11q2 ,q1!

12C~q2!S5~q21q3 ,q1!%#SY M,
2-12
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] tw~q1 ,q2 ,q3!5@3ṽq3

2 y~q1 ,q2 ,q3!2v~q1 ,q2 ,q3!

22v~q2 ,q4 ,q1!2$g~q1!

1g~q2!%w~q1 ,q2 ,q3!

2l$C~q3!S4~q1 ,q2!18B~q2!

3S5~q21q3 ,q1!%24lB~q1!

3S3~2q12q3 ,q2!#SY M,

] ty~q1 ,q2 ,q3!5@4ṽq4

2 z~q1 ,q2 ,q3!22w~q1 ,q2 ,q3!

2$g~q1!1g~q2!1g~q3!%

3y~q1 ,q2 ,q3!

2lB~q3!S4~q1 ,q2!#SY M

] tz~q1 ,q2 ,q3!52@y~q1 ,q2 ,q3!

14g~q1!z~q1 ,q2 ,q3!#SY M,

where the subscriptSY M implies symmetrization with re-
spect to the appropriate permutations ofq1 , q2 , q3, andq4
52(q11q21q3). Here we have used the one-loop integr

S1~q1 ,q2!5
3

4Ep1 ,p2

2pd~p22p12q1! Gff~p1!Gff~p2!

3@6u~p2 ,2p1 ,q2!23c~p1!v~2p1 ,p2 ,q2!

1c~p1!c~p2!w~2p1 ,p2 ,q2!#,

S3~q1 ,q2!5
1

4Ep1 ,p2

2pd~p22p11q1! Gff~p1!Gff~p2!

3@7v~q2 ,2p1 ,p2!28c~p2!w~p2 ,q2 ,2p1!

17c~p1!c~p2!y~p2 ,2p1 ,q2!#,

S4~q1 ,q2!53E
p1 ,p2

2pd~p22p11q11q2!

3Gff~p1!Gff~p2!@w~q1 ,q2 ,p2!

23c~p1!y~q1 ,q2 ,2p1!

16c~p1!c~p2!z~p2 ,2p1 ,q1!#,

S5~q1 ,q2!5
1

4Ep1 ,p2

2pd~p21p11q1! Gff~p1!Gff~p2!

3@v~q2 ,2p1 ,2p2!

22c~p1!w~2p1 ,q2 ,2p2!

1c~p1!c~2p2!y~q2 ,2p1 ,2p2!#.
02501
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APPENDIX C: RELAXATION-TIME APPROXIMATION

For a quantum field slightly away from equilibrium th
relation between the imaginary part of the self-energy a
the thermalization rate for the single-particle distributi
function has been pointed out long ago by Weldon@21#. A
more recent detailed analysis can be found in@22# for a sca-
lar field in 311 dimensions. Here we briefly outline th
arguments of@22# in d11 dimensions and then show how
adapt those for theclassical theory we consider here. Thi
analysis is valid for a weakly coupled plasma, close to eq
librium.

A dynamical equation for the~quasi-!particle distribution
n(p,t), describing the relaxation towards the Bose distrib
tion nB(vp)51/@exp(vp /T)21#, can be obtained perturba
tively, using the Heisenberg equations of motion and resu
ming hard thermal loops if necessary. In the relaxation-ti
approximation, the distribution function for a momentu
modep is written as

n~p,t !5nB~vp!1dn~p,t !. ~C1!

All other modesqÞp are assumed to be in equilibrium
Skipping many steps@22#, the resulting linearized equation i

] tdn~p,t !52G~p!dn~p,t !, ~C2!

with the relaxation rate

G~p!52
Im S~vp ,p!

vp
. ~C3!

This rate is twice the plasmon damping rateg(p). For a
weakly coupled scalar field with af4 interaction in 311
dimensions,G(p) is determined by the imaginary part of th
setting-sun diagram.

For the classical theory our interest is in the evoluti
of the momentum-dependent ‘‘temperature’’T(p,t)
5Gpp(p,t). We may obtain this correlation function from
the classical unequal-time two-point functionS(x2y;t1 ,t2)
5^f(x,t1)f(y,t2)& by a spatial Fourier transform as

T~p,t !5] t1
] t2

S~p;t1 ,t2!u t15t25t . ~C4!

A calculation of S(p;t1 ,t2) using classical perturbation
theory to second order in the coupling constant can be fo
in @23# for d53 ~see also@24#!. The resulting expressions ar
similar to the quantum ones. The most important chang
that the Bose distributions are replaced by classical distr
tion functions

ncl~vp!5
T

vp
. ~C5!

The relevant second-order contribution reads@23#
2-13
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S2~p;t1 ,t2!52E
0

`

dt8dt9 G0
R~p,t12t8!

3SR,cl~p,t82t9!S0~p,t92t2!

2E
0

`

dt8dt9 S0~p,t12t8!

3SA,cl~p,t82t9!G0
A~p,t92t2!

2E
0

`

dt8dt9 G0
R~p,t12t8!

3SF,cl~p,t82t9!G0
A~p,t92t2!,

where

S0~p,t !5ncl~vp!
cosvpt

vp
~C6!

is the free two-point function. The free retarded Green fu
tion reads

G0
R~p,t !5u~ t !

sinvpt

vp
5G0

A~p,2t !, ~C7!

and the self-energy corrections are, ind11 dimensions,

SR,cl~p,t !52
9l2

2 E
k,q

S0~k,t !S0~q,t !G0
R~p2k2q,t !

5SA,cl~p,2t !,

SF,cl~p,t !52
9l2

6 E
k,q

S0~k,t !S0~q,t !S0~p2k2q,t !,

with

E
k
5E ddk

~2p!d
. ~C8!

After performing all the time integrals and taking the deriv
tives as in Eq.~C4!, one may follow the arguments given i
@22# for the quantum theory to find the evolution fo
dT(p,t)[T(p,t)2T in the relaxation-time approximation
The result is

] tdT~p,t !52Gcl~p!dT~p,t !, ~C9!

with

Gcl~p!52
Im SR,cl~vp ,p!

vp
. ~C10!

On-shell, only the two-to-two scattering contribution in th
retarded self-energy is kinematically allowed. This can
written as@25,26#
02501
-
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e

Im SR,cl~vp ,p!52
9l2

4

vp

T E dF123~p!

32pd~vp1vk2vq2v r !

3ncl~vk!ncl~vq!ncl~v r !,

where

dF123~p!5
ddk

~2p!d2vk

ddq

~2p!d2vq

ddr

~2p!d2v r

3~2p!dd~p2k2q2r !. ~C11!

Specializing tod51, we find

Gcl~p!5
9l2T2

64p
I ~p!, ~C12!

with

I ~p!5E
2`

`

dkE
2`

`

dq
d~vp1vk2vq2vp2k2q!

vk
2vq

2vp2k2q
2

.

~C13!

Note that the momentum integrals are ultraviolet finite. T
integral is invariant underp→2p, so we may restrict our-
selves top>0. The q-integral can be performed using th
delta function, which has support at two separated po
only, q5p andq52k. The result is

I ~p!5
2

vp
E

2`

`

dk
1

vk
3

1

ukvp1pvku

52
2

vp
E

2`

2p

dk
1

vk
3

kvp2pvk

vk
22vp

2

1
2

vp
E

2p

`

dk
1

vk
3

kvp2pvk

vk
22vp

2
. ~C14!

The remaining integrals contain a collinear singularity wh
k→2p, leading to a logarithmic divergence. This singula
ity is present in the quantum self-energy as well. We regu
this in an ad hoc manner by modifying the integration
boundaries to2p6m, with m!m a small cutoff.

The integrals are straightforward using partial fractionin
and the final result is

Gcl~p!5
9l2T2

16pm2

1

vp
3 F211

p

m
arctan

p

m
1 ln

2vp

m G .
~C15!

The rate is positive for sufficiently smallm (m/m&0.7).
Two limiting cases are

Gcl~0!5
9l2T2

16pm5
ln

2m

m
, Gcl~p@m!5

9l2T2

32pm3p2
.

~C16!
2-14
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Up to now we have silently neglected the corrections to
mass parameter due to interactions. If we denote the
summed mass parameter withM, m has to replaced byM in
the expressions above.
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Let us conclude by noting that loosely identifyingm with
Gcl itself gives a relaxation rateGcl(0) which is at least two
orders of magnitude too big, when compared to the num
cal results for the thermalization rate 1/t.
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