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Exact and truncated dynamics in nonequilibrium field theory
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Nonperturbative dynamics of quantum fields out of equilibrium is often described by the time evolution of
a hierarchy of correlation functions, using approximation methods such as Hartred\/argednPI-effective
action techniques. These truncation schemes can be implemented equally well in a classical statistical system,
where results can be tested by comparison with the complete nonlinear evolution obtained by numerical
methods. For a (+ 1)-dimensional scalar field we find that the early-time behavior is reproduced qualitatively
by the Hartree dynamics. The inclusion of direct scattering improves this to the quantitative level. We show
that the emergence of nonthermal temperature profiles at intermediate times can be understood in terms of the
fixed points of the evolution equations in the Hartree approximation. The form of the profile depends explicitly
on the initial ensemble. While the truncated evolution equations do not seem to be able to get away from the
fixed point, the full nonlinear evolution shows thermalization witfsarprisingly slow relaxation.
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[. INTRODUCTION spect to the initial density matrix. This equation requires
knowledge of the three-point functigb®(x,t)). The equa-

An understanding of the dynamical evolution of nonequi-tion for the three-point function itself involves the five-point
librium quantum fields is needed in diverse physical situafunction(in generain+ 2-point functions are needed to solve
tions as nonrelativistic condensed matter, relativistic heavythe exact evolution fon-point functiong, which leads to a
ion colliders, and the early universe. For several reasons fll hierarchy of coupled equations. In most cases a solution
theoretical description is expected to be difficult. First, effec-to this hierarchy is not available, and it becomes of interest
tive irreversibility has to arise from time-reversal invariant to find approximation schemes that capture the essential part
equations. Second, famasymptotically late times one ex- of the full dynamics as correctly as possible.
pects a nonequilibrium system to thermalize, which implies A widely used approach is to truncate the infinite hierar-
an effective independence of the initial state, and prescribes@hy of correlation functions. One of the simplest truncations
definite value for all correlation functions. Furthermore, dur-is the Hartree approximation in which at most two-point
ing the nonequilibrium evolution, the answer to the questionfunctions appear, and the three-point function is replaced by
what dominates the full dynamics at a certain stage, might$3(x,t))=3(A(x,t)){$3(x,t)). A systematic way to
itself be time-dependent. When approximation methods areamplement this is by using a largé; expansion, wherél;
used, the chosen method will often need to be modified odenotes the number of e.g. scalar or fermion fi¢@ls(for
replaced as time goes on, to incorporate this shift in imporapplications, see e.4—7]). The main drawback of these
tance. Gaussian truncations is that in homogeneous or translation-

To illuminate this, consider as a prototype for a nonequi-ally invariant ensembles scattering is absent, which limits the
librium system the universe at the end of inflati@®ee e.g. range of validity. This feature has been an important stimu-
[1,2)). In this case several distinct regimes are easily identifation to improve upon the homogeneous Hartree and large
fied. While the early stage is dominated by the oscillatingN; approximations. One possibility is to allow for inhomo-
inflaton field, in the intermediate regime the created quantgeneous mean fields. In that case scattering via the space-
scatter both with the inflaton and with each other, leading talependent mean fieldp(x,t)) is present in the effective
a partial energy redistribution between the modes. Finally, irequations(see e.g[8] for analytical investigations an®]
the last stage subsequent interactions are expected to brifigr a numerical study Another natural extension is to go
the universe to thermal equilibrium. It is a great theoreticalbeyond the Gaussian approximation and include higher non-
challenge to describe these various stages in a unified waytrivial correlation function§10—-12, guided e.g. by the large

Although in principle the time evolution of expectation N; expansion to next-to-leading order. This typically results
values is determined completely, after the initial density main effective equations that are nonlocal in time. From a prac-
trix is given, by the microscopic Heisenberg equations oftical (numerical point of view, it is desirable to use effective
motion, this is in practice only of minor help, due to the equations that are local in time, as in the Hartree approxima-
absence of exact solutions or solution methods. Consider faion. This has motivated the use of the 1Pl-effective action
example a simple scalar quantum field theory with a quartidor equal-time correlation functiongl3—15. Truncated at
interaction. The Heisenberg equation of motion determinegjuartic order this includes scattering and aNdtorrections

the time evolution of the mean field, [16]. A discussion of the structure of dynamical equations
for equal-time correlation functions in the lar@g expan-
(07 =Vi+m?)(d(x,1))= =N (3(x,1))/2, (1) sion up to and including N? terms can be found if17].

Finally, very promising results have been obtained recently
where the brackets indicate the expectation value with ref18], using a truncation of the 2Pl-effective action at next-
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to-leading order. The resulting equations are nonlocal iraction. A truncation of the time-dependent effective action at
time, i.e. they require the integration of memory kernels. Foquadratic order gives evolution equations that are equivalent
a (1+1)-dimensional field theory this appears, however, noto those obtained in the Hartree approximation. Scattering is
to be a numerical obstacle. incorporated by a truncation of the effective action that in-
In all cases, it would be desirable to perform a direct testludes momentum-dependent four-point functions. In Sec.
of these methods and their range of validity. Unfortunately dV the choice of initial probability distribution and some
comparison with the full nonperturbative evolution in the numerical and lattice aspects are discussed. We have divided
guantum field theory cannot be made, due to the absence tife comparison between the truncated evolution equations
exact methods. In the case of quantum mechanics on thend the lattice results in two parts. In Sec. V we discuss the
other hand, such tests can be performed, and the evolutiearly and intermediate times, where the system is still rela-
from a Hartree factorization, aM/ expansion at leading and tively far from thermal equilibrium. The late-time regime,
next-to-leading order, and other extensions beyond thahere thermal equilibrium is approached, is described in
Gaussian approximation have been compared with the exa8ec. VI. Our findings are summarized in Sec. VII.
evolution obtained by numerically solving the Sotlirmer

equation10,11]. It is, however, not obvious how the lessons Il. CLASSICAL HARTREE APPROXIMATION
learned from quantum mechanics with one degree of free- . . . ,
dom can be translated to field theory wiih principle infi- The classical problem is fully specified by the equation of

nitely) many degrees of freedom. Both scattering and thénotion
possibility of taking the thermodynamic limit are absent in
the quantum mechanical case.

tTh: 3|tu{31ht|orf1 'I? cIasIS|t(_:aI field tgeor_y |s|c<t)rr(;pletgly cli\;lffert— supplemented with initial conditions fap(x,t) and m(x,t)
ent. mere the full evolution can be simulated using vionte_ drd(x,1). These initial conditions are determined by the

Carlo methods and numerical integration: initial conditionsinitial probability distribution p[ 7(x),$(x)], where ¢(x)

are generated by sampling according to the initial probability_ $(x,0),7(x) = 7(x,0). The choice of initial distribution is

distribution, and the subsequent time evolution follows fromnot needed at this stage, we only assume that the ensemble is

iﬁmgg:;? Cl?ES:IZacltaet?gr?U\cl)glig; rg?go?ﬁg:]h'ggncsatlrnuEfegog?ranslationally invariant in space and respects the discrete
y. EXP ymmetry p— — ¢, m— — . The average with respect to

summing over many independent realizations. When the, % i/’ distribution will be denoted with brackets). Our

number of initial conditions is taken larger and larger, the_.~ . find luti . f i \ai
initial probability distribution is approximated better and bet- am s tofind evo l.mon equations feequa —tlr_ne) correlation
functions of the field¢(x,t) and the canonical momentum

ter, and the resulting time evolution will become exact, inw(x )

principle. As we will see below, it is possible to implement As discussed in the Introduction. a widelv used aporoach
many of the approximation methods discussed above for thf% uantum field theorv is the Hart,ree a ?/oximatiorr)wp This
guantum field theoretical case also in a classical field theory. q ry P '

’%an be implemented in the classical theory as well, and a

G H(x,0)=[92—m?]p(x,H) — A 3(x,1)/2, &)

The reason is that the methods do not directly touch upon th ' o
rute but simple way to do this is as follows. If we assume a

quantum nature, but instead state how to truncate a hierarc artree-type factorization for the interaction term in the clas-
of correlation functions, which is present in a classical sta-_. ype Tac 3 2 .
ical equation, i.e ) ¢°>— 3\ H{ ), we find

tistical system as well. Therefore, we focus in this paper ort
nonequilibrium evolution in classical field theory, formulated
on a spatial lattice to regularize the theory. Note that the role P2p(x,t)=
of the thermodynamic limit may be investigated keeping the

lattice spacing fixed. The general strategy is to compare tth : : :
. . . . the case of translationally invariant ensembles?(x,t
truncated dynamics with the numerical results obtained from y te5, (x,1))

PN - . s .. is independent ok and the equation can be written in mo-
sampling initial conditions from a given initial probability mentum space as
distribution. Our hope is that the insights obtained below will
survive when going to the quantum field theory. 52 = — o2 t 5
In the remainder of the Introduction we give the outline of te(a.n ©a¢(a.0). ®

the paper. As a simple toy model we consider a classica)ith the effective frequency squared
scalar field theory in +1 dimensions, with thécontinuum

ai—mz—;xwz(x,t» d(X,1). (4)

action .
T o 3N ©

S= | dtdx E(a b)°— E(a )2 — £m2¢2— Z 8
2 t 27X 2 8 . wherew§:q2+ m2, and<¢2>:<¢2(x,t)>, In the case ONf

2 scalar fields with a complet®(N;) symmetry, the second
term on the right-hand side of E) is multiplied by (N
In the next section we show how tleomogeneoysHartree  +2)/(3N;). In this paper we restrict ourselves to the case
approximation can be implemented in the classical theory. IIN;=1. Note, however, that there is no problem in principle
Sec. Il we discuss evolution equations obtained from a functo extend the analysis below to finité;>1. The unequal-
tional differential equation for the equal-time 1PI effective time two-point function
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dq . G )G t)— G2 t 14
Sx=y;t,t") =((x,) (y,t"))= f —Z:e'q("_y)S(q;t,t’), @ HD=Cyy(@0C (A~ Cry(@l), (19
for eachq. This can be understood from the absence of scat-
(7) : L ; :
tering or mode mixing at this order and the resulting sym-
obeys in this approximation the usual mean-field equation ofmetry (see Appendix A Finally, the Hartree equations con-

motion serve the expectation value of the energy,
2, 2 . " — dq 1
[(?t-f'wq]S(q,t,t )=0, (8) EHartree:LJ’E EGm-r(qyt)
where the effective frequency is determined from the two- 1 3\ f d
. . N D
point function at equal time: +§ wfﬁ- TJ EGM(F”U)GM(Q!U ' (15)
w =} 2, % )\f —S(p t1). (99  Which can be obtained using a Gaussian factorization of the
¢*-term in the microscopic expression for the energy, or

_ ) i from the effective Lagrangian given in Appendix A.
Note that modes with a given momentugnonly interact

with the homogeneous mean-field background, so that direct
scattering between different momentum modes is absent.
The dynamics can be written equivalentiy terms of In order to improve upon the Hartree approximation, it is
equal-time expectation values, at the expense of introducingecessary to include direct scattering contributions in the
more than one two-point function. The following four com- evolution equations. We aim here at a formulation that is

Ill. EQUAL-TIME EFFECTIVE ACTION

binations area priori independent: local in time. This is also desirable from a numerical point of
view.2 One way to achieve this is by employing a formalism
Gygp(X—Y,0)=((X,1) p(y,1)), based on the equal-time effective actibpe, 7;t], the gen-
erating functional of 1Pl equal-time correlation functions
Grr(X=y ) =(m(x,t) 7(y,1)), (100 [13]. The effective action obeys the followingunctiona)
L evolution equatiorj14,14:
Grp(X—y,)= (XD $(y,1) + ¢(X,O)7(y,1)), o[, mt]=— LT[ b, mit], (16)
and the parity-odd combination with
Grax—y h=(m(x.H)d(y.) = d(x.Hm(y.1). (1D Lo= | dx| 70550y )+¢(x>(a -
The dynamical equations are conveniently written in mo- 1 S
mentum space, according to - —)\[d) (x)+36¢¢(x x)]) 57(X)
= —iax — —
G¢¢(q;t) f dxe G¢¢(X,t)i (12) _f dxldxzdxsG¢¢1(X1X1)G¢¢2(nyz)
etc., and they couple only the combinatiqi$): _ 8T 5

X Goyy(XXs) Oth1(X1) 6fa(X2) Sifra(X3) Om(X) |’

391G 44(0,1) =2G 1 4(q,1),
(17

Here ¢=(¢,m) and G, (x,x") denotes the full(matrix)

3G (q,t)=— ZZZG,,(,,(q,t). propagator in arbitrary field background, obtained frbras

The fourth comb|nat|orG°¢f’(q) is exactly conserved under —~1 (X.y)= 8T (18)

the Hartree equations and does not enter in the dynamics. It v 20Y SY(X) ' (y)

is zero in the case that the ensemble is invariant under space

reflection. The full propagator evaluated at zero background is written
In the Hartree approximation a nontrivial combination of without the bar. The effective action depends on “effective”

two-point functions, termed? in [14], is conserved, fields ¢ and#, which are defined via the Legendre transfor-

YIn the sense that the evolution equations presented below are’See however{18] for a successful implementation of time-
obtained from the same starting poi&). nonlocal evolution equations.
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mation, relating” and InZ in the usual way13]. Though we  approximation has to be made. This brings us back to the
use the same notation, these fields should not be confuségpue of truncations, as discussed in the previous sections.
with the microscopic fields that appear in the original action'We use a truncation or ansatz that includes all d4pbint
2). functions, withn=<4, and respects the symmeipy— — ¢ as

In order to solve the exact evolution equatid®), some  well as spatial translation and reflection. The ansatz reads

1 1 1
F[zb,w:t]:f[—A(q)¢*(q)¢(q)+—B(q)w*(q)w(q)+C(q)w*(q)</>(q) +—f 2w5(d1+dz+ g3+ a)
q 2 2 8 d1.92.d3.d4

X[u(d1,92,93) #(d1) P(d2) #(d3) ¢(Aa) +v(d1,02,03) 7(d1) $(A2) H(d3) H(da)
+W(0y,02,03) 7(d1) 7(02) ¢(A3) H(04) +Y(A71,02,03) (A1) 7(d2) 7(A3) H(04)
+2(d1,92,93) m(d1) 7(d2) m(dz) m(d4) .

We use the shorthand and at p=7=0:3

J f dq GA(Q) =2w5C(q)
@ J 2w 4B(q) =~ 2C(q) — 2y(q) B(q) 23

and suppress the time dependence of the two-point couplings
A,B,C, the four-point couplingsl, v, w, y, z, and the corre-
lation functionsG . in this section.

The matrix relation(18) at vanishing background can now
be given explicitly, and

C(q)=—A(0) +wgB(q)— ¥(q)C(q),
with the frequency squared

- 2+3>\J Guil0) 3>\J' )
W= W - P)— 45 T
d a2 p 9 8 d1.,92,93

X 0(q—01— 02— 03) Gyy(01)Gyy(02)Gye(ds)

Gyp(a)=B(q)/a?,

GLs(a)=—C(q)/e?, (19 X[4u(Q91,92,93) —3c(g1)v(Q91,92,03)
) +2c¢(q;)c(gz)w(d;,d2,03)
G -()=A(q)/ a%,
—c(g)c(dz)c(a3)y(dy,092,93) 1, (24

with the determinant where we recognize the free part, the Hartree term, and a

contribution with the topology of the setting-sun diagram,
@?(q)=A(q)B(q)—C?(q). (200  containing three full propagators and(eomplicated dy-
namical vertex functiorfisee Fig. 1L The other factor appear-
This definition ofa(q) is equivalent to that in Eq14). For ing in Eq. (23) has a setting-sun structure as well:
future convenience we introduce 3\

va@)=5 2m
C(q) d1.92.93

D=5 @1 X 80— A1~ 02— Gs) Gupg(A1)G g(02) G yp(ds)
X[v(d,—0d1,—0d2) —2¢c(gy)W(—0;,d,—0d2)
+c(gz2)c(gs){y(ds,d2,—a) +2y(—0,d1,03)}

Grg(a)=—c(a)Gyy(q). (22) —4c(dy)c(d2)c(d3)z(— 1,9, —g2) - (25

which will be used to convert two-point functions:

The time dependence of the effective action determined by

Eq. (16) translates into evolution equations for the couplings. *The equations presented below are slightly simpler than the ones
Exact flow equations for the two-point functions follow from that can be obtained from setting;=1 in the equations for the
taking the second derivatives of E@{.6) with respect top O(Ny) model[16].
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truncated evolution equations and the numerical evolution
O obtained by sampling initial conditions.
(T)ﬁ = (_)'] + + O. In the set of Gaussian ensembles, we choose to take the
equilibrium distribution function of the unperturbed Hamil-
tonianH,, where

FIG. 1. Graphical representation of the effective frequency
squared, Eq(24). The thick(thin) lines denote the fullfree) equal-
H= f dx

. ! . , , ; 1 1 1 N
time two-point functionG 4. The blob in the setting-sun diagram Eq-r2+ E(ax¢)2+ §m2¢2+ 3 ot

is a full equal-time vertex function.

These equations have to be completed with the evolution Ho* V.,

equations for the four-point couplings, and those are listed in

Appendix B. Note thaty(q) is no longer a conserved quan- V:J' dxidf‘ 27)
tity as it is in the Hartree approximation, but obeys(q) 8"

=—y(q) a(q).

Finally, the evolution equations conserve exactly the eNThys, the initial probability distribution is given by
ergy

3 pL(X), $(x)]=Z4 "ext —Ho/Tol,
Er=Enartres™ g)\f 2m6(Q1+ 02+ 03+ dq)
91,92.,93.94
X G 4p(d1) G p(d2) G ps(A3) Gy y(da)[U(d1,02,03) Zozj DmDe¢ exd —Ho/Tol, (28

—c(dy)v(d1,92,93) +c(dy)c(dz)w(d;,d2,03)
—c(gy)c(dz)c(q3)y(dy,092,03)
+c(d1)c(g2)c(gs)c(d4)2(91,92,03) ]- (26)

where ¢(x) = ¢(x,0),7(x) = 7w(x,0), and

f DrDo= f I d=(x)de(x) (29)
It is illuminating to make a connection with the Hartree X
equations derived in the preceding section. A truncation of
the effective action at quadratic order gives dynamical equadenotes the integral over the initial phase-space. The tem-
tions involving only A,B, and C. It is straightforward to perature of the initial ensemble is denoted viith Note that
check that these give precisely the Hartree equatid8sfor  this distribution function is of course not the equilibrium
the equal-time two-point functions. distribution for nonzero\.

The equal-time effective action permits an easy inclusion Since the ensemble is Gaussian, the only nontrivial corre-
of quantum effect§19]. The Hartree approximation does not lation functions at=0 are the two-point functions, and they
distinguish between classical and quantum field theories. Inead
the quartic truncation the quantum effects add simple terms
to the evolution equations of the quartic couplifdg]. A I /
direct verification qof the truncateg evqutionpforEgﬁuantum ($(@¢(a))=Cyy(a.02mq+a),
fields is obviously much harder.

G¢¢(q10):T0/(q2+ m?),

IV. INITIAL ENSEMBLE AND LATTICE

DISCRETIZATION (m(a)m(q"))=G,,(a,0275(q+q’),
For an investigation of the time evolution of correlation
functions we need to specify the initial ensemble or probabil- G,-(0,0=T,. (30

ity distribution. In this paper we choose to start from a

Gaussian, translationally invariant ensemble. The reasons ¥ossible variations of this initial ensemble would be to
take an initially Gaussian ensemble are the following: first ofChoose different ‘initial temperatured,(q) for each mo-
all, the Hartree equations truncate the dynamics to GaUSSiarﬂentum mode and thé and  fields.

dynamics for all times. Therefore, possible truncation effects To properly define the model, we formulate it on a lattice

W'.". SITOW.Up duhrlng thel time evt())llut_lon onlyabut not lalr_eacrl]y in space with spacing. The number of spatial sites IS,

:_r;m::\ y, since the |nt|_t|a egsetr:: €IS trezé[e correctly in tb?such that the volume is=Na, and we use periodic bound-
artrée approximation. Furthermore, faussian ensem y conditions. Due to the finite volume and lattice cutoff,

are the ones th‘."‘.t are Often consi_derequantunfield theory the momentuny takes a finite number of discrete values:
away from equilibrium. It is straightforward to construct an
initial density matrix that leads to Gaussian correlation func-

tions, and vice versa. Finally, from a technical point of view, _ 2_7Tk k=1 _ EJF 1 E (31)
Gaussian ensembles can easily be implemented in both the d L’ 2 T2y
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and momentum integrals are replaced by sufithy/(27) independence of the step size. The ensemble is approximated
—>L‘12q. The dispersion relation is modified due to the by using many independent initial conditions. The number of
Laplacian on the lattice and reads ensemble members is denoted wip,. For the results pre-
sented below we have us&f,~2500-16000.

2 Ay 5 A Finally, for the numerical analysis it is convenient to use

= a +tms, g —;(1—cosaq). (82 the mass parameten as the dimensionful scale. Therefore
we rescale all dimensionful parameters with the appropriate

Classical field theory suffers from the Rayleigh-Jeans diverPower ofm. Rescaled variables will be denoted with a prime.
gence, which implies that the lattice cutoff cannot be taken tg-urthermore, the classical equation of moti8) can be
zero in a straightforward manner. Indeed, the expectatiofade independent of the couplingby introducing a field
value of the full energy in this ensemble is ¢’ as

w

&' =\3N/m? ¢. (37

The rescaleddimensionless canonical momentum isr’
=(3N/mH Y27 and the dimensionless energy reaH$
, (33 =3\E/m°. We define a dimensionless temperatufé
=3AT/m? such thatE/T=E’/T’. As a result, besides the

where the first explicit expression is written such that thelattice parametera’=ma andN (L'=a’N), only one pa-
extensivity of the energy and the linear divergencaas0 ~ 'a@meter remains to be specified:

are manifest, and the second one on the other hand empha-

sizes “classical equipartition” in a system witth degrees of T ="71 (39)
freedom. In this paper we work at fixed lattice cutofifa R

=0.25 (corresponding to a fixed momentum cutof

=m/a=4mm). The thermodynamic limit can be taken by A larger value ofT corresponds to a larger effective inter-
increasing the number of lattice sitd keeping the initial  action strength.

temperatureT, fixed.

(H)=(Hop)+(V)=L

T, 3\
a7 ?<¢2>2}

3\
=N| To+a5(¢?)*

The expectation valués?) can be calculated at=0: V. EARLY AND INTERMEDIATE TIMES
1 1 To To We are now fully equipped to compare the time evolution
<¢2(x)>= T 2 Gy4(0,0) =T 2 o= EI' using the different methods. For shortness, we refer below to
4 a gqe+m the evolution obtained in the Hartree approximation as LO

(34) (leading order and the evolution from the equal-time effec-

The sum is ultraviolet finite. For the lattice sizes we use itst've action truncated up to four-point couplings as NLO

value is close to the infinite volume valug:=3[1 (next-to-leading order Although in principle there is no
+a?m?/4]"12=0.5 2 small parameter governing the truncation, we use the label-

ing common in the largd\N; expansion, since the Hartree
approximation is closely related to the leading-order contri-
bution in 1N;. The full nonlinear evolution of a sample of
_~-1 _h2 2 initial conditions is denoted with MCMonte Carlg.
AQ.0=64y(a.0)=(a"+m)/To, 39 The equal-time two-point function at zero momentum
_~-1 _ G,4(q=0;) is shown in Fig. 2, for a typical choice of pa-
B(4.0)=G:7(0,0)=1To, ra#eters. The numerical integration of the NLO evolution is
and rather time consuming, due to the presence of the four-point
couplingsu, v, w, y, andz that depend on three independent
C(9,00=u(q;,95,93:0)=v(01,0,93;0) momentum variables. Therefore it is not possible to take as
large volumes as in LO and MC. However, we have checked
=w(qy1,92,03;0)=Yy(d1,02,03;0) that at this stage this does not affect the comparison. It is
= 2(01,05,03:0)=0 (36) clear that the first few oscillations are well approximated by
1H2:H8 ' both LO and NLO dynamics. We will refer to this period as
The evolution equations are solved using a standard fourtfhe early-time regime. It is visible that the Hartree evolution
order Runge-Kutta algorithm that is exactly time reversible.Underestimates damping whereas the size of the oscillations
The full nonlinear evolution is constructed by samplingi" NLO remains comparable with the MC result much
initial conditions from the Gaussian ensemlt86) and solv- longer. Aroundmt=10 the periods of oscillation in NLO
ing the equation of motion numerically for each initial con- @d MC evolution start to disagree.
dition in real space. In order to do this, the action is dis-
cretized on a lattice in time as well, with step sizg<a.
The resulting discretized equations of motion are of the leap- “A quick way to change to primed variables is to put1\
frog type. We have used,/a=0.05 and 0.01, and checked =1/3.

The initial conditions for the evolution equations can now
be given explicitly. They read
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S 40
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mt

FIG. 2. Time evolution of the two-point functio@,,(0t). We
compare the Hartree equatioisO, N=512), the next-to-leading
order equationgNLO, N=160), and the results from a Monte
Carlo sampling N=512N,,=16000). In Figs. 2—8 the initial tem-
perature of the Gaussian ensembld§s=5. In all figures, the lat-
tice spacing isna=0.25.

The crucial quantity in the mean-field approximati@t)
is the field squared ¢*(x,t))=L"'3,G4,(a,t) which is

PHYSICAL REVIEW D 63 025012

2.50 T

2.25 H

)

2.00

175 ‘ ‘ :
0.0 5.0 10.0 15.0 20.0

mt

FIG. 4. Volume dependence: NLO evolution 6§'2). In a
smaller volume the evolution deviates earlier from the large-volume
limit. Damping can be seen only in the period before the evolution
starts to deviate.

again in NLO aroundnt=30. To investigate this issue, we

study the volume dependence of the evolution in NLO. The
phenomenon of “resurgence of fluctuations” is presented in
Fig. 4 for relatively small volumes. We see that fluctuations
become large again after the initial reduction and that the

presented in Fig. 3. Again we see that the first few oscillaevolution becomes undamped. The time when this occurs
tions are in good agreement. Then a difference becomes vigacreases with the volume. We stress that this effect is not
ible between LO on the one hand, and NLO and MC on thephysical, as it is absent in the MC result, nor is it generated
other hand: at LO the amplitude of oscillations reducespy errors in the numerical integration. Rather, it is a property
slower (less dampingand the averaged value lies below the of the NLO approximation. Since this seems to be an impor-
other two. A comparison of the time-averaged values betant limitation for the validity of NLO, we analyze the ther-
tween 26<mt<50 shows that the Hartree result differs by a modynamic limit and the consistency of the NLO evolution
few percent from NLO and MC. The time-averaged value inon a quantitative level. We compare the dynamics for differ-

NLO is surprisingly close to the MC result.

ent volume sizes with the largest one that is availaie (

After the initial reduction the size of fluctuations increases=160). For an equal-time observab¥t), we define the

250 . . . .
——— NLO
2.30 MC
~
o
210 29900 Y X
~ TRV AVAVAVAVAVAV AV AV oV N

(HARY

1.90 4

1 .70 1 1 1 1
0.0 10.0 20.0 30.0 40.0 50.0

mt

FIG. 3. Time evolution of ¢'?(x,t))=L""'2,G},(q.,t). The

difference

|{On(1)) —(O1ed 1))
<Ol60>av .

The normalization O4((t) ).y iS the time-averaged value of
(O46q(t)) between B<mt<20, and is used to set the scale.
We denote the time wher®Oy(t) exceeds the conservative
bound of 0.005 byt . The dependence ¢f, on the volume

is shown in Fig. 5. It turns out thaty is sensitive to the
details of the evolution, due to the oscillating character of
AOy(t). This sensitivity is indicated with error bars. We see
that in a larger volume the evolution behaves better for a
longer time, and that this time increases roughly linearly
with the system size. We emphasize that the possibility of
taking the thermodynamic limit distinguishes the comparison
performed in this paper with those where quantum mechan-
ics was used to test the truncated evolution. For this aspect
classical fields are closer to quantum fields than quantum

AO\(t)= (39

initial value is(¢'2)=Tgl=2.5. The time-averaged values in the mechanics is.

interval 20<mt<50 are 2.049L0O), 2.114 (NLO), and 2.1265)
(MC). The Hartree fixed-point valugsee belowis 2.056.

At a later moment, to which we will refer ag, fluctua-
tions grow rapidly and the numerical evolution becomes un-
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FIG. 5. Thermodynamic limit in the NLO evolution: volume ~ FIG. 6. Time evolution of the effective temperatufié (t)
dependence of the timmty where AO\(t) exceeds 0.005see =N "2G7.(q,t). The time-averaged values in the interval 20
text), for O=7'2(x,t) and ¢'%(x,t). The dashed line is a straight- <Mt<50 are 5.293L0), 5.318(NLO), and 5.3214) (MC). The
line fit through the origin. value at the Hartree fixed point is 5.291.

controlled. Typicallyt, is much larger tharty. We have therefore dominated by the low-momentum modes, while

checked that the time where the evolution starts to behave™>) i Sensitive to all frequencies up to the lattice cutoff.
badly is not an artifact of the numerical integration. For in- Figure 6 gives the impression that the system establishes a
stance, reducing the step size by a factor of 5 does not affeB€W temperaturd’ ~5.32# T, =5 rather quickly. However,

the results. A similar behavior has been noted before in & order to be in thermal equilibrium, all momentum modes
system of anharmonic oscillators i+ dimensiong15]. should have the same temperature. In Fig. 7 the effective
The breakdown of the evolution equations beyond leadingemperaturer’(q,t) for three momentum modes is shown.

order at large times has also been observed for quantum mEBerhaps surprisingly, we see that for eagfi’(q.t) oscil-
chanics[11]. lates around a different value. The mean values appear rather

stable and do not seem to approach each other. This re-
sembles the nonthermal fixed points discussgd @ for the
NLO equations.

From the viewpoint of thermalization, the most interesting  In fact, it turns out that this behavior can be understood
observable i3, ,(q,t). In an interacting theory the equilib- with satisfactory accuracy already in terms of fixed or sta-
rium value isG2 (q)=T for all g. Away from equilibrium  tionary points of the evolution equations in the Hartree ap-
we define therefore an “effective temperature” for a mo- proximation. The relations between the two-point functions
mentum modaey:

Fixed points in the Hartree approximation

10.00 ; ; ; ;
T(Q)=G(a.), (40 B
and the average temperature over all modes 9.00 1 Me
TM=N"'3 G,.(qt)=a(n?). (41 oo gim=0
d = N LN np N
< 700 AT\ \I\Il\/\'\ll RO UMMM
Because of our choice of initial ensemble all momentum &~ R AARAAE AR ’
modes have initially the sam@oninteracting temperature VAAA R AR qm=T2 aaanidl
Tq, so thatG . .(q,0) is flat in momentum space. Due to the 6.00 | ,‘,‘. YVYAMNA AR ,‘\1": f
nonzero coupling it deviates from being flat immediately af- ."; MR MAAREVELS
ter t=0. For later times deviation from “flatness” of 5.00 1 glm=nt
G, -(0,t) is a good measure for deviation from thermal equi-
librium. 4.00 : : : .
In Fig. 6 we show the average temperatiifeas a func- 0.0 10.0 20.0 ok 30.0 40.0 50.0

tion of time. The qualitative aspects comparing LO, NLO,
and MC are the same as in Fig. 3. Furthermore we see many FI|G. 7. Time evolution of the mode-temperatuf(q,t)
rapid oscillations with a small amplitude which were absent=G’ (q,t) for modesq/m=0,7/2,7. The initial value isT;=5
in Fig. 3. The reason is thai?) is ultraviolet finite and  for all g. The LO result is not shown for clarity.
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at a fixed point(denoted with a starare readily determined 75
from the Hartree equationd.3), and read

GL (1) =wi?Gh,(a), Gi,q)=0, (42) 70 - %
with
6.5
%2 2 3 2\ % @
w5 °= wgt 50" 43 .
.0

The first equation shows an expected relation between
and ¢ ¢ two-point functions, the second expression confirms
that the time-reflection odd two-point function has to vanish
at a stationary point.

The fixed-point structure of the Hartree equations by itself £5 ‘ ‘ ‘ ‘
does not yet constrain the allowed fixed-point solutions com- 0.0 1.0 2.0 3.0 4.0 5.0
pletely. However, we can supplement the set of equations q/m
(42) with the nontrivial combinationg¥?(q), given in Eq.
(14), that are exactly conserved for each momentum ntpde
independently. At a fixed point this gives a third relation

5.5

FIG. 8. Temperature profile: effective mode-temperaflirey)
versus momentung/m after time averaging over the interval 0
<mt<50, for the LO, NLO, and MC evolution. The fourth line is
the analytic expression at the fixed point of the Hartree equations,

* * _ =2
GrA(Q)GG4(q)=a (q). (44) with (¢'2)* =2.06 from the fixed-point gap equation.

We recall thata(q) can be determined from the initial en-
semble. Combining Eq$42) and (44) yields the complete (¢2* =T, dq 1 (49)

fixed-point solution 27 o wq
o It is convenient to introduce the dimensionless param&ter
G* (q)=——, (450  =3\(pH)*/(2m?)=(¢'?)*/2, so that the above equation
(q) can be written as
G* (q)= (46) PO R Ay (50
40\ wia(q) 27 1:a 2 VI¥A)

SinceG*_(q) is identified with the effective temperature for WhereF(/2k) is the(complete elliptic function of the first

a modeq, the first equation shows that at a fixed point thekind, and we recall thaTo=3\T,/m°. This gap equation
system will generically be nonthermal, since the temperaturéan be solved numerically. FoFy=5, we find (¢'?)*

of a mode depends on its momentum, and that the nonther 2A =2.06, which can be compared with the time-averaged
mal “temperature profile” follows directly from the initial value of the LO, NLO, and MC evolution in Fig. 3.
ensemble. The second expression leads to a gap equation, For the effective momentum-dependent temperature at the
after an integration oven, fixed point we find

12
. (51

T

TH(Q)=G* () =To-2 =T
(47) (@)=G%.(a)= O 10

M)
@

dg 1

2T wE a(q)’

1+3
2

(@3°= [ sociu@=

. . . Nk i T In order to compare this profile with the numerical results,
since the right-hand side depends @h°)* via wy . We e calculate the time average af (q,t) between G=mt
would like to stress again that for an arbitrary initial en- —5g for the LO, NLO, and MC evolution. The result is
semble the fixed point in the Hartree approximation is detergpqyn in Fig. 8. We see that the temperature profile emerg-
mined completely and all its properties can be calculated. g gynamically in the Hartree approximation is extremely
~ We will now become explicit and specialize to the Gauss-yg|| described by its fixed-point shaggl). The result from

ian initial ensemble we conS|dgr in this paper. From the ini\ic turns out to be remarkably close, implying that the full
tial expectation valueg30) one finds nonlinearity only has a small quantitative effect at this stage,
and that direct scattering is not very important. Also, the

_ g NLO profile is close to the MC result, showing that the in-
To clusion of momentum-dependent four-point functions in the
truncation of the effective action improves the agreement
so that the gap equation reads with the full evolution. Finally, the frequency of oscillation
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FIG. 9. Time evolution of the zero-mode temperatiirg€0,t) [ .
(two upper lines from LO (N=8192) and MC N=128N,, FIG. 10. Approach to equilibrium(time-averagedsnapshots of

=12500). The Hartree fixed-point value is 28.5. The average temt-he mo?ir;turf-depenhdent temperaflifeq, t) fo_r all the modes up
peratures over all model (t) (two lower lines appear as straight to cuto m=4a. The curves represent a time average over an

lines with the MC result slightly above the LO result. The initial Ntérval ¢—Att), with mAt=1500, andmt;=1500 (=1),
temperature of the Gaussian ensembl& s 15. 3000 (2), 4500 (3), 6000 (4), 9000 (5), and 15000(6). Line 6 is

hardly distinguishable from the dotted horizontal line, which is the
average temperature from all modég’ €24.01). The parameters

of the individual two-point functions,,» (or A,B, andC) are T} = 20, N= 256, N, 2500(in Figs. 10-12 MC only;
— 4=20,N=256,N,,= . 10— A

is approximately 2*, which can be seen in Fig. 7 for
G.,.(q,t). We refer to the stage where the dynamics is wellin the evolution, so that the lines presentifi§(t) appear
described by the Hartree fixed point as the intermediate-timstraight. We see that at LO the zero mode remains oscillating
regime. around approximately 29.2. We have calculated the fixed-
At next-to-leading order, the fixed-point structure changesoint value forT = 15 and foundl'* (q=0)= 28.5. The full
and becomes much more complicated. From time-reflectiononlinear evolution, on the other hand, shows a decrease
symmetry, it is clear that the two-point functi@{(q,t), and  towardsT’: the approach to thermal equilibrium. We also
the four-point couplings(d;,d,,0s;t) andy(d;,d,,0s;t)  see that the damping at LO is unrelated to the MC result. It is
have to vanish at a fixed point. This implies that ajgq,t) clear that whereas the Hartree approximation describes the
vanishes. However, the other four-point couplings cannot bearly and intermediate regimes qualitativédy even quanti-
zero at a fixed point, which can be seen e.g. from the dytatively), it is not able to move away from the fixed point and
namical equation fov(q;,g,,03;t) in Appendix B. There- the approximation breaks down completely in the late-time
fore the fixed point is determined by a set of integral equaregime.
tions. Furthermore, the relation of the fixed point to the Unfortunately, for accessible volume sizes the NLO evo-

initial ensemble may be rather complicated. lution cannot reach the relevant time scales before becoming
unreliable(see the discussion around Figs. 4 and/ the
VI LATE TIMES AND THERMALIZATION largest possible times where the evolution could still be fol-

lowed, we have not been able to see a sign of thermalization.
The results in the previous section show that in the We continue with MC only. As indicated above, a good
intermediate-time regime correlation functions appear quasiebservable to follow during the thermalization stage is the
stationary but are not thermal. In particular the time-temperature profileG, (q,t), which should become flat
averaged value 06, ,(q,t) is well described by the non- (qg-independent The evolution from the fixed-point profile
thermal profile(51), determined from the fixed point of the at intermediate times to a thermal profile at late times is
Hartree equations. Since the MC profile is, up to a smalbresented in Fig. 10. We show the time dependence of

quantitative correction, in agreement with E§1) as well, ~ T’(q,t) for all modes up to the lattice cutoff, averaged over
we infer that thIS(QU_aSI)fIXGd point plays a role also in the an intervalmAt= 1500, for six intervals. In the first few
full nonlinear evolution. intervals, the presence of the nonthermal profile is still vis-

The fate of the fixed point can be determined by going toible. As time goes on, the profile becomes flatter and flatter.
longer times. In Fig. 9 we show the evolution of the effective|n the last interval shown, betweent= 13500 and 15000,
temperature of the zero-momentum mode for LO and MCthe profile appears-independent and can hardly be distin-
We have chosen a higher value f@f than before. Also guished from the straight lin€[’ =24.01. We see that all
shown are the average temperature over all motgs$). As  momentum modes obtain the same temperaitireoughly
was already mentioned in Sec. V, the equilibrium temperaat the same time. For a detailed investigation on the issue of
ture, which we will denote witiT’, is established very early thermalization in this model concerning other correlation
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FIG. 12. Relaxation rate @+ of the zero-modd”’(0t) versus

average temperature for three values of the initial temperatjre the final equilibrium temperaturgé’. The initial temperatures are
verage temperatu valu it P T)=2.5,57.5...,22.5, forN=128 usingN,,=5,000 initial con-

The average temperatur@s(t) from all modes appear as straight ditions for each temperature, aiig=5,10,15,20 folN=256 (N,

lines. Also shown are exponential fits, explained in the text. The L .
parameters arbl=128N,,=5000 each. 2500). Statistical errors are smaller than the symbol sizes. The

line is a phenomenological power law fit of thé=128 data,
1/m7=5.8x10 8(T")%°

FIG. 11. Relaxation of the zero-mode temperaflit€0 t) to the

functions tharG .. we refer to our previous papg20]. The
aspects of thermalization we studied there are complemerealculation of the imaginary part of the classical setting-sun

tary to our findings herdin Ref. [20] we focused on the diagram in 1+ 1 dimensions, taken on-shell for arbitrary ex-
independence of initial conditions, the long-time behavior ofternal spatial momentum.

temporal averages in single “microstates” and otigeon- One should note, however, that int1l dimensions on-
Gaussiap initial ensembles, and the role of the thermody-shell two-to-two scattering is special, since the energy-
namic limit). conservation relation has only two simple solutiogs: —k

To determine the time scale for thermalization, we con-andq=p. Both solutions givan,+ wy— wp+ wy, and scat-
centrate on the zero mode. In Fig. 11 we show the relaxatiofering events of this type do not change the population num-
of T'(0t) towards the average temperatarg(t) for three  bers for the participating momentum modes. We find in Ap-
different initial temperature$;. The numerical data are fit- pendix C that the naively computed “relaxation rate” is
ted with an exponential of the form several orders of magnitude bigger than the thermalization

rate observed in the numerical simulations.
) . s Processes with nontrivial momentum exchange are neces-

T'(0H)=T'[1+ke "] (52 sary for thermalization. This goes beyond two-to-two scat-
tering and occurs only at higher order. It is possible that a
The fit is performed over the whole time intervalhe re- E?S;r:én Ztlr(;r;uonf";haetigs I:‘)]? ?r?erggettt(i)ngys?u:'?%?ag}rg;ﬂ?.dlg-
sulting relaxation rate i is shown in Fig. 12 versus the o ine the relevant time scale. This is suggested by the
equilibrium temperaturd”, for two system sizes, at fixed g 115 found in[18], where (quantum evolution equations
lattice spacingna=0.25. No volume dependence is Visible. ¢, the two-point function are solved. Those equations con-

In the remainder of this section, we discuss the thermaliz;in, 4 setting-sun type contribution with fully dresséd a
zation time scale. In a quantum theory, the relaxation rate iggf consistent mannepropagators. This would also cure
in general related to the imaginary part of the self-energynq collinear singularity that appears in the lowest-order
[21]. A recent analysis, applying the relaxation-time approxi-getting-sun diagram, both in the quantum and in the classical
mation to a weakly coupled quantum scalar field i B theory (see Appendix C
dimensions, can be found j22]. At weak coupling, the rate
is determined by the imaginary part of the setting-sun dia-
gram, describing an on-shell two-to-two scattering process, VII. OUTLOOK
wpt w— w0t wp—q. IN Appendix C we show how 10 \ye have investigated the nonequilibrium time evolution
implement a relaxation-ratinear responseapproximation ¢ correlation functions in field theories. In order to gain an
for a classical field close to equilibrium. We also give theunderstanding of the validity of approximations often used

for quantum fields away from equilibrium, we argued that it

is useful to consider the equivalent problem in classical field
5\We also checked for possible power law corrections to the expotheory. Taking(1+1)-dimensional classicap* theory, dis-
nential relaxation, but found no indication for those. cretized on a lattice, as a simpleut often usegimodel, we
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have implemented a Hartree approximation and a truncation APPENDIX A: SYMMETRY AT LEADING ORDER
for equal-time correlation functions containing scattering.

The truncated dynamics was compared with the fully nonlin- def-:—r?ee d Tr?rg e?lj)qlﬁtr'ogascﬁ Onﬁ_iri\slecézeb?;nnbég?%g)d’ as
ear results from a numerical sampling of initial conditions. A A

We believe that our findings are relevant for the{?"gwsin[‘”‘ Thte e;ffecrtrl]v? )e(q\;JarElot:}s ca? be rewritten by in-
(3+1)-dimensional quantum theory as well. oducing a set of complex variablé¢a,t) as

For the investigated initial Gaussian ensembles the evolu- _ ek
tion at early and intermediate times is well reproduced by Cyela=E(A,DE@D),
both truncations. We found that the Hartree approximation 1
underestimates damplng. This d|_fferen_ce becomes more pro- Gre(ait)= E[f*(q,t)g(q,t)Jr§*(q,t)§(q,t)], (A1)
nounced at larger coupling. The inclusion of scattering leads
to a quantitatively better agreement with the full numerical ) )
evolution. G,-(q,t)=£&*(q,t)&(q,t).
There is an intermediate-time regime in which correlation
functions have nonthermal values. The characteristic behayn terms of these the evolution equatiofi$) read
ior in this regime can be understood from the presence of a
nonthermal quasi-stationary point, which is close to a fixed
point in the Hartree approximation. As a consequence of
(infinitely many) conserved correlation functions, the Hartree
approximation cannot move away from this fixed point andThis equation can be derived from an effective Lagrange
is therefore unable to describe thermalization. density
The quartic approximation to the equal-time effective ac-
tion (NLO) suffers from a different problem. For a finite dq| . 2
system (\ finite) the initially very successful description of Let= J 20 |&(a,b)]
the evolution moves away from both the infinite-volume
evolution at NLO and the numerical results at some tigne
For t>ty fluctuations grow that are related to the truncation
and not to the physical system. We find thgtis propor-
tional to N, such that the problem may disappear fér which has a globali.e. time independejpsymmetryé(q,t)
—oo, In practice this is of little help, since only finitd can  —exdid(q)]&(q.,t) for eachqg. The corresponding conserved
be investigated numerically. At a tintg>t, the evolution charge reads
becomes uncontrolled and cannot be followed numerically.
For accessible values &, bothty andt, are found to be Q(q)=i[£*(q,1)é(q,H)— &*(q,1)é(q,)].  (Ad)
(much smaller than the typical relaxation time for thermal-
ization. For this reason, we do not know whether NLOnis  This charge is in fact the conserved quantity a@dq)
principle able to describe thermalization or not. =2a"1(q).
Since the late-time regime can certainly not be described
by the Hartree approximation, and the quartic approximation  AppeNDIX B: EVOLUTION OF THE EOUR-POINT
including scattering becomes unreliable on the relevant large COUPLINGS
time scales, we conclude that the regime of thermalization is
still unsolved in the approach using evolution equations for In this appendix we list the equations that determine the
equal-time correlation functions. time evolution of the four-point couplings. Again, these
Concerning the late-time regime, promising results forequations are slightly simpler than the ones that can be ob-
translationally invariant ensembles have been obtained rdained from settingN¢=1 in the equations for th€©(Ns)
cently using an unequal-time formulation that is time-model[16].
nonlocal [18]. It would be interesting to implement the  The evolution equations read
method employed there in a classical theory and carry out a
similar comparison as we did in this paper for the equal-time  g,u(dy,d2,03) =[ @5 v(d1,02,q3) + 41 C(dy)
formulations. An open question in that respect is whether a
successful truncation can be found in an equal-time formal- —4NC(02)S1(011td2,93) Isyms
ism as well or if the nonlocality is crucial for an analytical
description of the thermalization regime.

. 3 (d
&(q,t)=— w§+§Af£|§(p,t)lz)§(q,t)- (A2)

3 (d
“’c21+z’\J£|§(p,t)lz)|§(q,t)lz}, (A3)

dw(dy,02,93) = [25§2W(q1 ,02,03) —4u(d1,02,03)

G.A. would like to thank Jan Smit for useful discussions. —4MB(01)S1(d1+02,0s3)
This work was supported by the TMR network “Finite Tem- +C(04)Ss(A1+T,0)
perature Phase Transitions in Particle Physics,” EU contract ’
no. FMRX-CT97-0122. +2C(02)S5(92+03,91) sy ms
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dW(dy,02,05) =[3w; y(ds,02,05) ~v(dy1,02,03)
—2v(dz,d4,92) —{¥(q1)
+ ¥(d2)}w(dy,02,03)
—MC(0d3)S4(d1,02) +8B(dy)
X S5(d2+03,01)} —4AB(dy)
XS3(—0d1—03,92) Isyms

3y(dy,02,03) =[4w5,2(dy,02,0) — 2W(dy 02, d3)
—{v(a0)+y(az2) + ¥(da)}
Xy(d1,92,093)
—AB(03)S4(d1,02) Isym

92(d1,92,93) = —[y(91,02,93)
+4v(d1)2(91,92,93) Isym,

where the subscripBY M implies symmetrization with re-
spect to the appropriate permutationsgef g,, gz, andq,
=—(0g,+0d,+qs3). Here we have used the one-loop integrals

3
S01a)=5 | 2m8(b~ P1=0) Gyyl(P2)Gy(p)

P1.P2
X[6u(pz,—P1,02) —3Cc(P)v(—P1,P2,02)
+c(p1)C(P2)W(—P1,P2.92) ]

1
S3(qlaq2):ZJ

P1.P2

2m8(P2— P11+ A1) Gyy(P1)Gye(P2)

X[7v(dz,—P1,P2) —8C(P2)W(P2,d2,—P1)
+7¢c(p1)c(P2)Y(P2,—P1,d2) 1

84(q1,qz)=3J 2wé(p2—P1t+01+0dy2)

P1.P2

X G p(P1)Gyp(P2)[W(d1,02,P2)
—3c¢(p1)y(d1,92,—P1)
+6¢(p1)c(p2)z(p2, —P1,d1) ],

1
SS(erqZ):Zf

P1.P2

2m8(P2+ P11+ 1) Gup(P1)Gyu(P2)

X[v(d2,—P1,—P2)
—2¢(p1)W(—Pp1,d2,—P2)
+c(p)e(—p2)y(dz, —pP1,—P2)].
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APPENDIX C: RELAXATION-TIME APPROXIMATION

For a quantum field slightly away from equilibrium the
relation between the imaginary part of the self-energy and
the thermalization rate for the single-particle distribution
function has been pointed out long ago by Weldgaa]. A
more recent detailed analysis can be foun{i| for a sca-
lar field in 3+1 dimensions. Here we briefly outline the
arguments of22] in d+ 1 dimensions and then show how to
adapt those for thelassicaltheory we consider here. This
analysis is valid for a weakly coupled plasma, close to equi-
librium.

A dynamical equation for thé&quasijparticle distribution
n(p,t), describing the relaxation towards the Bose distribu-
tion ng(wp) =1/ exp(,/T)—1], can be obtained perturba-
tively, using the Heisenberg equations of motion and resum-
ming hard thermal loops if necessary. In the relaxation-time
approximation, the distribution function for a momentum
modep is written as

n(p,t) =ng(wp) +on(p,t). (Cy

All other modesq#p are assumed to be in equilibrium.
Skipping many stepi22], the resulting linearized equation is

aon(p,t)=—I(p)on(pt), (C2

with the relaxation rate

@p

This rate is twice the plasmon damping ragép). For a
weakly coupled scalar field with &* interaction in 3+ 1
dimensions]'(p) is determined by the imaginary part of the
setting-sun diagram.

For the classical theory our interest is in the evolution
of the momentum-dependent “temperature’T(p,t)
=G,.(p,t). We may obtain this correlation function from
the classical unequal-time two-point functi®ix—y;t;,t,)
=(p(x,t1) p(y,t,)) by a spatial Fourier transform as

T(p,t) =y 9, S(Pit1,t2) |1, =t)=t - (CH

A calculation of S(p;t;,t,) using classical perturbation
theory to second order in the coupling constant can be found
in [23] for d=3 (see als¢24]). The resulting expressions are
similar to the quantum ones. The most important change is
that the Bose distributions are replaced by classical distribu-
tion functions

-
Nel(wp) = e (C5)
p

The relevant second-order contribution red2i3|
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Sz(pitl,tz):_j:dt,dt” GH(p.ty—t")
XZRalp,t" —t") So(p,t" —t5)
—f:dt’dt" So(p,ti—t")
XZac(pt’ —t")GH(Pt"—ty)
—J?dt’dt” Gi(p,t;—t')
X3 a(pt’ —t)Go(p,t" —ty),

where

COSwt

so<p,t>:nc.<wp>w—;’ (C6)

is the free two-point function. The free retarded Green func-

tion reads

GHpO=00) T —Ghp ), (€T

p

and the self-energy corrections aredifr 1 dimensions,

9\? .
ER,Cl(p!t): - TJk qSO(k!t)SO(q!t)GO(p_k_qit)

:EA,cl(pI_t)u
o\?
S dpO=~ %], SUS@SH(P—k-a0),

with

d’

fk:f (2m)¢

(C8)
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2 w
M3 a0 = - 2 [ @iz
X218 (wpt w— wg— wy)
chl(wk)ncl(wq)ncl(wr),
where
b )= d’k d’q d’r
124P 2m) 2w, (27T)d2wq 2m) 2w,
X (2m)948(p—k—qg—r). (C11)
Specializing tod=1, we find
2T2
Fa(p)=—52—1(p), (C12
with
% o Swy+
I(p):f ko’ dq (wp uz’kzwq Wp—k— q)
T o WWgWp—_k—q
(C13

Note that the momentum integrals are ultraviolet finite. The
integral is invariant undep— —p, So we may restrict our-
selves top=0. Theg-integral can be performed using the
delta function, which has support at two separated points
only, g=p andg= —k. The result is

I(p)= [ dk ! !
P wpJ - wﬁ|kwp+pwk|
2 (-p " 1 kop—poy
WpJ-=  wy wk—wg

1K
+—J dk— Zo_ Po k.

The remaining integrals contain a collinear singularity when
k— —p, leading to a logarithmic divergence. This singular-

(C19

After performing all the time integrals and taking the deriva-ity is present in the quantum self-energy as well. We regulate
tives as in Eq(C4), one may follow the arguments given in this in an ad hoc manner by modifying the integration
[22] for the quantum theory to find the evolution for boundaries to-p=*u, with x<m a small cutoff.

ST(p,t)=T(p,t) =T in the relaxation-time approximation.

The integrals are straightforward using partial fractioning,

The result is and the final result is
- _9\T? 1 20
16mm? w 1
with (C19
IMZg o @p,P) The rate is positive for sufficiently smajk (u/m=0.7).
la(p)=-—""—"— (C10  Two limiting cases are
P
. . . . 9)\2T2 9)\2T2
On-shell, only the two-to-two scattering contribution in the I',(0)= In—, Ty(p>m)=——.
retarded self-energy is kinematically allowed. This can be 16mm°® M 32rm3p?
written as[25,26 (C16
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Up to now we have silently neglected the corrections to the Let us conclude by noting that loosely identifyipgwith
mass parameter due to interactions. If we denote the re- itself gives a relaxation ratE(0) which is at least two
summed mass parameter with m has to replaced b in  orders of magnitude too big, when compared to the numeri-
the expressions above. cal results for the thermalization raterl/
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