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Divergences in real-time classical field theories at nonzero temperature
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The classical approximation provides a non-perturbative approach to time-dependent problems in finite
temperature field theory. We study the divergences in hot classical field theory perturbatively. At one loop, we
show that the linear divergences are completely determined by the classical equivalent of the hard thermal
loops in hot quantum field theories, and that logarithmic divergences are absent. To deal with higher-loop
diagrams, we present a general argument that the superficial degree of divergence of classical vertex functions
decreases by one with each additional loop: one-loop contributions are superficially linearly divergent, two-
loop contributions are superficially logarithmically divergent, and three- and higher-loop contributions are
superficially finite. We verify this for two-loop SU(N) self-energy diagrams in Feynman and Coulomb gauges.
We argue that hot, classical scalar field theory may be completely renormalized by local~mass! counterterms,
and discuss renormalization of SU(N) gauge theories.

PACS number~s!: 11.10.Wx, 11.15.Kc
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I. INTRODUCTION
The classical approximation@1# is a useful tool for the

study of infrared properties of quantum fields at high te
perature @2–9#, which may be applied to calculate non
perturbative phenomena such as the Chern-Simons diffu
rate@10–12# ~relevant for theories of baryogenesis@13#! and
the dynamics of the electroweak phase transition@14#, as
well as real-time~plasmon! properties of hot non-Abelian
gauge theories@15#. The classical theory is expected to be
good approximation at low-energy because the classical l
\→0 and the low-energy limit of the Bose-Einstein dist
bution functionn yield the same result:

n~vk!5
1

exp~b\vk!21
→ 1

b\vk
[ncl~vk!, \vk!T,

~1.1!

wherevk5Ak2 is the frequency at wave-numberk and b
51/T the inverse temperature. Classical correlation fu
tions are determined by a set of field equations in Minkow
space and a thermal average over the initial fields at s
~arbitrary! initial time. In perturbation theory, classical ve
tex functions can be obtained by taking the limit\→0 of the
quantum expressions, which amounts to the replacem
~1.1! of the Bose-Einstein distribution function by the cla
sical distribution function. The resulting\ ’s in the denomi-
nator are compensated by a positive power of\ ’s arising
from the loop counting of the diagrams under considerati
such that in the classical limit a non-trivial expression~and
loops! remain.

The replacement~1.1! is a good approximation fo
infrared-dominated diagrams, but it changes the ultravio
behavior of the theory and introduces classical~Rayleigh-
Jeans-type! divergences. When the classical theory is cons
ered as a low-energy effective theory, these divergences
be regularized by introducing a cutoff of the order of t
temperature,L;T/\. Since in a weakly coupled theory th
temperature is large compared to dynamically generated
ergy scales such asg2T, the resulting cutoff dependences a
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a direct reflection of the divergences of the classical theo
The general strategy to improve the effective theory is
include counterterms that reduce the cutoff dependence
particular, if a complete set of counterterms can be specifi
the cutoff may be sent to infinity and the theory is renorm
ized. It is clear that a knowledge of the divergences is n
essary to determine the appropriate counterterms. We
assume that these divergences will be tractable in pertu
tion theory.

In the case of alf4 scalar field theory the divergence
have been studied in classical perturbation theory for
two-point function up to two loops and the four-point fun
tion up to one loop@6–8#. It was found that the one-loop
respectively two-loop correction to the self-energy is linea
respectively logarithmically divergent, and that the one-lo
correction to the four-point function is finite@7#. In
(311)-dimensional gauge theories on the other hand,
attention has mainly been restricted to the classical equ
lent of the quantum hard thermal loop~HTL! expressions
@16–18#, which introduce linear divergences in the classic
theory @3–5#. Numerical studies using a HTL improved e
fective theory@3,19,20# can be found in@21–23#. An analy-
sis of the divergences in the classical theory that goes
yond the HTL limit at one loop, or to higher loops, has n
yet been performed for gauge theories. Our aim in this pa
is therefore to give a more complete analysis of the div
gence structure of hot, real-time classical field theory.

A different kind of effectively classical theory beyond th
HTL regime was constructed in@24#, by integrating out the
scalesT andgT in a leading log approximation. It takes th
form of a Langevin equation and is free from ultraviol
divergences@25#. For a numerical implementation, see@26#.1

1This effective theory has been rederived with the help of class
transport theory, using the concept of classical colored point p
ticles@27#. It should be clear that we study classical fields instead
classical particles.
©2000 The American Physical Society02-1
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However, our focus in this paper is on classical Yang-M
theory as it stands, without any further integrating out
construct an effective theory.

We shall argue that both in SU(N) gauge theory and in
scalar field theory withf3 andf4 interaction terms the di-
vergences are restricted to one- and two-loop~sub!diagrams.
It will be shown that classical one-loop diagrams that cor
spond to HTL’s in the quantum theory lead to linear dive
gences, while other one-loop diagrams are finite in the c
sical theory. Also we present a general argument that t
loop diagrams can at most give logarithmic divergenc
This is explicitly verified for two-loop self-energy correc
tions in SU(N) and scalar theories.

The paper is organized as follows. Classical one-loop d
grams are analyzed in the next section, and diagrams
two loops and more in Sec. III. In Sec. IV the possibility
absorbing the divergences with counterterms is discus
The final section contains the conclusions. Throughout
paper expressions for classical diagrams are obtained by
ing the\→0 limit in the quantum expressions. The validi
of this is discussed in more detail in Appendix A, where a
of classical Feynman rules is presented for hot scalar fie

II. ONE LOOP

A. Linear divergences: classical HTL’s

The one-loop linear divergences of the classical theory
closely related to the~quantum! hard thermal loops discov
ered by Braaten and Pisarski@16# ~see also@17,28,29#!. For
instance, the divergent part of the classical self-energy
SU(N) gauge theory can be obtained as the classical limi
the HTL self-energy@3,4#. To be specific, the spatial part o
the retarded HTL self-energy reads2

PHTL,i j
ab ~P!522dabg2\NE d3k

~2p!3
k̂i k̂ jn8~vk!

p0

p02 k̂•p
,

~2.1!

where here and in the following the external frequencyp0 is
taken real with a small imaginary part to obtain the retard
self-energy, i.e.,p0[Re(p0)1 i e, and

n8~vk!5
dn~vk!

dvk
. ~2.2!

As usual in the HTL approximation, the radial and angu
integration decouple and the radial integration determines
plasmon frequency

vpl
2 52

1

3p2
g2\NE

0

`

dk k2n8~k!5
1

9
g2N

T2

\
. ~2.3!

2Loop momenta will generically be denoted withK5(k0,k) and
external momenta withP5(p0,p). Furthermore,K252k0

21k2, k

5uku5vk , and k̂5k/k.
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The classical self-energy corresponding to Eq.~2.1! is ob-
tained by taking the\→0 limit, before the integration overk
is performed. This simply amounts to replacing the Bo
Einstein distribution function by the classical distributio
function, as in Eq.~1.1!. The classical self-energy is non
vanishing, since the\ in the prefactor of Eq.~2.1! is com-
pensated by the\ in the denominator of the classical distr
bution function. The resulting radial integral is linear
divergent and to handle this we introduce a cut-off in t
classical distribution functionncl(vk)→ncl(vk)u(L2k).
This particular way of introducing a momentum cutoff
loop integrals does not lead to problems with gauge inv
ance, which can be most easily understood from the ga
propagator of Landshoff and Rebhan@30# and is explained in
Appendix A 2. The result is a linearly divergent classic
plasmon frequency

vpl,cl
2 5

2

3p2
g2NTL. ~2.4!

The relation between the quantum plasmon frequency~2.3!
and the classical analogue~2.4! is that the Bose-Einstein dis
tribution function effectively introduces a cutoff of the ord
of the temperature on the integration,L;T/\. Since the
angular integration is completely decoupled, the depende
on the external momenta of the linearly divergent contrib
tion to the classical self-energy and HTL self-energy a
equal.3 All of this is well known @3,4#.

Hard thermal loops are the leading contributions to ver
functions for soft external momentaup0u,p;gT. Power
counting reveals that one-loop diagrams, with any numbe
external gauge fields, contain a HTL contribution. The fa
that the external momenta are small compared to the inte
momentumk;T allows for several simplifications in the
calculation of HTL’s. As a result all HTL’s are proportiona
to the plasmon frequency squared~2.3! @16,18#.

Divergences in classical field theories have a similar
havior, since here also the internal momentak;L are much
larger than the external momenta. In fact, all classical HT
have the proportionality factor~2.4!. Therefore, all classica
HTL’s are linearly divergent.

Other one-loop contributions in the quantum theory a
smaller by a factorp/k;p/T. In the classical limit these
subleading contributions give a factorp/k;p/L, which re-
duces the degree of divergence. Therefore we may conc
that all linear divergences at one loop are given by the c
sical HTL’s.

B. No logarithmic divergences

Next we will argue that there are no logarithmic dive
gences at one-loop in the classical theory. First, we disc
one particular example in SU(N) gauge theory explicitly,

3At least with a~perturbative! continuumlike regularization as em
ployed here. On a spatial lattice, this is not the case@3,5,31#.
2-2
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which is the spatial part of the self-energy in the Feynman gauge. A convenient starting point is the expression in the
theory, which reads

P i j
ab~P!5dabg2\NE d3k

~2p!3 H gi j

2n~vk!11

vk
2

Ai j

4vkvp1k
S @n~vk!1n~vp1k!11#F 1

p01vk1vp1k

2
1

p02vk2vp1k
G

1@n~vk!2n~vp1k!#F 1

p02vk1vp1k

2
1

p01vk2vp1k
G D J , ~2.5!

with

Ai j 5
1

2
@8kikj15pikj13kipj14~p22p0

2!gi j 22pipj #. ~2.6!

This diagram contains of course the HTL self-energy~2.1!. As before, the classical expression is obtained by taking\ to zero.
The non-thermal contributions from the ‘‘1’’ ’s in the first line vanish as\ goes to zero.

From the previous section we know that contributions to the self-energy~2.5! are at most linearly divergent. The classic
limit of the momentum-independent tadpole-like contribution in the first line is indeed linearly divergent. For the contri
proportional toAi j , it implies that the contributions bilinear in the external momenta, i.e. the terms proportional topipj or
p2d i j , can only give ultraviolet finite contributions, and that the terms linear in the external momenta~terms proportional to
kipj or pikj ) may give logarithmic divergences. The contributions proportional tokikj may contain logarithmic divergence
besides the linearly divergent contributions as well.

To obtain the linearly and logarithmically divergent contributions we expand the integrand in 1/k, so that we can estimat
the ultraviolet behavior of the integrand by power counting. The first contribution proportional toAi j reads

Ai j

4vkvp1k
@ncl~vk!1ncl~vp1k!#F 1

p01vk1vp1k

2
1

p02vk2vp1k
G5

Ai j

4k2 H 2

k
ncl~k!1~p• k̂!F1

k
ncl8 ~k!2

3

k2
ncl~k!G1O~k24!J .

~2.7!

The first term on the right-hand side, withAi j }kikj , is part of the HTL contribution. The second term between curly brack
and the first term withAi j }pikj ,kipj , contain the contributions proportional tok23, and these may give a logarithmi
divergence after integration. However, it turns out that these contributions are odd under the transformationk̂→2 k̂ and
therefore they vanish upon integration. The other terms, including those indicated withO(k24), are ultraviolet finite by power
counting.

Similarly, the other contribution can be expanded, and after some algebra it can be written as

Ai j

4vkvp1k
@n~vk!2n~vp1k!#F 1

p02vk1vp1k

2
1

p01vk2vp1k
G

5
Ai j

4k2

2p• k̂

p0
22~p• k̂!2 H ~p• k̂!ncl8 ~k!1

1

2
~p• k̂!2ncl9 ~k!2

1

k
ncl8 ~k!F ~p• k̂!22p0

2 p22~p• k̂!2

p0
22~p• k̂!2G1O~k24!J . ~2.8!
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The first term on the second line, again withAi j }kikj , is
part of the HTL contribution, and is proportional tok22. The
other terms contain a contribution proportional tok23, which
after integration could yield a logarithmic divergence. Ho
ever, just as in the previous case these contributions are
under the transformationk̂→2 k̂ and they vanish upon inte
gration. The remaining terms are ultraviolet finite.

Therefore, we conclude that there is no logarithmic div
gence in the spatial part of the retarded classical self-en
in the Feynman gauge. In a similar manner, we have a
verified that the spatial part of the three-point vertex conta
no logarithmic divergences.

The reason for the vanishing of possible logarithmica
divergent contributions lies in the behavior of the self-ene
10500
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and the vertex functions under parity~P! and time reversal
~T!. The spatial part of the self-energy discussed here is
variant underp→2p, and p0→2p0 in combination with
complex conjugation@i.e. p01 i e→2(p01 i e) in Eq. ~2.5!#.
The point is that the expansion in 1/k turns out to be an
expansion in PT odd~dimensionless! functions ofp0 andp.
Since the linearly divergent HTL contributions to the se
energy are even under P and T, the logarithmically diverg
contributions are odd and should therefore vanish. This
gument extends to the temporal part of the self-energy
well as to other vertex functions.

Finally we would like to remark that the vanishing o
logarithmic divergences holds in general Coulomb or co
riant gauges, since the corresponding gauge fixing term d
2-3
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GERT AARTS, BERT-JAN NAUTA, AND CHRIS G. VAN WEERT PHYSICAL REVIEW D61 105002
not break PT invariance, and the same argument can be
plied.

C. Classical self-energy: explicit result

The analysis presented above is useful for a general
derstanding. However, in some cases it is possible to actu
calculate the loop integrals and avoid an expansion ink.
Here we give one of those explicit results in SU(N) theory.

We calculate the diagonal (i i ) part of the classical one
loop retarded self-energy in the Feynman gauge in Appen
B, and the result reads

P i i ,cl
ab ~P!5dabg2NFTL

p2

p0

p
ln

p01p

p02p

1
T

4pS ip02
3p224p0

2

2p
i ln

p01p

p02p
D G . ~2.9!

The real and imaginary parts can be obtained in the u
way, using

ln
p01p

p02p
5 lnUp01p

p02p
U2 ipu~p22p0

2!. ~2.10!

The linear divergence is precisely the equivalent of
hard thermal loop contribution, which follows from the r
placementTL/p2→T2/(6\). The finite terms are exactly
equal to the terms linear inT that are obtained in a high
temperature expansion in the quantum theory, as can
checked explicitly@29,32#.4 There are no other terms. Th
p0→0 limit equals the well-known result from the quantu
theory in the Feynman gauge@33#

P i i ,cl
ab ~0,p!52dabg2N

3pT

8
. ~2.11!

Note that in this limit the leading-order~gauge-dependent!
behavior is completely determined by classical physics.
soft momentaP;gT it is known that the quantum self
energy should be calculated with HTL resummed propa
tors and vertices; for the classical approximation to be va
in this case the HTL’s should be in the~then effective! clas-
sical theory.

To conclude the one-loop analysis, the above descri
situation can be understood also directly by keeping\ in the
high-temperature expression of the quantum theory.
high-temperature expansion then has the form@29,32#

P i i
ab~P!5dabg2NFT2

\
P21~P!1TP0~P!

1S \ ln
T

\m DP log~P!1\P1~P!1OS \3

T2D G , ~2.12!

4Up to some typographic errors.
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wherem is the renormalization scale. The term proportion
to T2 is the HTL part, which turns into the linearly divergen
term when\→0, and the second term in this expansion
the finite term in the classical theory. All the other term
vanish when\→0.

III. TWO LOOP AND BEYOND

A. Degree of divergence

In this section we study the degree of divergence
higher-loop diagrams in the classical theory. In the first p
we shall argue that the superficial degree of divergence of
self-energy decreases by one with each loop, starting w
the one-loop linear divergence. Then we will check th
statement explicitly for a number of diagrams. We shall
gue that the same is true for classical vertex functions in S
III C.

To make the argument for the self-energy, we start w
the following basic assumption: in the high-temperature lim
the retarded self-energy in the quantum theory scales acc
ing to its dimension, i.e., the quantum retarded gluon s
energy behaves as

Pmn~P!5T2P̄mn~p0/p,p̂,g!1T2O~P/T!, ~3.1!

for high temperatures, fixed external momentum and f
quency, and a renormalization scale of the order of the te
peraturem;T. This assumption consists of two parts: Th
contribution of diagrams with hard momentaK;T on all
internal lines gives aT2 contribution to the self-energy. Con
tributions that are excluded in Eq.~3.1! are of the form
g2LT2(T/P)m for m.0 and withL indicating the number of
loops. For fixed external momenta and high temperatur
such terms become larger than the one-loop~HTL! contribu-
tion g2T2, so they invalidate a loop expansion. Therefore
assumed absence of these contributions can be re-expre
by saying that we assume that hard modes are perturba
The other part of the assumption is that also diagrams w
soft internal momenta give aT2 contribution. This relies on
the belief that infrared divergences are controlled by indu
masses, which are proportional to the temperature, suc
the electric and magnetic masses in SU(N) gauge theories.

Let us then consider a classical contribution to the s
energy containingM distribution functions. To be able to
compare the degree of divergence of such a contribution w
the quantum expression, we regard the temperature in
quantum self-energy as a particular ultraviolet cutoff, a
using the assumption~3.1! we count the degree of diver
gence as 2. Since every classical distribution function gi
rise to an extra energy in the denominator when compare
the quantum diagram,5 the classical contribution to the sel
energy withM distribution functions has then a superfici
degree of divergence 22M .

5In the ultraviolet regime of a loop integral the quantum~Bose!
distribution function can be approximated as exp2b\v and acts as
a cutoff function. On the other hand, the classical distribution fu
tion remains proportional to 1/v.
2-4
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FIG. 1. Two-loop diagrams.
The setting sun diagram~a! and
diagram~b! are discussed in Sec
III B, and diagram~c! is treated in
Appendix C.
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To complete the argument, we now use that the numbe
distribution functionsM can be related to the number o
loopsL in the following manner@34,35#. One way to obtain
the retarded self-energy is by using the imaginary-time
Matsubara formalism@36,18#. One first performs the sum
over the discrete loop frequencies and then analytically c
tinues the external frequencies to real values with a sm
positive part to incorporate the appropriate retarded bou
ary conditions. In the imaginary-time formalism the numb
of loops equals the number of Matsubara frequency sum
tions. Using the method of contour integration to perfo
these sums, each sum gives rise to one ‘‘coth’’ functi
either with positive or negative energy. Explicitly, each su
gives a factor@34,35#

1

2
coth

s\v

2T
5n~sv!1

1

2
5sFn~v!1

1

2G , s56.

~3.2!

Hence, the resulting expressions are of the form of spa
momentum integrals over Bose-Einstein distribution fun
tions, where the number of distribution functions is equa
or less than the numbers of loops. The classical limit c
now be taken by replacingn(v)1 1

2 →T/(\v), such that the
\ ’s counting the loops cancel against the 1/\ ’s from the
distribution functions. After taking the classical limit, on
the leading term, which has as many distribution functions
10500
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loops, remains and the number of classical distribution fu
tions M in a given diagram is counted by the number
loops, M5L. Note that this applies not only to the sel
energy diagrams but to vertex functions as well. It follow
then that the superficial degree of divergence of a class
diagram is given by 22L, such that the classical one-loo
contribution to the self-energy is superficially linearly dive
gent, the two-loop contribution is superficially logarithm
cally divergent, and higher-loop contributions are supe
cially finite.

B. Two-loop self-energy diagrams

We now want to verify the general argument of the p
vious section for the two-loop self-energy diagrams appe
ing in SU(N) and scalar field theory. We do not discu
diagrams which have a one-loop self-energy subdiag
~and hence also a linear subdivergence!, but we concentrate
on the two-loop diagrams as shown in Fig. 1. Furthermo
since we are only interested in the structure of ultravio
divergences, i.e. in power counting, we do not need to m
a distinction between gauge field propagators in the Fe
man gauge and ghost propagators in the loops.

Let us, as a first relatively simple example, take the tw
loop setting-sun contribution~a! to the retarded self-energ
as it appears inlf4 theory ~with l5g2) and SU(N) gauge
theory. It reads
uals the
omenta

hat this
P (a)~P!5
1

6
~g2\!2E d3k

~2p!3E d3k8

~2p!3 (
ss8s1

ss8s1

23vkvk8vk1

1

p01svk1s8vk81s1vk1

3$@11n~svk!#@11n~s8vk8!#@11n~s1vk1
!#2n~svk!n~s8vk8!n~s1vk1

!%, ~3.3!

wherevk1
5vp2k2k8 , and the sum is over alls’s being6.

Note that the product of three distribution functions drops out. It is then clear that the classical limit of Eq.~3.3!,

Pcl
(a)~P!5

1

6
g4E d3k

~2p!3E d3k8

~2p!3 (
ss8s1

1

23vkvk8vk1

1

p01svk1s8vk81s1vk1

S s1

T2

vkvk8

1s8
T2

vkvk1

1s
T2

vk8vk1

D , ~3.4!

contains products of two classical distribution functions, in accordance with the statement that the number of loops eq
number of distribution functions. We now estimate the degree of divergence by power counting and take the loop m
k,k8;L. The integral measures give two contributions;L3, and all single energy denominators 1/v give a factor 1/L. The
energy denominator that containsp0 will produce, for generic large loop momentak,k8, a hard energy denominator;1/L. It
can only produce a soft energy denominator when there is a cancellation, which is in the special case thatk.6k8, depending
on the signs ofs,s8 ands1 @16#. However, for these special configurations the integral over phase space is restricted so t
will not alter the degree of divergence. We will use this estimate for energy denominators with three hard energies@16# below
as well.
2-5
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By power counting we therefore establish that this contribution is logarithmically divergent, as expected. This is a
result obtained in@6–8#, where the classical setting sun diagram was analyzed in detail and it was shown that in fa
logarithmic divergence can be separated and is independent of the external momentum and frequency.

It should be noted that the setting sun diagram~as well as the diagrams discussed below! contains an infrared divergenc
for vanishing external momentum@37#. For masslesslf4 theory, this can be cured by resumming the effective thermal m
arising from the one-loop tadpole diagram. This has only an effect on the soft infrared modes, and does not interfere
ultraviolet behavior of the classical diagram we investigated above.

The next example we treat is the two-loop diagram~b! in Fig. 1, which appears in SU(N) and in scalarf3 theory. This
particular diagram is more delicate, and it is instructive to carry out the procedure described above in detail. We wi
explicitly that in SU(N) theory ~the spatial part of! this diagram is logarithmically divergent in the Feynman gauge.

Since we are only interested in the degree of divergence of the diagram, we may ignore the color and Lorentz stru
the diagram. To indicate the momentum-dependence of the four vertices in the gauge theory, we will insert a factor (k) i j

4 . The
precise form of the momentum insertions is unimportant for the power counting.

We have found it convenient to calculate this diagram in the imaginary-time formalism, and after performing the sum
the Matsubara frequencies, the diagram can be written as

P i j
(b)~P!5

1

2
~g2\!2E d3k

~2p!3E d3k8

~2p!3
~k! i j

4 (
ss8s1s2s3

ss8s1s2s3

25vv8v1v2v3

1

p01s8v81s3v3

1

p01sv1s2v2

3H 1

2s3v31s2v21s1v1
„@n~s1v1!11#@n~s2v2!11#n~s3v3!2n~s1v1!n~s2v2!@n~s3v3!11#…

1
1

p01s3v31sv2s1v1

„@n~s3v3!11#@n~sv!11#n~s1v1!2n~s3v3!n~sv!@n~s1v1!11#…

1
1

p01s8v81s2v22s1v1

„@n~s8v8!11#@n~s2v2!11#n~s1v1!2n~s8v8!n~s2v2!@n~s1v1!11#…

1
1

s8v82sv1s1v1

„@n~s1v1!11#@n~s8v8!11#n~sv!2n~s1v1!n~s8v8!@n~sv!11#…J , ~3.5!
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where we have used the shorthand notation

v5vk , v85vk8 , v15vk2k8 , v25vp2k ,

v35vp2k8 , ~3.6!

and the sum is over all sign factorss561. Again the prod-
ucts of three distribution functions drop out. The correspo
ing classical integralP i j ,cl

(b) (P) may be obtained by taking th
\→0 limit, which amounts to neglecting the constants a
single distribution functions and replacing all distributio
functions that appear in products of two by classical dis
bution functions.

We will now consider the largek,k8;L behavior of the
classical diagram as we did for the setting sun diagram
looking at the various factors inP i j ,cl

(b) (P) and naively com-
bine those to obtain an indication for its degree of div
gence. First of all, each integration measure contribu
d3k;L3 and the factor (k) i j

4 is proportional toL4. Each of
the energies in the first denominator on the first line give
contribution 1/v;1/L, such that this factor leads to a co
tribution 1/L5. Each classical distribution function gives
factor 1/L as well.
10500
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The other energy denominators require a bit more ca
All energy denominators between the curly brackets con
three large energies that will generically not cancel, as in
case of the setting sun diagram. These therefore contri
with a factor 1/L. The two energy denominators in the fir
line may produce a ‘‘soft’’ energy denominator for specifi
combinations of the sign factors, namely fors352s8, and
s252s. For example, the first denominator may give

1

p01s8~vk82vp2k8!
;

1

p01s8k̂•p
;L0, ~3.7!

similar to what happens in the one-loop case. This gives
four possibilities: both energy denominators produce a s
contribution, only one of them is soft and the other is ha
or both are hard. Putting all these estimates together,
obtain in the first case, with two soft denominators, the na
result P i j ,cl

(b) (P);L6L4L25L22L21;L2, which is a qua-
dratic divergence. With one soft denominator we fi
P i j ,cl

(b) (P);L, a linear divergence, and with two hard cont
butions P i j ,cl

(b) (P);L0, the expected logarithmic behavio
However, from the general argument we expect a logar
mic divergence only.
2-6
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The reason for this mismatch is that this naive pow
counting does not treat the distribution functions correctly
the one-loop~HTL! case, often differences of statistical fa
tors appear. In the classical theory, these lead to a diffe
ultraviolet behavior and hence change the power count
Therefore we take a closer look at the two-loop diagram
see whether a similar thing occurs here as well. We den
the ~naively! quadratically divergent piece, withs352s8

and s252s, with P̃ i j ,cl
(b) (P). To re-estimate the divergenc

we put the external momentum in the energy denomina
u
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with three large loop-energies@i.e. in the second, third, and
fourth lines of Eq.~3.5!# equal to zero, since for generic larg
k,k8 the denominator does not vanish.6 Taking the external
momentum equal to zero can in fact be seen as the ze
order term in an expansion in the external momentum. T
first order term, linear in the external momentum, is trea
in Appendix C. The naively quadratically divergent cont
bution can now be written, after flippings1 to 2s1 in the
term on the fourth line, as
P̃ i j ,cl
(b) ~P!5

1

2
~g2\!2E d3k

~2p!3E d3k8

~2p!3
~k! i j

4 (
ss8s1

s1

25vv8v1v2v3

1

p01s8~v82v3!

1

p01s~v2v2!

1

s8v82sv1s1v1

3@ncl~sv2!2ncl~sv!#@ncl~s8v3!2ncl~s8v8!#. ~3.8!
hat
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re
re-

oy
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ors
We redo the power counting forP̃ i j ,cl
(b) (P). The thing to no-

tice is that indeed two differences of two classical distrib
tion functions have appeared, and for hard loop-moment

@ncl~svp2k!2ncl~svk!#;2s~ k̂•p!ncl8 ~vk!;L22.
~3.9!

Both differences give one extra power of 1/L, compared to
the naive power counting employed before. The conclus
is therefore thatP̃ i j ,cl

(b) (P), instead of being quadratically di
vergent, is only superficially logarithmically divergent,
expected by the general argument.

Note that the classical limit of diagram~b! may contain a
linear divergence from a HTL~three-point! subdiagram. The
linear divergence occurs, e.g. in contribution~3.8!, whenever
(k) i j

4 ;k3k8 or (k) i j
4 ;kk83. However, at this stage we are n

interested in divergences caused by one-loop subdiagr
since we study only the superficial degree of divergence

Potentially, there are also superficial linear divergence
the classical limit of Eq.~3.5!. These are worked out in Ap
pendix C. In this appendix we also discuss the other s
energy contribution~c!, which is naively linearly divergen
as well. It turns out that they are all in fact logarithmical
divergent, in accordance with the general argument of
preceding section.

C. Higher-order vertex functions

We now extend the argument to general vertex functio
At zero-temperature we know that the degree of diverge
of a Feynman diagram decreases with the number of exte
lines. In a real-time classical theory at non-zero tempera
this is not the case. We already saw that the linear div
gences at one loop occur for diagrams with any numbe

6Again, the region where it does vanish is only a restricted par
phase space and is excluded in the argument for power counti
-

n

ms

in
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e

s.
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external gauge field lines. Therefore we do not expect t
the two-loop contributions to three- or higher-point functio
are finite.

To argue what happens for vertex functions with mo
loops, we use the real-time Feynman rules which are p
sented for scalar field theory in Appendix A1. We empl
Feynman rules in which two type of propagators appear,
temperature-independent retarded propagatorG0

R and the
thermal two-point functionS0 that contains the thermal dis
tribution. It is useful to recall here their explicit represent
tion

G0
R~K !5 (

s56

1

2vk

s

k01 i e1svk

,

S0~K !5 (
s56

ncl~svk!
2ps

2vk
d~k02svk!. ~3.10!

f
.

FIG. 2. Two-loop diagrams in the real-time formulation th
contribute in the classical limit. Full lines are thermal propagat
and dashed-full lines retarded propagators.
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Starting from the classical retarded self-energy withL loops
~and henceM5L thermal propagators!, generalized retarded
n-point functions withL loops can be obtained by addin
retarded Green functions in the loops, using the vertices~a!
and ~c! shown in Fig. 6 of Appendix A1. Note that therm
propagators cannot be added in the loops, since then
number of distribution functionsM is no longer equal to the
number of loops, which is required by the argument given
Sec. III A and is needed to have the cancellation of\ in the
classical diagrams. Note that this also implies that all in
grals over the zeroth components of the loop momenta
trivially be performed with the help of the on-shell del
functions in the thermal propagators. To continue, in the c
of a gauge theory, every additional~momentum-dependent!
three-point vertex gives an additional factorK ~we do not
need to be more specific for the power counting argum
presented below!. Hence the total effect of adding one exte
nal line using a three-point vertex is an additional factorK
times a retarded propagator

K

vk

s

k01 i e1svk

. ~3.11!

From the viewpoint of power counting, the first factor is
orderL0, and the second factor can be of orderL0 or 1/L,
depending on whether a soft or hard energy denomin
results, after the integrals over the on-shell delta function
the thermal propagators have been performed.

This leads us to give the following general argument:
the case that the propagator in Eq.~3.11! is soft, the addi-
tional external line will not change the degree of divergen
compared to the diagram without the additional line. On
other hand, when the energy denominator turns out to
hard, when the extra vertex is a 4-point vertex, or in sca
field theory, where the momentumK in the numerator is
absent, additional lines will always lower the degree of
vergence. Using the result for the two-point function, th
implies that higher-point vertex functions are superficia
logarithmically divergent by power counting~at two-loop! or
finite ~at higher-loop!.

FIG. 3. Two-loop diagram with three external lines.
he

n

-
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,
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-

There is one slight complication in this general argume
In the self-energy considered in the previous section,
logarithmic divergence was the result of a subtle cancella
between quadratically~and linearly! divergent contributions.
The question is whether this subtle cancellation is not spo
by adding an external line. Although a complete analysis
two-loop vertex functions is beyond the scope of this pap
we will check explicitly in one particular case that the ca
cellation indeed still occurs.

This analysis can be done most conveniently using
real-time Feynman rules of Appendix A. We start by pr
senting in Fig. 2 the classical two-loop contribution to t
self-energy~b! in the real-time formalism. The integral ove
the zeroth components of the loop momenta can easily
performed using the on-shell delta functions in the therm
propagators, and we have verified that this yields indeed
classical limit of Eq. ~3.5!, which was calculated in the
imaginary-time formalism, as expected.

We want to add one external line to obtain a diagram a
Fig. 3. In the case of the self-energy that we discussed in
previous section we found that the naively quadratically
vergent contribution~3.8! does not contain a distribution
function at energyv15vk2k8 . That means that in terms o
the real-time diagrams no diagram with a thermal propaga
on the line shared by the two loops contributes to Eq.~3.8!.
Hence we do not need to consider the addition of extra li
to the third and fourth diagram. Let us now see how
additional three-point vertex of type~a! in Fig. 6 and an
additional retarded Green function can be added to the
two diagrams in Fig. 2. It turns out that for each diagram~a!
and ~b! there are 14 possibilities to do this. A closer loo
however, reveals that not all diagrams are needed to esta
a cancellation of the naive quadratic divergence. For
ample, a combination of the two diagrams that are shown
Fig. 4 is sufficient to obtain a difference between distributi
functions that reduces the degree of divergence to a loga
mic one.

Indeed, the sum of the most divergent part of the d
grams in Fig. 4 yields

FIG. 4. Two-loop contributions to the classical 3-point vert
function in the real-time formalism that combined yield a logarit
mic degree of divergence.
G i jk ,cl
(a1b)5g5\2E d3k

~2p!3E d3k8

~2p!3
~k! i jk

5 (
ss8s1

ss1

26vk
3vk8

2 vk2k8

1

p1
01sp1• k̂

1

p2
01sp2• k̂

1

q02s8q• k̂8

1

s1vk2k82svk2s8vk8

3@ncl~svp12k!2ncl~svk!#@ncl~s8vq2k8!2ncl~s8vk8!#, ~3.12!
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with Q5P11P2. The factor (k) i jk
5 has been included to ac

count for the momentum insertions from the vertices in
SU(N) gauge theory, and the factor\2 arises from loop-
counting. We had to expand also the single energy deno
nators, such as 1/vp12k , in external momenta. Compared
the self-energy expression~3.8! the vertex function has on
extra factor~3.11! with a soft energy denominator as antic
pated. After power counting, taking into account~3.9!, we
may conclude that in this particular combination the addit
of one external line does not spoil the reduction from a q
dratic divergence to a logarithmic divergence.

It will be interesting to make explicit checks for othe
three-~and higher! point vertex functions with two loops a
well, but without a clever method to combine the differe
contributions this seems to be out of the question.

D. Other gauges

To verify the general argument in Sec. III A that two-loo
diagrams are logarithmically divergent, we have estimate
Secs. III B and III C the degree of divergence of some tw
loop diagrams in the Feynman gauge. Here we want to ar
that the estimates in the Feynman gauge extend to gen
Coulomb gauges@16#.

The gauge propagator in a general Coulomb gauge w
gauge parameteraC reads

Dmn5
1

K2
Tmn~k!1dm0dn0

1

k2
1aC

KmKn

k4
, ~3.13!

with the transverse projectorTi j (k)5d i j 2kikj /k2,T005T0i
5Ti050.

First we realize that the external momentum depende
in the transverse projector may be neglectedTmn(p2k)
;Tmn(k) when the integration momentumk is large. In the
power counting of a diagram we may estimateTmn;1, and
we see that a diagram with all transverse propagators ha
same degree of divergence as the same diagram in the F
man gauge. Since the 00-component and the gauge de
dent part of the propagator cannot give a soft denomin
like Eq. ~3.7!, we can also neglect the external momenta
these components, they are then estimated ask22. Therefore
diagrams containing these components of the propagator
not have a larger degree of divergence. We conclude tha
degree of divergence of a certain diagram is the same in
Feynman gauge and in a general Coulomb gauge. We s
that this does not necessarily imply that the logarithmica
divergent contribution is gauge independent as is the cas
the linear divergences, this remains a subject for furt
study.

Finally we like to remark that in general covariant gaug
it is not expected that individual diagrams obey the pow
counting of Sec. III A, but rather the sum of the diagram
with a certain number of loops.

IV. RENORMALIZATION

A. Scalar field theory

The general analysis given in the previous sections yie
the following result for a scalar field theory with
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Vint5E d3xS 1

3!
gf31

1

4!
lf4D ~4.1!

as interaction term: time-dependent classical scalar field
finite temperature is renormalizable.

To see this in more detail, let us start at one loop: first
all, the tadpole diagram, which is the only HTL in the qua
tum theory, is linearly divergent, as expected. But since t
divergence is trivially independent of the external mome
tum, it can be canceled with a mass counterterm@3,6#. The
self-energy correction with twof3 vertices is finite. This can
be seen in a number of ways: the general analysis reve
that in gauge theories such a diagram is linearly divergen
a scalar theory, the vertices are momentum independent
this brings down the superficial degree of divergence with
which makes the diagram is finite. In other words, it is no
HTL. It follows also from a explicit calculation@7#, where
the one-loop correction to the vertex function in alf4

theory was studied, which is equal to the one-loop se
energy we are discussing now. It was found there that
classical result is the leading order term in a high tempe
ture expansion in the quantum theory. Finally, in the qu
tum theory one-loop contributions to highern-point func-
tions are no HTL’s either, therefore these diagrams will
ultraviolet finite in the classical limit. The reason is that t
extra retarded Green functions that appear in the loop b
down the superficial degree of divergence with at least o
and this cannot be compensated by momentum-depen
vertices as in the gauge theory.

At two loop, the setting sun contribution to the se
energy is logarithmically divergent as expected from t
general analysis. This has been calculated explicitly in@6–8#.
However, it has been shown there that the divergent part
be isolated and is independent of the external momentum
frequency: again the divergence can be absorbed with a m
counterterm@6#. For the other contributions to the sel
energy that were discussed in detail in the previous sect
we note the following: in the gauge theory, diagram~b! con-
tains a power counting factor (k)4;L4 due to the
momentum-dependent vertices. In the scalar case this i
course absent. Hence the naive quadratically divergent c
tribution in the gauge theory is superficially finite in the sc
lar case, even without any need for subtle cancellations.
same is true for diagram~c!, here a power counting (k)2

;L2 is absent and the classical diagram is immediately
perficially finite as well. We conclude that for the two-loo
self-energy corrections~neglecting diagrams that contai
self-energy subdiagrams! the setting sun diagram is the on
diagram that is superficially divergent. The absence
momentum-dependent vertices also simplifies the analys
n-point vertex functions. It was argued in Sec. III C that t
superficial degree of divergence goes down at least by on
more retarded Green functions are added in the loops
scalar theory. This can be immediately applied here. T
complication in gauge theories, i.e. the requirement o
subtle cancellation, is not needed for the vertex functio
either, because even without the cancellations, the diagr
are superficially finite.
2-9
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Since the general analysis already shows that three lo
and higher are finite, we arrive at the conclusion formula
at the beginning of this section: classical scalar field the
at finite temperature can be renormalized with merely a m
renormalization. For more details on this and on e.g.
choice of finite parts, see@7#.

We would like to stress that the analysis has been lim
to simple correlation functions, as discussed above. O
quantities, such as transport coefficients like the visco
@38#, which require expectation values of composite ope
tors @39#, are not covered here.

B. One-loop renormalization in SU„N… theory

In Sec. II we have seen that the divergences at one-l
are given by the classical HTL’s. Below we will prese
counterterms for these one-loop divergences.

Since we are interested in a classical theory it is appro
ate to consider the equations of motion

dAm
S5@Dn ,Fnm#5d j m, ~4.2!

with the covariant derivativeDn5]n1 igAn , and the field
strength Fnm5]nAm2]mAn1 ig@Am,Am#. The sourced j m

consist of a finite renormalization and a divergent part. W
write

d j m5 j fin
m 2 j div

m . ~4.3!

The divergent sourcej div
m has to be chosen such that it ca

cels the linear divergences@3#. The identification of the lin-
ear divergences as classical HTL’s then implies that the
vergent source must equal the classical HTL induced sou
j div
m 5 j HTL,cl

m . We take the finite renormalization such that t
classical theory~4.2! is consistent with the quantum result
This can be seen as the real-time analog of matching
ployed in static dimensional reduction and the construct
of effective 3-dimensional theories@41#. Therefore, the finite
renormalization should equal the quantum HTL’s:j fin

m

5 j HTL
m . In a ~classical! perturbative expansion this renorma

ization prescription means that any classical HTL~sub!dia-
gram is replaced by the corresponding quantum HTL d
gram.

The HTL effective action is non-local, but the introdu
tion of an auxiliary field allows for a local formulation of th
HTL equations of motion@40#. The sources then read

j fin
m 5 j HTL

m 52g2\NE d3k

~2p!3
n8~vk!vmW~x,v!,

j div
m 5 j HTL,cl

m 52g2\NE d3k

~2p!3
ncl8 ~vk!vmW~x,v!,

~4.4!

with the velocity vm5(1,v) and v5 k̂. The velocity-
dependent auxiliary fieldW(x,v) satisfies the equation

@vmDm,W~x,v!#5v•E~x!, ~4.5!
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with E the ~chromo-!electric field.
From Eq.~4.4! we see that the two sources can be co

bined into one expression

d j m52g2\NE d3k

~2p!3
@n8~vk!2ncl8 ~vk!#vmW~x,v!.

~4.6!

As usual in the HTL approximation the radial integration c
be performed independently, which yields

d j m53dv2E dV

4p
vmW~x,v!, ~4.7!

with the linearly divergent coefficient@42,20#

dv25vpl
2 2vpl,cl

2 ~4.8!

~see Sec. II A!. We see that the whole set of non-local line
divergent vertex functions can be renormalized by the adj
ment of one parameter. This is a special feature of the c
tinuum HTL’s. On a lattice the counterterms are more co
plicated @3,5,31#, since the lattice breaks rotationa
invariance and the velocity on the lattice is not equal to
speed of light. The effective theory with continuum-lik
counterterms~4.7!, ~4.8! has been studied numerically i
@23#. An important observation is that the equations~4.2!,
~4.5!, ~4.7!, ~4.8! have conserved energy@40#, such that a
thermal average over initial fields can be defined and
equations are a part of a proper classical statistical the
Furthermore, it is well known that in the classical theo
only the combinationg2T appears and\ is absent. However
since vpl

2 }g2T2/\, T/\ is introduced as an independen
non-trivial scale in the effective theory described above.

That no linear divergences occur in retarded vertex fu
tions calculated with the classical theory~4.2!, ~4.5!, ~4.7!,
~4.8!, can be seen by introducing a background field a
integrating out the classical fields. This generates in the H
approximation the classical induced source which is p
cisely what is subtracted on the right-hand side of Eq.~4.2!.
It would be nice to see in a perturbative calculation that th
counterterms are sufficient to absorb the linear~sub!diver-
gences in~superficial logarithmically divergent! two-loop
diagrams, but this has not been attempted here.

V. CONCLUSION

Classical thermal field theories contain ultraviolet dive
gences. In an analysis of classical vertex functions, we fo
that at one-loop only linear divergences occur, which co
from classical HTL’s, i.e. the classical equivalences of t
HTL’s in the quantum theory. Furthermore we argued th
for n-point vertex functions with arbitraryn, the degree of
divergence decreases with the number of loops. This imp
that two-loop contributions are~superficially! logarithmically
divergent and higher loops are superficially finite. This m
be compared with static dimensional reduction, where
L-loop contribution to the self-energy has also a degree
divergence 22L. The difference is that in the static limi
higher-point vertex functions are less divergent than the s
2-10



ab
ne

nc
es
a
th

ha
cc
en
cu
ca
m

-
rm

b
.
c
m

y

an
ity
n
k.
b

in

ica
a
t

ts

nt
o

th
s-

t

ons
ed
c-

c-
o-

ly
ia-
the
r of
rly-

ot
ion
tion.
the
r
erm
, in
s
res

ve
ite

DIVERGENCES IN REAL-TIME CLASSICAL FIELD . . . PHYSICAL REVIEW D 61 105002
energy. Indeed, the static theory is a superrenormaliz
field theory and a finite number of counterterms, like a o
and two-loop mass counterterm, suffices.

The consequences of our findings are the following. Si
three and higher-loop diagrams are superficially finite, th
are infrared dominated. Therefore, they are in principle c
culable in the classical theory. The loophole is of course
possible occurrence of divergences in~one or two-loop! sub-
diagrams. To deal with these divergences, counterterms
to be introduced. In the scalar case the divergences o
only in the self-energy and are momentum independ
therefore a mass renormalization is sufficient to obtain a
off independent theory. This may be useful for a numeri
approach to time-dependent problems, such as the dyna
of the phase transition and/or topological defects in a~com-
plex! scalar field theory. In SU(N) gauge theories the diver
gences are momentum dependent, nevertheless a reno
ization of the plasmon frequency~4.8! takes care of the
linear divergences. Two-loop divergences cannot yet
handled, since we do not know what their precise form is
may be interesting to study them, not only for the introdu
tion of counterterms, but also to see if they have the sa
nice properties as the one-loop divergences~classical
HTL’s!, such as gauge invariance and a conserved energ
the effective theory.
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APPENDIX A: HOT, CLASSICAL FEYNMAN RULES

1. Scalar fields

In this appendix we discuss the construction of class
diagrams in perturbation theory, i.e. the classical Feynm
rules at finite temperature, in scalar field theory. In order
do this, we start by repeating some necessary ingredien
the approach that was introduced in@7#. For definiteness we
use a massive scalar field with massm, and interaction

Sint52E d4xS 1

3!
gf31

1

4!
lf4D . ~A1!

In classical perturbation theory, two type of two-poi
functions appear. A perturbative solution of the equations
motion,

~] t
22¹21m2!f5

dSint

df
, ~A2!

is constructed with the free retarded Green functionG0
R(x),

as
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f~x!5f0~x!1E d4x8 G0
R~x2x8!

dSint@f0#

df0~x8!
1•••,

~A3!

wheref0(x) is the solution of the unperturbed problem wi
some arbitrary initial conditions. Note that this yields expre
sions in which onlyf0’s are left over. The other two-poin
function specifies how to treat expectation values off0’s.
The free thermal propagatorS0(x) carries the thermal infor-
mation and is defined by

S0~x2x8!5^f0~x!f0~x8!&cl, free. ~A4!

The brackets denote the averaging over the initial conditi
weighted with the Boltzmann weight, for the unperturb
case@7#. In momentum space, the introduced two-point fun
tions read

G0
R~K !5

1

vk
22~k01 i e!2

5 (
s56

1

2vk

s

k01 i e1svk

,

~A5!

S0~K !5ncl~k0!e~k0!2pd~k0
22vk

2!

5 (
s56

ncl~svk!
1

2vk
2psd~k02svk!, ~A6!

ncl~k0!5
T

\k0
, vk5Ak21m2, e~k0!5u~k0!2u~2k0!.

~A7!

The ~free! retarded and~free! thermal two-point function are
related by the classical KMS condition@43,7#

iS0~K !5ncl~k0!@G0
R~K !2G0

A~K !#, ~A8!

whereG0
A(K)5G0

R(2K) is the free advanced Green fun
tion. Finally, classical loop integrals containing these tw
point functions arise from the spacetime integral~s! in Eq.
~A3!.

Explicitly solving the equations of motion perturbative
and making all possible contractions to find all possible d
grams becomes rather cumbersome at higher order in
coupling constants. Therefore we discuss in the remainde
this appendix a set of rules which are based on the unde
ing quantum perturbative approach.

The imaginary-time or Matsubara formalism, does n
lead to a close connection with the classical approximat
as described above at intermediate stages of a calcula
However, a useful observation, obtained using
imaginary-time formalism, is explained in Sec. III A. Afte
performing the Matsubara sums, every diagram has a t
which has as many distribution functions as loops. Hence
the classical limit\→0 these terms remain. Other term
have less distribution functions and go to zero. This ensu
us that the classical limit is non-trivial and exists.

A formalism which lies closer to the classical perturbati
approach is a variation on the real-time formulation of fin
temperature field theory, and uses the closed time path~CTP!
2-11
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method@44#. As is well known, the CTP method involves
contour in the complex-time plane that consists of t
branches, the upper branchC1 and the lower branchC2 that
runs back in time. This leads to a doubling of the fields, a
they are denoted asf1 ,f2 to indicate on which branch the
live. The propagator takes a matrix form,

G~x2x8!5S G11~x2x8! G12~x2x8!

G21~x2x8! G22~x2x8!
D , ~A9!

where the different superscripts specify the possible p
tions on and orderings along the contour. A conveni
variation is based on the Keldysh formalism, and is
‘‘center-of-mass’’ version. It uses a change of basis fro
f1,2 to f1,2

S f1

f2
D 5S ~f11f2!/2

f12f2
D , ~A10!

such that the~free! matrix propagator takes the form@7#

G(0)~x2x8!→S iF (0)~x2x8! G(0)
R ~x2x8!

G(0)
A ~x2x8! 0

D .

~A11!

Here the free retarded and advanced Green function
given in momentum space by the~classical! expression~A5!,
and the quantum thermal two-point function in momentu
space reads

F0~K !5 (
s56

Fn~svk!1
1

2G 1

2vk
2psd~k02svk!,

n~vk!5
1

exp~b\vk!21
, ~A12!

which is of course the quantum version of Eq.~A6!. Again
the ~free! retarded and thermal two-point functions are
lated by the KMS condition

iF 0~K !5n~k0!@G0
R~K !2G0

A~K !#. ~A13!

FIG. 5. Propagators~a! G0
R(K)5G0

A(2K), and~b! iF 0(K).

FIG. 6. Vertices ~a! (1/2)gf1
2f2, ~b! (1/4!)gf2

3, ~c!
(1/3!)lf1

3f2, and~d! (1/4!)lf1f2
3.
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Feynman rules appear when also the interaction part a
the closed time path contour is written in terms of thef1,2

fields @45#

Sint52E d4xS 1

3!
gf1

3 2
1

3!
gf2

3 1
1

4!
lf1

4 2
1

4!
lf2

4 D
52E d4xS 1

2
gf1

2f21
1

4!
gf2

31
1

3!
lf1

3f2

1
1

4!
lf1f2

3D . ~A14!

The rules are presented pictorially in Figs. 5 and 6. Thef1

field is denoted with a full line and thef2 field with a dashed
line. For the retarded and advanced Green functions,
necessary to specify the direction of the momentum fl
through the propagator, and this is indicated with the arro

The retarded self energy and the so-called generalized
tardedn-point vertex functions@45# have one dashed ‘‘leg’’
andn21 full ‘‘legs.’’ These are shown in Fig. 7. The arrow
denote again the momentum flow of the external momen

We now discuss the\→0 limit of these real-time quan
tum Feynman rules. This limit affects the diagrams in tw
ways. The first one is obvious, the thermal propagatorF0 has
to be replaced byS0. The second change leads to a dras
simplification: only the vertices~a! and~c! in Fig. 6 contrib-
ute in the classical limit, and the two other vertices~b! and
~d! can be neglected. This can be seen as follows: vertices~b!
and ~d! can only appear in a diagram with retarded~or ad-
vanced! Green functions attached to the three dashed le
After attaching these Green functions, the resulting ou
lines ~which either still have to be attached to another ver
or are external lines! are always full lines. However, such
configuration can be constructed as well with vertices~a! and
~c!: these vertices have two full legs where~b! resp.~d! have
two dashed legs. By attaching two thermal two-point fun
tions on these legs, the external lines are full as well, and
vertices can be part of a diagram in exactly the same man
But a classical thermal two-point function is proportional
1/\. Diagrams with vertex~a! or ~c! have two more therma
two-point functions than the corresponding diagrams w
vertex ~b! or ~d!. Hence, the first class of diagrams is rel
tively stronger in the classical limit with respect to the se

FIG. 7. ~a! Retarded self-energy;~b! generalized retarded
n-point vertex functions.
2-12
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ond class by a factor 1/\2.7 In other words, vertices~b! and
~d! will be O(\2) suppressed with respect to vertices~a! and
~c!.

We propose that classical Feynman rules follow from
quantum ones by taking\ to zero, which results in the fol
lowing ~simple! rules:

~1! Draw all diagrams as in the quantum case, but
only vertices~a! and ~c!.

~2! Replace the thermal propagatorF0 by its classical
counterpartS0.
An explicit check of these rules~by a comparison with the
results obtained by perturbatively solving the equations
motion and averaging over the initial conditions! can be
found for the case oflf4 theory for the two-point function
up to two loops and the four-point function to one loop
@7#.

2. Gauge invariant cutoff in the classical theory

We argue that in classical gauge theories it is possibl
introduce a~continuum! momentum cutoff without breaking
gauge invariance. The basic ingredient is the result of La
shoff and Rebhan@30# that in general linear gauges it
possible to formulate a~quantum! real-time theory in which
only the two physical degrees of freedom of the gauge fi
acquire a thermal part. This implies that a change in
distribution function

n~k0!→n~k0! f ~k/L!, ~A15!

with f some function, does not break gauge invariance.
troducing a cutoff in this way will not affect the Slavnov
Taylor identities. This has been employed in a Wilson ren
malization group approach to hot~quantum! SU(N) gauge
theories@46#.

If we take the classical limit of Eq.~A15! and choosef as
the step function, we get

ncl~k0!→ncl~k0!u~L2k!, ~A16!

which as Eq.~A15! does not break gauge invariance. It is f
instance straightforward to check that the HTL’s calcula
with distribution function~A16! satisfy the same Abelian
like Ward identities as usual. Finally we should remark th
the regularization~A16! is sufficient to render the theor
ultraviolet finite, since each loop introduces one distribut
function.8

7Negative powers of\ will of course be canceled by positiv
powers coming from loop counting.

8In the quantum theory the cutoff in Eq.~A15! acts only on ther-
mal fluctuations. A zero-temperature regularization and renorm
ization is still necessary to avoid divergences coming from the z
temperature quantum fluctuations.
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APPENDIX B: CLASSICAL ONE-LOOP SU (N)
SELF-ENERGY: EXPLICIT CALCULATION

We present in this appendix the calculation of the clas
cal self-energy in SU(N) gauge theory, in particular theP i i
part, in the Feynman gauge. The starting point is given
Eq. ~2.5! in the main text. After changing variables fromk
→2k2p in the part that is proportional toncl(vp1k), we
find

P i i ,cl
ab ~P!5dabg2NPcl~P!, ~B1!

with

Pcl~P!5E d3k

~2p!3

\ncl~vk!

vk

3H 61
Aii

~p01vk!22vp1k
2

1
Aii

~p02vk!22vp1k
2 J ,

~B2!

andAii 54k214k•p15p226p0
2. We have combined\ with

ncl(vk), which is an\-independent combination.
The angular integrations can be performed, and

Pcl~p0,p!5E dk
k\ncl~k!

p2

3H 11
p0

p
ln

p1

p2
2

k

2p
@L1~k!2L2~k!#J

2E dk
k\ncl~k!

8p2p
H 3p224p0

2

k
@L1~k!2L2~k!#

14p0@L1~k!1L2~k!#J . ~B3!

Motivated by Weldon@29#, we used here the notation

p65
1

2
~p06p!, L6~k!5 ln

k6p1

k6p2
. ~B4!

The result~B3! agrees with the expression obtained by W
don in the appendix of@29#, except of course that the distr
bution function is classical in our case.

The remaining radial integral in the first two lines of E
~B3! is linearly divergent. For the first two terms this is o
vious, and for the third term one can useL1(k)2L2(k)
52p/k1O(k23). In fact, the divergence in this term cance
against the first term. The integrals in the last two lines
convergent. To regulate the divergences, we use the distr
tion function with a momentum cutoff\ncl(k)5T/k u(L
2k). The final result requires the evaluation of four int
grals, which read~recall thatp0 contains a small positive
imaginary part!

l-
o-
2-13
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E dk k\ncl~k!5TL, ~B5!

E dk k2\ncl~k!@L1~k!2L2~k!#

5TS 2pL1
1

2
p ipp0D , ~B6!

E dk \ncl~k!@L1~k!2L2~k!#5Tp i ln
p1

p2
, ~B7!

E dk k\ncl~k!@L1~k!1L2~k!#52Tp ip. ~B8!

The second and fourth integrals are straightforward us
partial integration, and the third one can be performed
complex contour integration while being careful aroundk
50. Note that these integrals are much simpler than in
quantum case, because of the simplek dependence of the
classical distribution function.

Putting all the results together, we find for the classi
one-loop retarded self energy
10500
g
y

e

l

P i i ,cl
ab ~P!5Ndabg2FTL

p2

p0

p
ln

p1

p2

1
T

4p S ip02
3p224p0

2

2p
i ln

p1

p2
D G , ~B9!

which is presented in Eq.~2.9!.

APPENDIX C: TWO LOOP NAIVELY LINEAR
DIVERGENT CONTRIBUTIONS

1. Diagram b

In this appendix we give the results for the naively li
early divergent contributions to the classical two-loop se
energy. We start with the classical limit of the self-ener
diagram ~b! in Fig. 1, presented in Eq.~3.5!, and use the
shorthand notation of Eq.~3.6!. There are three naively lin
early divergent contributions and we shall denote these w
~b1!, ~b2!, and~b3!.

We start with contribution~b1!, obtained by takings3
5s8,s252s and setting the externalp0,p to zero in the
energy denominators with three loop-energies. We then
d to
ctions

-

e.
it of

ith
ussed in
P i j ,cl
(b1)~P!5

1

2
~g2\!2E d3k

~2p!3E d3k8

~2p!3
~k! i j

4 (
ss8s1

2s1

25vv8v1v2v3

1

p01s8~v81v3!

3
ncl~sv2!2ncl~sv!

p01s~v2v2!
Fncl~s1v1!2ncl~s8v3!

2s8v82sv1s1v1

2
ncl~s1v1!1ncl~s8v8!

s8v82sv1s1v1
G . ~C1!

The difference between distribution functions@ncl(svp2k)2ncl(svk)# reduces the degree of divergence by one compare
the naive estimate, which is from linear to logarithmic. Note that the other difference between distribution fun
@ncl(s1vk2k8)2ncl(s8vp2k8)#, does not reduce the degree of divergence any further, sincek is not a~small! external mo-
mentum, but is integrated over.

A similar contribution is obtained by takings25s ands352s8 and again settingp0,p50 in the same energy denomina
tors. We obtain

P i j ,cl
(b2)~P!5

1

2
~g2\!2E d3k

~2p!3E d3k8

~2p!3
~k! i j

4 (
ss8s1

2s1

25vv8v1v2v3

1

p01s8~v82v3!

3
ncl~s8v3!2ncl~s8v8!

p01s~v1v2!
F2

ncl~s1v1!1ncl~sv2!

s8v81sv1s1v1

1
ncl~s1v1!2ncl~sv!

s8v82sv1s1v1
G . ~C2!

Again a difference between distribution functions appears that reduces the degree of divergence to a logarithmic on
The third naively linearly divergent contribution to consider is of a different type. It is obtained from the classical lim

Eq. ~3.5! by settings52s2 ands852s3 and taking the linear term inp0,p in an expansion of the energy denominator w
v15vk2k8 . The zeroth order term in this expansion gives rise to a naively quadratic divergence and was already disc
the main text. The first-order term reads
2-14
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P i j ,cl
(b3)~P!5

1

2
~g2\!2E d3k

~2p!3E d3k8

~2p!3
~k! i j

4 (
ss8s1

2s1

25vv8v1v2v3

1

p01s8~v82v3!

1

p01s~v2v2!

1

~s8v82sv1s1v1!2

3$s8~p• k̂8!@ncl~sv2!2ncl~sv!#@ncl~s8v3!1ncl~s1v1!#2s~p• k̂!@ncl~s8v3!2ncl~s8v8!#@ncl~sv2!2ncl~s1v1!#

1p0ncl~s1v1!~@ncl~sv!2ncl~sv2!#1@ncl~s8v8!2ncl~s8v3!# !

1p0ncl~s1v1!@ncl~sv!ncl~s8v3!2ncl~sv2!ncl~s8v8!#%. ~C3!

We emphasize again that the region of phase space wheres8v82sv1s1v1 vanishes is excluded in this expansion. The fi
three terms between curly brackets all have a factor which is the difference between distribution functions. The fourth
different, but also here the factor with distribution functions vanishes when the external momentum is taken to zero~i.e. when
v2→v,v3→v8). Hence this factor contributes a powerL23 instead ofL22, and it brings down the degree of divergence. W
conclude that the degree of divergence is reduced from linear to logarithmic in contribution~b3! as well.

2. Diagram c

The final diagram that needs to be examined is diagram~c! in Fig. 1. The quantum expression is

P i j
(c)~P!5~g2\!2E d3k

~2p!3E d3k8

~2p!3
~k! i j

2 (
ss8s1s2

ss8s1s2

24vv8v1v2

1

p02sv2s2v2

3H 1

sv1s8v82s1v1

~@n~sv!11#@n~s8v8!11#n~s1v1!2n~sv!n~s8v8!@n~s1v1!11# !

1
1

p02s2v21s8v82s1v1

„@n~s8v8!11#n~s1v1!n~s2v2!2n~s8v8!@n~s1v1!11#@n~s2v2!11#…J , ~C4!

where in this casev15vp2k2k8 and we inserted (k) i j
2 to indicate the two powers of momentum that come from the t

three-point vertices.
We take the classical limit of Eq.~C4!. The contribution withs252s is naively linearly divergent, it reads

P̃ i j ,cl
(c) 5~g2\!2E d3k

~2p!3E d3k8

~2p!3
~k! i j

2 (
ss8s1

2s8s1

24vv8v1v2

1

p02sv1sv8

3
1

sv1s8v82s1vk1k8

@n~sv!2n~sv2!#@n~s1v1!2n~s8v8!#. ~C5!

Again the first difference between distribution functions reduces the degree of divergence to a logarithmic one.
-

E.
@1# D. Y. Grigoriev and V. A. Rubakov, Nucl. Phys.B299, 67
~1988!; D. Y. Grigoriev, V. A. Rubakov, and M. E. Shaposh
nikov, Phys. Lett. B216, 172 ~1989!.

@2# For recent reviews, see J. Smit, Nucl. Phys. B~Proc. Suppl.!
63, 89 ~1998!; G. D. Moore, inLattice ’99, Pisa, Italy, 1999,
hep-lat/9907009.
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@24# D. Bödeker, Phys. Lett. B426, 351 ~1998!.
@25# P. Arnold, D. T. Son, and L. G. Yaffe, Phys. Rev. D59,

105020~1999!.
@26# G. D. Moore, hep-ph/9810313.
@27# D. F. Litim and C. Manuel, Phys. Rev. Lett.82, 4981~1999!;

Nucl. Phys.B562, 237 ~1999!.
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