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The classical approximation provides a non-perturbative approach to time-dependent problems in finite
temperature field theory. We study the divergences in hot classical field theory perturbatively. At one loop, we
show that the linear divergences are completely determined by the classical equivalent of the hard thermal
loops in hot quantum field theories, and that logarithmic divergences are absent. To deal with higher-loop
diagrams, we present a general argument that the superficial degree of divergence of classical vertex functions
decreases by one with each additional loop: one-loop contributions are superficially linearly divergent, two-
loop contributions are superficially logarithmically divergent, and three- and higher-loop contributions are
superficially finite. We verify this for two-loop SW) self-energy diagrams in Feynman and Coulomb gauges.

We argue that hot, classical scalar field theory may be completely renormalized bynhacal counterterms,
and discuss renormalization of SN gauge theories.

PACS numbds): 11.10.Wx, 11.15.Kc

I. INTRODUCTION a direct reflection of the divergences of the classical theory.

The classical approximatiofil] is a useful tool for the The general strategy to improve the effective theory is to
study of infrared properties of quantum fields at high tem-include counterterms that reduce the cutoff dependence. In
perature[2—9], which may be applied to calculate non- particular, if a complete set of counterterms can be specified,
perturbative phenomena such as the Chern-Simons diffusioe cutoff may be sent to infinity and the theory is renormal-
rate[10—-17 (relevant for theories of baryogene$is3]) and  ized. It is clear that a knowledge of the divergences is nec-
the dynamics of the electroweak phase transifibd], as  essary to determine the appropriate counterterms. We will
well as real-time(plasmon properties of hot non-Abelian assume that these divergences will be tractable in perturba-
gauge theoriegl5]. The classical theory is expected to be ation theory.
good approximation at low-energy because the classical limit |n the case of a ¢* scalar field theory the divergences
f—0 and the low-energy limit of the Bose-Einstein distri- have been studied in classical perturbation theory for the

bution functionn yield the same result: two-point function up to two loops and the four-point func-
1 1 tion up to one loog6-8§|. It was found that the one-loop
N(wy) = ho<T, respectively two-loop correction to the self-energy is linearly

- =ng(wy),
exp(Bhoy)—1  Bhoy ° respectively logarithmically divergent, and that the one-loop

(1D correction to the four-point function is finitd7]. In
where v, = \/EZ is the frequency at wave-numbkrand 8 (3+1)-dimensional gauge theories on the other hand, the
=1/T the inverse temperature. Classical correlation funcattention has mainly been restricted to the classical equiva-
tions are determined by a set of field equations in Minkowskient of the quantum hard thermal lodpiTL) expressions
space and a thermal average over the initial fields at somid6—18, which introduce linear divergences in the classical
(arbitrary initial time. In perturbation theory, classical ver- theory[3—5]. Numerical studies using a HTL improved ef-
tex functions can be obtained by taking the lirnit>0 of the  fective theory[3,19,2Q can be found if21-23. An analy-
quantum expressions, which amounts to the replacemefs of the divergences in the classical theory that goes be-
(1.1) of the Bose-Einstein distribution function by the clas- yond the HTL limit at one loop, or to higher loops, has not
sical distribution function. The resultinty's in the denomi-  Yet been performed for gauge theories. Our aim in this paper
nator are compensated by a positive powerfits arising is therefore to give a more complete analysis of the diver-
from the loop counting of the diagrams under considerationgence structure of hot, real-time classical field theory.
such that in the classical limit a non-trivial expressiand A different kind of effectively classical theory beyond the
loops remain. HTL regime was constructed i{i24], by integrating out the

The replacement(1.1) is a good approximation for scalesT andgT in a leading log approximation. It takes the
infrared-dominated diagrams, but it changes the ultravioleform of a Langevin equation and is free from ultraviolet
behavior of the theory and introduces classitRéyleigh-  divergence$25]. For a numerical implementation, sgz6].*
Jeans-typedivergences. When the classical theory is consid-
ered as a low-energy effective theory, these divergences can
be regularized by introducing a cutoff of the order of the 1Tnhjs effective theory has been rederived with the help of classical
temperatureA ~T/%. Since in a weakly coupled theory the transport theory, using the concept of classical colored point par-
temperature is large compared to dynamically generated efiicles[27]. It should be clear that we study classical fields instead of
ergy scales such agT, the resulting cutoff dependences are classical particles.
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However, our focus in this paper is on classical Yang-Mills The classical self-energy corresponding to &ql) is ob-
theory as it stands, without any further integrating out totained by taking thé — 0 limit, before the integration ovée
construct an effective theory. is performed. This simply amounts to replacing the Bose-
We shall argue that both in SN gauge theory and in Einstein distribution function by the classical distribution
scalar field theory withp® and ¢* interaction terms the di- function, as in Eq.(1.1). The classical self-energy is non-
vergences are restricted to one- and two-léeydydiagrams.  vanishing, since thé in the prefactor of Eq(2.1) is com-
It will be shown that classical one-loop diagrams that corre-pensated by thé in the denominator of the classical distri-
spond to HTL'’s in the quantum theory lead to linear diver-bution function. The resulting radial integral is linearly
gences, while other one-loop diagrams are finite in the clasdivergent and to handle this we introduce a cut-off in the
sical theory. Also we present a general argument that twoelassical distribution functionng(wy)— Ng(wy) O(A —K).
loop diagrams can at most give logarithmic divergencesThis particular way of introducing a momentum cutoff in
This is explicitly verified for two-loop self-energy correc- loop integrals does not lead to problems with gauge invari-
tions in SUN) and scalar theories. ance, which can be most easily understood from the gauge
The paper is organized as follows. Classical one-loop diapropagator of Landshoff and Rebhi@0] and is explained in
grams are analyzed in the next section, and diagrams witAppendix A 2. The result is a linearly divergent classical
two loops and more in Sec. lll. In Sec. IV the possibility of plasmon frequency
absorbing the divergences with counterterms is discussed.
The final section contains the conclusions. Throughout the
paper expressions for classical diagrams are obtained by tak-
ing the—0 limit in the quantum expressions. The validity
of this is discussed in more detail in Appendix A, where a set

of classical Feynman rules is presented for hot scalar fields. ]
The relation between the quantum plasmon frequggcy)

and the classical analog(2.4) is that the Bose-Einstein dis-

Il. ONE LOOP tribution function effectively introduces a cutoff of the order
of the temperature on the integration,~T/%. Since the
] ) ) angular integration is completely decoupled, the dependence

The one-loop linear divergences of the classical theory arg, the external momenta of the linearly divergent contribu-
closely related to théquantum hard thermal loops discov- o to the classical self-energy and HTL self-energy are
ered by Braaten and Pisargli6] (see alsd17,28,29). For equal® All of this is well known[3,4].
instance, the divergent part of the classical self-energy in "arq thermal loops are the leading contributions to vertex
SU(N) gauge theory can be obtained as the classical limit of,nctions for soft external momentp®|,p~gT. Power
the HTL self-energy3,4]. To be specific, the spatial part of ¢oynting reveals that one-loop diagrams, with any number of

2 2 2
wpl,C|:3 Zg NTA. (24)
o

A. Linear divergences: classical HTL's

the retarded HTL self-energy redds external gauge fields, contain a HTL contribution. The fact
K 0 that the external momenta are small compared to the internal
T P tumk~T allows for several simplifications in the
Hab (P :_2§ab ZﬁNJ' k.kin' _ , momen.u p .
HrLij(P) g w3 (wk)po— calculation of HTL's. As a result all HTL'’s are proportional

(2.  to the plasmon frequency squareti3d) [16,18].
Divergences in classical field theories have a similar be-

where here and in the following the external frequep8ys havior, since here also the internal momektaA are much

taken real with a small imaginary part to obtain the retardedarger than the external momenta. In fact, all classical HTL's
self-energy, i.e.p°=Re(p° +ie, and have the proportionality factd2.4). Therefore, all classical

HTL's are linearly divergent.
Other one-loop contributions in the quantum theory are

(2.2 smaller by a factop/k~p/T. In the classical limit these

subleading contributions give a factpfk~p/A, which re-

duces the degree of divergence. Therefore we may conclude
As usual in the HTL approximation, the radial and angularthat all linear divergences at one loop are given by the clas-
integration decouple and the radial integration determines theical HTL's.
plasmon frequency

dn(wy)
V(o= T

B. No logarithmic divergences

o0 2
wi=— izgthJ dk kn’ (k)= EQZNT__ (2.3 Next we will argue that there are no logarithmic diver-
37 0 9 h gences at one-loop in the classical theory. First, we discuss
one particular example in SBI) gauge theory explicitly,

2Loop momenta will generically be denoted with= (k° k) and
external momenta wittP = (p°,p). FurthermoreK?= —kj+k?, k 3At least with a(perturbativé continuumlike regularization as em-
=|k|=wy, andk=k/k. ployed here. On a spatial lattice, this is not the d&6,31.
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which is the spatial part of the self-energy in the Feynman gauge. A convenient starting point is the expression in the quantum
theory, which reads

ab - d3k 2n(wy)+1 A;j 1
I5°(P) = 6*"g th 31 9ij ~2 [n(w) +n(wps) +1]] = -
(27) Wy Wy Wp+k p +wk+wp+k P~ wy— wpik
1 1
+[n(wk)—n<wp+k>]{ 5 - ] 2.5
P —wytwpik P o= wpik

with
1 5
Aijj ———2[8kikj+5pikj+3kipj+4(p —Po)gij — 2piPj]- (2.6

This diagram contains of course the HTL self-ene{@yl). As before, the classical expression is obtained by taking zero.
The non-thermal contributions from the “1” ’s in the first line vanish7agoes to zero.

From the previous section we know that contributions to the self-en@:gyare at most linearly divergent. The classical
limit of the momentum-independent tadpole-like contribution in the first line is indeed linearly divergent. For the contribution
proportlonal toA;;, it implies that the contributions bilinear in the external momenta, i.e. the terms proportiopgd; tor
p 5” , can only give ultraviolet finite contributions, and that the terms linear in the external moiemte proportional to

kip; or pik;) may give logarithmic divergences. The contributions proportionakp may contain logarithmic divergences
besides the linearly divergent contributions as well.

To obtain the linearly and logarithmically divergent contributions we expand the integrankl, isolthat we can estimate
the ultraviolet behavior of the integrand by power counting. The first contribution proportiodg] teads

1

1 3
[ncl(wk)+ncl(wp+k)] - cl(k) cl(k)

0 0
P totowpik P ok wpik

+0w44
(2.7

The first term on the right-hand side, wif; «k;k; , is part of the HTL contribution. The second term between curly brackets,
and the first term withA;; «<pk; ,kip; , contam the contributions proportional t0 3, and these may give a logarithmic

divergence after integration. However, it turns out that these contributions are odd under the transfokmatidnand
therefore they vanish upon integration. The other terms, including those indicate@ittt), are ultraviolet finite by power
counting.

Similarly, the other contribution can be expanded, and after some algebra it can be written as

A 2 1
kz[ nei(k)+ (p-K) |

4(ukwp

A 1
—— [n(w) —n(w -
4wkwp+k[ ot ID+k)]L30_wk+“’p+k p°+wk—wp+k
Aij 2p|2 ~ 1 ~ pz_(p'l’(\)z _
=—= —5———{ (p-kni(k)+ 5 -k2”k— k K)2—p3 ——= |+ Ok . 2.8
¢ 7 (p | (PN (P RPG0 — k) (prk)*=pf o e rO . (29
|
The first term on the second line, again wm]ock ki, and the vertex functions under parit?) and time reversal

part of the HTL contribution, and is proportional ko 2. The (T). The spatial part of the self-energy discussed here is in-
other terms contain a contribution proportionakto®, which  variant underp— —p, and p°— —p° in combination with
after integration could yield a logarithmic divergence. How-complex conjugatiofii.e. p°+ie— — (p°+ie€) in Eq. (2.5].
ever, just as in the previous case these contributions are odthe point is that the expansion inklturns out to be an
under the transformatiok— —k and they vanish upon inte- expansion in PT odddimensionlessfunctions ofp® andp.
gration. The remaining terms are ultraviolet finite. Since the linearly divergent HTL contributions to the self-
Therefore, we conclude that there is no logarithmic diver-energy are even under P and T, the logarithmically divergent
gence in the spatial part of the retarded classical self-energgontributions are odd and should therefore vanish. This ar-
in the Feynman gauge. In a similar manner, we have alsgument extends to the temporal part of the self-energy as
verified that the spatial part of the three-point vertex containsvell as to other vertex functions.
no logarithmic divergences. Finally we would like to remark that the vanishing of
The reason for the vanishing of possible logarithmicallylogarithmic divergences holds in general Coulomb or cova-
divergent contributions lies in the behavior of the self-energyriant gauges, since the corresponding gauge fixing term does
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not break PT invariance, and the same argument can be aphereu is the renormalization scale. The term proportional
plied. to T2 is the HTL part, which turns into the linearly divergent
term whenz—0, and the second term in this expansion is

C. Classical self-energy: explicit result the finite term in the classical theory. All the other terms

. . vanish whem, —0.
The analysis presented above is useful for a general un- -

derstanding. However, in some cases it is possible to actually
calculate the loop integrals and avoid an expansion kn 1/
Here we give one of those explicit results in $(theory. A. Degree of divergence

We calculate the diagonali() part of the classical one-
loop retarded self-energy in the Feynman gauge in Appendi
B, and the result reads

[ll. TWO LOOP AND BEYOND

In this section we study the degree of divergence of
ﬁigher-loop diagrams in the classical theory. In the first part
we shall argue that the superficial degree of divergence of the
self-energy decreases by one with each loop, starting with

0 0
Hﬁbm(P):gangN Ep_lnp gl the one-loop linear divergence. Then we will check this
’ m P p’—p statement explicitly for a number of diagrams. We shall ar-
307 4p? 0 gue that the same is true for classical vertex functions in Sec.
L P™—4Po. + .
+—1 ip°— O|Inp P . (2.9 e .
4 2p p’—p To make the argument for the self-energy, we start with

the following basic assumption: in the high-temperature limit
The real and imaginary parts can be obtained in the usudhe retarded self-energy in the quantum theory scales accord-
way, using ing to its dimension, i.e., the quantum retarded gluon self-
energy behaves as

0
J’_ e ~
EO—E; im6(p?-pd). (210 I,,(P)=T2,,,(pp,p,g) + T2O(PIT), (3.9

p°+p
In =

In
p°—p

_ . _ _ _ for high temperatures, fixed external momentum and fre-

The linear divergence is precisely the equivalent of thequency, and a renormalization scale of the order of the tem-
hard thermal loop contribution, which follows from the re- peratureu~T. This assumption consists of two parts: The
pIacementTA/w2—>T_2/(6ﬁ).. The finite terms are exactly contribution of diagrams with hard momenka~T on all
equal to the terms linear ifi that are obtained in a high internal lines gives 2 contribution to the self-energy. Con-
temperature expansion in the quantum theory, as can hgbutions that are excluded in Eq3.1) are of the form
checked explicitly[29,32.* There are no other terms. The g°-T2(T/P)™ for m>0 and withL indicating the number of
p°—0 limit equals the well-known result from the quantum |oops. Forfixed external momenta and high temperatures

theory in the Feynman gauga3] such terms become larger than the one-ljpL) contribu-
tion g2T?2, so they invalidate a loop expansion. Therefore the
T2 (0p)= — ybgzNE 2.11) assumed absence of these contributions can be re-expressed
i, et = 8 ' by saying that we assume that hard modes are perturbative.

The other part of the assumption is that also diagrams with

Note that in this limit the leading-ordggauge-dependent soft internal momenta give & contribution. This relies on
behavior is completely determined by classical physics. Fothe belief that infrared divergences are controlled by induced
soft momentaP~gT it is known that the quantum self- masses, which are proportional to the temperature, such as
energy should be calculated with HTL resummed propagathe electric and magnetic masses in Sly(gauge theories.
tors and vertices; for the classical approximation to be valid Let us then consider a classical contribution to the self-
in this case the HTL's should be in tfithen effective clas-  energy containingV distribution functions. To be able to
sical theory. compare the degree of divergence of such a contribution with

To conclude the one-loop analysis, the above describethe quantum expression, we regard the temperature in the
situation can be understood also directly by keegirig the  quantum self-energy as a particular ultraviolet cutoff, and
high-temperature expression of the quantum theory. Thesing the assumptiof3.1) we count the degree of diver-

high-temperature expansion then has the 626,32 gence as 2. Since every classical distribution function gives
rise to an extra energy in the denominator when compared to
T2 the quantum diagramthe classical contribution to the self-

I5%(P) = 62PN 7 H-a(P)+TIIo(P) energy withM distribution functions has then a superficial

degree of divergence-2M.

T 73
+ ( ﬁlnm)HmQ(P)—i—hHl(P)—i—(’) ;) , (2.12
SIn the ultraviolet regime of a loop integral the quantBose
distribution function can be approximated as expfiw and acts as
a cutoff function. On the other hand, the classical distribution func-
4Up to some typographic errors. tion remains proportional to &.
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FIG. 1. Two-loop diagrams.
The setting sun diagranie) and
diagram(b) are discussed in Sec.
Il B, and diagram(c) is treated in
Appendix C.

To complete the argument, we now use that the number dbops, remains and the number of classical distribution func-
distribution functionsM can be related to the number of tions M in a given diagram is counted by the number of
loopsL in the following mannef34,35. One way to obtain loops, M=L. Note that this applies not only to the self-
the retarded self-energy is by using the imaginary-time oenergy diagrams but to vertex functions as well. It follows
Matsubara formalisni36,18. One first performs the sums then that the superficial degree of divergence of a classical
over the discrete loop frequencies and then analytically condiagram is given by 2 L, such that the classical one-loop
tinues the external frequencies to real values with a smaltontribution to the self-energy is superficially linearly diver-
positive part to incorporate the appropriate retarded boundgent, the two-loop contribution is superficially logarithmi-
ary conditions. In the imaginary-time formalism the numbercally divergent, and higher-loop contributions are superfi-
of loops equals the number of Matsubara frequency summazially finite.
tions. Using the method of contour integration to perform

these sums, each sum gives rise to one “coth” function, B. Two-loop self-energy diagrams
either with positive or negative energy. Explicitly, each sum )
gives a factoi34,35 We now want to verify the general argument of the pre-

vious section for the two-loop self-energy diagrams appear-
ing in SU(N) and scalar field theory. We do not discuss
n(w)+§ , S=*. diagrams which have a one-loop self-energy subdiagram
(3.2 (and hence also a linear subdivergendmit we concentrate
on the two-loop diagrams as shown in Fig. 1. Furthermore,
Hence, the resulting expressions are of the form of spatiadince we are only interested in the structure of ultraviolet
momentum integrals over Bose-Einstein distribution func-divergences, i.e. in power counting, we do not need to make
tions, where the number of distribution functions is equal toa distinction between gauge field propagators in the Feyn-
or less than the numbers of loops. The classical limit canman gauge and ghost propagators in the loops.
now be taken by replacing(w) + 3 — T/(% ), such that the Let us, as a first relatively simple example, take the two-
#i’s counting the loops cancel against thei's/ from the loop setting-sun contributiofe) to the retarded self-energy
distribution functions. After taking the classical limit, only as it appears i ¢* theory (with A =g?) and SUN) gauge
the leading term, which has as many distribution functions asheory. It reads

1 shw B 1 B
ECOth_ZT =n(sw)+ E_S

d3k f d3k’ ss's; 1
(

1
1OP) =5 (g2 PEE

2)3 ss's, 23wkwk/wk1 p°+ swy+ S’a)k/+slwkl

X{[1+n(sw) J[1+n(s" ) [[1+N(s10k ) ] N(Sw)n(s' o )n(s o )}, 3.3

wherewy, = wp_—ks, and the sum is over aff's being +.
Note that the product of three distribution functions drops out. It is then clear that the classical limit (& 3g.

d3k j d3k’ 1 1 T? o T? . T? 3.4
S S S ) .
(2m)° '

1
H(?><P>=—g4f
¢ 6 (27T)3 SS/Sl 23wkwk/wk1 p0+ ka+ S'wk,-l-slwkl Wy Wy wkwkl wk,mkl

contains products of two classical distribution functions, in accordance with the statement that the number of loops equals the
number of distribution functions. We now estimate the degree of divergence by power counting and take the loop momenta
k,k’~A. The integral measures give two contributions\ 3, and all single energy denominatorsvlgive a factor 1A. The

energy denominator that contaip® will produce, for generic large loop momerig’, a hard energy denominaterl/A. It

can only produce a soft energy denominator when there is a cancellation, which is in the special daserthatdepending

on the signs o§,s’ ands; [16]. However, for these special configurations the integral over phase space is restricted so that this
will not alter the degree of divergence. We will use this estimate for energy denominators with three hard ¢b@rgielsw

as well.

105002-5



GERT AARTS, BERT-JAN NAUTA, AND CHRIS G. VAN WEERT PHYSICAL REVIEW [¥1 105002

By power counting we therefore establish that this contribution is logarithmically divergent, as expected. This is also the
result obtained if6—8|, where the classical setting sun diagram was analyzed in detail and it was shown that in fact the
logarithmic divergence can be separated and is independent of the external momentum and frequency.

It should be noted that the setting sun diagr@®s well as the diagrams discussed belgantains an infrared divergence
for vanishing external momentuf87]. For massless ¢* theory, this can be cured by resumming the effective thermal mass,
arising from the one-loop tadpole diagram. This has only an effect on the soft infrared modes, and does not interfere with the
ultraviolet behavior of the classical diagram we investigated above.

The next example we treat is the two-loop diagréonin Fig. 1, which appears in SB() and in scalarp® theory. This
particular diagram is more delicate, and it is instructive to carry out the procedure described above in detail. We will verify
explicitly that in SUN) theory (the spatial part 9fthis diagram is logarithmically divergent in the Feynman gauge.

Since we are only interested in the degree of divergence of the diagram, we may ignore the color and Lorentz structure of
the diagram. To indicate the momentum-dependence of the four vertices in the gauge theory, we will insert h)fp\cﬂ'dre(
precise form of the momentum insertions is unimportant for the power counting.

We have found it convenient to calculate this diagram in the imaginary-time formalism, and after performing the sums over
the Matsubara frequencies, the diagram can be written as

k d3k’ 55's,S,5 1 1
(277)3] AL =

(2m)° 55515553 2500 wiwywz PP+S ' +S3w3 PO+ sw+S,w,

mPe) =5 (a2

{ Sywat Sywat S10; ([n(sy@1) +1][N(Sp07) + 1IN(S3w3) — N(S101)N(Spw,)[N(Szw3) +1])

1
T+ ([n(szw3) +1][n(sw)+1]n(s;w1) —N(Szwz)N(sw)[N(Sw1) +1])
p +S3w3+Sw—Slw1

PN ([n(s’@") +1][N(Sw5) + 1]N(S1001) = N(S" @ )N(Syw5)[N(S101) +1])
p+s w +Sw,—Sw;

+ ;([n(slwl)-l-1][n(S’w’)+1]n(Sw)—n(Slwl)n(S'w’)[n(Sw)-l—l]) , (3.5
S'w' —sw+Sswq

where we have used the shorthand notation The other energy denominators require a bit more care.
All energy denominators between the curly brackets contain
w=wg, O =g, V=0, ©=op g, three large energies that will generically not cancel, as in the

case of the setting sun diagram. These therefore contribute
(3.6) with a factor 1A. The two energy denominators in the first
' line may produce a “soft” energy denominator for specific

h . Il sian f . in th combinations of the sign factors, namely &= —s’, and
and the sum is over all sign factoss-+1. Again the prod- ¢ _ _ g For example, the first denominator may give
ucts of three distribution functions drop out. The correspond-

ing classical integrall{),(P) may be obtained by taking the

w3=wp_k, y

fi—0 limit, which amounts to neglecting the constants and ! ~ ! — ~ A9, (3.7
single distribution functions and replacing all distribution p0+s/(0)k’_wpfk’) p°+s’k-p

functions that appear in products of two by classical distri-

bution functions. similar to what happens in the one-loop case. This gives us

We will now consider the largk,k’ ~ A behavior of the four possibilities: both energy denominators produce a soft
classical diagram as we did for the setting sun diagram, bgontribution, only one of them is soft and the other is hard,
looking at the various factors if{{’,(P) and naively com- or both are hard. Putting all these estimates together, we
bine those to obtain an indication for its degree of diver-obtain in the first case, with two soft denominators, the naive
gence. First of all, each integration measure contributegesult TI{’(P)~APA*A"5A~2A~1~A2, which is a qua-
d®k~A® and the factor K)j} is proportional toA*. Each of ~ dratic divergence. With one soft denominator we find
the energies in the first denominator on the first line gives aU,J C|(P)~A a linear divergence, and with two hard contri-
contribution 1~ 1/A, such that this factor leads to a con- butions IT{’,(P)~A°, the expected logarithmic behavior.
tribution 1/A°. Each classical distribution function gives a However, from the general argument we expect a logarith-
factor 1A as well. mic divergence only.

105002-6



DIVERGENCES IN REAL-TIME CLASSICAL FIELD . .. PHYSICAL REVIEW D 61 105002

The reason for this mismatch is that this naive powerwith three large loop-energidse. in the second, third, and
counting does not treat the distribution functions correctly. Infourth lines of Eq(3.5)] equal to zero, since for generic large
the one-loopHTL) case, often differences of statistical fac- k,k’ the denominator does not vani&f.aking the external
tors appear. In the classical theory, these lead to a differehomentum equal to zero can in fact be seen as the zeroth
ultraviolet behavior and hence change the power countingorder term in an expansion in the external momentum. The
Therefore we take a closer look at the two-loop diagram tGirst order term, linear in the external momentum, is treated
see whether a similar thing occurs here as well. We denotg, appendix C. The naively quadratically divergent contri-
the (naively quadratically divergent piece, with;=—S" 1 tion can now be written, after flipping, to —s; in the
ands,= —s, with T1{’,(P). To re-estimate the divergence, term on the fourth line, as
we put the external momentum in the energy denominator

. 1o, L, &% [ d S; 1 1 1
Iu(P)=5(9°%) J' 3f 3 (K] 5 0 a/( 0 r
2 (2m)°J) (2m) s's; 2700 w3 Prt+S' (0 —w3) ptS(w—w,) S'w' —sw+s;0;
X[Ng(swz) —Ngi(sw) ][ Nei(S" wz) —Ng(s' @) ]. (3.9

We redo the power counting f(ﬁi(jb)cl(p)' The thing to no-  external gauge field lines. Therefore we do not expect that

tice is that indeed two differences of two classical distribu-the two-loop contributions to three- or higher-point functions

tion functions have appeared, and for hard loop-momenta are finite. _ _
To argue what happens for vertex functions with more

[nc|(5wp—k)_nc|(3wk)]~—S(‘z‘p)né|(wk)~/\_2- loops, we use the real-time Feynman rules which are pre-
(3.9  sented for scalar field theory in Appendix Al. We employ
Feynman rules in which two type of propagators appear, the
Both differences give one extra power of\l/compared to  temperature-independent retarded propag&§r and the
the naive power counting employed before. The conclusiofhermal two-point functiorS, that contains the thermal dis-
is therefore thafl{’)(P), instead of being quadratically di- tribution. It is useful to recall here their explicit representa-
vergent, is only superficially logarithmically divergent, as tion
expected by the general argument.

Note that the classical limit of diagrafh) may contain a
linear divergence from a HTIthree-point subdiagram. The
linear divergence occurs, e.g. in contributi@n8), whenever
(K); ~Kk3k’ or (k)j;~kk'3. However, at this stage we are not
interested in divergences caused by one-loop subdiagrams 2ms o
since we study only the superficial degree of divergence. So(K):S:E+ ”cl(swk)z_wk o(k'=swy).  (3.10

Potentially, there are also superficial linear divergences in B
the classical limit of Eq(3.5). These are worked out in Ap-

pendix C. In this appendix we also discuss the other self-

energy contributior(c), which is naively linearly divergent

as well. It turns out that they are all in fact logarithmically ! !
(@

GR(K)— 1 S
0 =t 20k KO+ ie+swy

divergent, in accordance with the general argument of the
preceding section.

C. Higher-order vertex functions

We now extend the argument to general vertex functions. - .
At zero-temperature we know that the degree of divergence /
of a Feynman diagram decreases with the number of external
lines. In a real-time classical theory at non-zero temperature '
this is not the case. We already saw that the linear diver-
gences at one loop occur for diagrams with any number of

FIG. 2. Two-loop diagrams in the real-time formulation that
6Again, the region where it does vanish is only a restricted part ocontribute in the classical limit. Full lines are thermal propagators
phase space and is excluded in the argument for power counting.and dashed-full lines retarded propagators.
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FIG. 3. Two-loop diagram with three external lines. FIG. 4. Two-loop contributions to the classical 3-point vertex
function in the real-time formalism that combined yield a logarith-

] ) ] mic degree of divergence.
Starting from the classical retarded self-energy viitloops

(and henceM =L thermal propagatoysgeneralized retarded . ] S

n-point functions withL loops can be obtained by adding  There is one slight complication in this general argument.
retarded Green functions in the loops, using the vertiges [N the self-energy considered in the previous section, the
and (c) shown in Fig. 6 of Appendix AL. Note that thermal logarithmic divergence was the result of a subtle cancellation
propagators cannot be added in the loops, since then tetween quadraticalliand linearly divergent contributions.
number of distribution functionM is no longer equal to the € question is Whemef this subtle cancellation is not sp_0|Ied
number of loops, which is required by the argument given inby adding an externa_l I|ne_. Although a complete an_aly5|s of
Sec. lll A and is needed to have the cancellatiork ah the twa-loop vertex functions is beyond the scope of this paper,

classical diagrams. Note that this also implies that all inte¥V€ Will check explicitly in one particular case that the can-

grals over the zeroth components of the loop momenta Caﬁellat!on mdeeq still occurs. . .
This analysis can be done most conveniently using the

trivially be performed with the help of the on-shell delta -t F | ‘A dix A. We start b

functions in the thermal propagators. To continue, in the cas[sei?]t'";rgem Igi)({;mga%éuci:sgicalptl\al\?g Ig(()p .conterikfuétliron Bt/optrhe(;
f h iti - dent : ; I )

of a gauge theory, every additionahomentum-depende) self-energy(b) in the real-time formalism. The integral over

three-point vertex gives an additional factiér(we do not .
b 9 ( nrlhe zeroth components of the loop momenta can easily be

need to be more specific for the power counting argume performed using the on-shell delta functions in the thermal
presented belowHence the total effect of adding one exter- propagators, and we have verified that this yields indeed the

nal line using a three-point vertex is an additional fadfor . o . .
9 P classical limit of Eq.(3.5, which was calculated in the

times a retarded propagator ) . . .
imaginary-time formalism, as expected.

K S We want to add one external line to obtain a diagram as in

B — (3.1)  Fig. 3. In the case of the self-energy that we discussed in the

0k K4 ie+swy previous section we found that the naively quadratically di-

vergent contribution(3.8) does not contain a distribution
From the viewpoint of power counting, the first factor is of function at energyw; = wy_y' . That means that in terms of
order A°, and the second factor can be of ordet or 1/A,  the real-time diagrams no diagram with a thermal propagator
depending on whether a soft or hard energy denominatoon the line shared by the two loops contributes to @B).
results, after the integrals over the on-shell delta functions itHence we do not need to consider the addition of extra lines
the thermal propagators have been performed. to the third and fourth diagram. Let us now see how an
This leads us to give the following general argument: inadditional three-point vertex of typ&) in Fig. 6 and an

the case that the propagator in E§.11 is soft, the addi- additional retarded Green function can be added to the first
tional external line will not change the degree of divergencetwo diagrams in Fig. 2. It turns out that for each diagran
compared to the diagram without the additional line. On theand (b) there are 14 possibilities to do this. A closer look,
other hand, when the energy denominator turns out to baowever, reveals that not all diagrams are needed to establish
hard, when the extra vertex is a 4-point vertex, or in scalaa cancellation of the naive quadratic divergence. For ex-
field theory, where the momentuid in the numerator is ample, a combination of the two diagrams that are shown in
absent, additional lines will always lower the degree of di-Fig. 4 is sufficient to obtain a difference between distribution
vergence. Using the result for the two-point function, thisfunctions that reduces the degree of divergence to a logarith-
implies that higher-point vertex functions are superficially mic one.

logarithmically divergent by power countingt two-loop or Indeed, the sum of the most divergent part of the dia-
finite (at higher-loop. grams in Fig. 4 yields
d’k [ d%k’ ss, 1 1 1 1
Fi(ﬁfgl):gshzf 3] 3(k)ﬁk > 6 3 2 0 C 0 L 0 _oim b/ '
(2m)°J) (2m) ss's; 2 00, Wk P1+SP1-K patspy-k q°—s'q-k’ sjwi_ i —Swy—S" oy
X[Neg(swp, k) = Nei(Swi) J[Ni(S" wg—kr) = Nei(S" wkr) ], (3.12
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with Q=P,+ P,. The factor (<)i5jk has been included to ac- 1 1

count for the momentum insertions from the vertices in a Vint:f d3x(§g¢>3+m)\¢>4) (4.9
SU(N) gauge theory, and the factdr arises from loop- ' '

counting. We had to expand also the single energy denomi-

nators, such as &f, i, in external momenta. Compared 10 a5 interaction term: time-dependent classical scalar field at
the self-energy expressidB.8) the vertex function has one finite temperature is renormalizable.
extra factor(3.11) with a soft energy denominator as antici-  To see this in more detail, let us start at one loop: first of
pated. After power counting, taking into accouBt9), we all, the tadpole diagram, which is the only HTL in the quan-
may conclude that in this particular combination the additiontum theory, is linearly divergent, as expected. But since this
of one external line does not spoil the reduction from a quadivergence is trivially independent of the external momen-
dratic divergence to a logarithmic divergence. tum, it can be canceled with a mass countertggps]. The

It will be interesting to make explicit checks for other self-energy correction with twe?® vertices is finite. This can
three-(and highey point vertex functions with two loops as be seen in a number of ways: the general analysis revealed
well, but without a clever method to combine the differentthat in gauge theories such a diagram is linearly divergent. In

contributions this seems to be out of the question. a scalar theory, the vertices are momentum independent and
this brings down the superficial degree of divergence with 2,
D. Other gauges which makes the diagram is finite. In other words, it is not a

To Verify the genera| argument in Sec. Il A that tWO-|OOp HTL. It follows also from a explicit calculatiorﬁ?], where
diagrams are logarithmically divergent, we have estimated ithe one-loop correction to the vertex function in\ap*
Secs. Il B and Il C the degree of divergence of some two-theory was studied, which is equal to the one-loop self-
loop diagrams in the Feynman gauge. Here we want to argu@nergy we are discussing now. It was found there that the
that the estimates in the Feynman gauge extend to generelpssical result is the leading order term in a high tempera-

Coulomb gaugegl6]. ture expansion in the quantum theory. Finally, in the quan-
The gauge propagator in a general Coulomb gauge witfim theory one-loop contributions to higherpoint func-
gauge parametet. reads tions are no HTL’s either, therefore these diagrams will be

ultraviolet finite in the classical limit. The reason is that the
K extra retarded Green functions that appear in the loop bring
AWZFTW(kH 5M05V0P+ dc g (3.13  down the superficial degree of divergence with at least one,
and this cannot be compensated by momentum-dependent
with the transverse projectdr; (k) = &; —kik; /k?, Too=Tg; ~ Vertices as in the gauge theory. o
=T;o=0. At two Ioop,.the_settlng_ sun contribution to the self-
First we realize that the external momentum dependenc@nergy is logarithmically divergent as expected from the

in the transverse projector may be neglecteg,(p— k) general analysis. This has been calculated explicit[$8].
~T,,(k) when the integration momentuknis large. In the However, it has been shown there that the divergent part can

power counting of a diagram we may estimatg,~ 1, and be isolated and is independent of the external momentum and

we see that a diagram with all transverse propagators has ti¢dquency: again the divergence can be absorbed with a mass
same degree of divergence as the same diagram in the Fey¢Runterterm[6]. For the other contributions to the self-
man gauge. Since the 00-component and the gauge depef1€r9y that were Q|scgssed in detail in the previous section,
dent part of the propagator cannot give a soft denominatof/@ note the following: in the gauge tgeor);, diagrémn con-
like Eq. (3.7), we can also neglect the external momenta inf@ins & power counting factork[*~A" due to the
these components, they are then estimateld ds Therefore momentum-dependent vertices. In the scalar case this is of
diagrams containing these components of the propagator wiflourse absent. Hence the naive quadratically divergent con-
not have a larger degree of divergence. We conclude that tHgPution in the gauge theory is superficially finite in the sca-
degree of divergence of a certain diagram is the same in th@" case, even without any need for subtle cancellations. The
Feynman gauge and in a general Coulomb gauge. We stre38Me Is true for diagrantc), here a power countingkj
that this does not necessarily imply that the logarithmically~ A~ is absent and the classical diagram is immediately su-
divergent contribution is gauge independent as is the case f@erficially finite as well. We conclude that for the two-loop
the linear divergences, this remains a subject for furthepelf-energy correctiongneglecting diagrams that contain
study. self-energy subdiagramthe setting sun diagram is the only
Finally we like to remark that in general covariant gaugesdiagram that is superficially divergent. The absence of
it is not expected that individual diagrams obey the powefmomentum-dependent vertices also simplifies the analysis of
counting of Sec. 1ll A, but rather the sum of the diagramsn-Point vertex functions. It was argued in Sec. Il C that the

with a certain number of loops. superficial degree of divergence goes down at least by one if
more retarded Green functions are added in the loops in a
IV. RENORMALIZATION scalar theory. This can be immediately applied here. The

complication in gauge theories, i.e. the requirement of a
subtle cancellation, is not needed for the vertex functions

The general analysis given in the previous sections yieldsither, because even without the cancellations, the diagrams
the following result for a scalar field theory with are superficially finite.

A. Scalar field theory

105002-9
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Since the general analysis already shows that three loopsith E the (chromojelectric field.
and higher are finite, we arrive at the conclusion formulated From Eq.(4.4) we see that the two sources can be com-
at the beginning of this section: classical scalar field theorypined into one expression
at finite temperature can be renormalized with merely a mass

renormalization. For more details on this and on e.g. the ) 3k , ,
choice of finite parts, se]. 6j#=2g°nN (27r)3[n (@) =gl i) Jo*W(X,V).
We would like to stress that the analysis has been limited (4.6)

to simple correlation functions, as discussed above. Other
quantities, such as transport coefficients like the viscosityAs usual in the HTL approximation the radial integration can
[38], which require expectation values of composite operabe performed independently, which yields
tors[39], are not covered here. 40
o 5jﬂz35w2f —0MW(X,V), 4.7
B. One-loop renormalization in SUN) theory 4

In Sec. Il we have seen that the divergences at one-loogjith the linearly divergent coefficierii2,20)
are given by the classical HTL's. Below we will present

counterterms for these one-loop divergences. Sw?= w,z),— wrz)l,cl 4.9
Since we are interested in a classical theory it is appropri-
ate to consider the equations of motion (see Sec. Il A We see that the whole set of non-local linear
divergent vertex functions can be renormalized by the adjust-
5AMS=[DV JFVH]=8jH, (4.2  ment of one parameter. This is a special feature of the con-

tinuum HTL’s. On a lattice the counterterms are more com-
with the covariant derivativd,=4d,+igA,, and the field plicated [3,5,31, since the lattice breaks rotational
strength F"#= g"A*— g*A’+ig[ A*,A*]. The sourcesj* invariance and the velocity on the lattice is not equal to the
consist of a finite renormalization and a divergent part. Wespeed of light. The effective theory with continuum-like
write counterterms(4.7), (4.8) has been studied numerically in

[23]. An important observation is that the equatiods?),

Sjt=jk —jh . 4.3 (4.5, (4.7, (4.8 have conserved enerdgy0], such that a

thermal average over initial fields can be defined and the
The divergent sourcgl, has to be chosen such that it can- equations are a part of a proper classical statistical theory.
cels the linear divergencg8]. The identification of the lin- Furthermore, it is well known that in the classical theory
ear divergences as classical HTL’s then implies that the dionly the combinatio®T appears and is absent. However,
vergent source must equal the classical HTL induced sourcéince w3=g?T%/#, T/% is introduced as an independent,
jgiv:jﬁTL,cl' We take the finite renormalization such that the non-trivial scale in the effective theory described above.
classical theory4.2) is consistent with the quantum results. ~ That no linear divergences occur in retarded vertex func-
This can be seen as the real-time analog of matching entions calculated with the classical theo#.2), (4.5), (4.7),
ployed in static dimensional reduction and the constructiod4.8), can be seen by introducing a background field and
of effective 3-dimensional theori¢g1]. Therefore, the finite integrating out the classical fields. This generates in the HTL
renormalization should equal the quantum HTL'% ~ approximation the classical induced source which is pre-
— &, . In a(classical perturbative expansion this renormal- CiS€ly what is subtracted on the right-hand side of @cp).
ization prescription means that any classical HEubdia- It would be nice to see in a perturbative calculation that these

gram is replaced by the corresponding quantum HTL digfounterterms are sufficient to absorb the linésubdiver-
gram. gences in(superficial logarithmically divergenttwo-loop

The HTL effective action is non-local, but the introduc- didgrams, but this has not been attempted here.
tion of an auxiliary field allows for a local formulation of the

HTL equations of motior40]. The sources then read V. CONCLUSION

Pk Classical thermal field theories contain ultraviolet diver-
i o Zth n’ EW(X .V gences. In an analysis of classical vertex functions, we found
Jin=JhmL =<0 (2m)3 (0o W(X,V), that at one-loop only linear divergences occur, which come

from classical HTL's, i.e. the classical equivalences of the
a3k HTL's in the quantum theory. Furthermore we argued that

jé‘ivziﬁTL,d:ZgzﬁNJ 3né|(wk)v“W(X,V), fqr n-point vertex functhns with arbitrary, the degr_eg of _
divergence decreases with the number of loops. This implies

(4.4 that two-loop contributions ar@uperficially logarithmically
A divergent and higher loops are superficially finite. This may
with the velocity v#=(1yv) and v=k. The velocity- be compared with static dimensional reduction, where the

dependent auxiliary fieldV(x,v) satisfies the equation L-loop contribution to the self-energy has also a degree of
divergence 2-L. The difference is that in the static limit
[v,D*W(X,v)]=V-E(X), (4.5  higher-point vertex functions are less divergent than the self-
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energy. Indeed, the static theory is a superrenormalizable 5S] dol
field theory and a finite number of counterterms, like a one-  ¢(x)= ¢0(x)+f d*x’ GR(X—X")——— + ..
and two-loop mass counterterm, suffices. Sepo(X")

The consequences of our findings are the following. Since (A3)

three and higher-loop diagrams are superficially finite, thes ; . .
are infrared dominated. Therefore, they are in principle Caﬁvhere%(x) IS the solution of the unperturbed problem with

. . . some arbitrary initial conditions. Note that this yields expres-
culable in the classical theory. The loophole is of course th(agions in which onlyd,’s are left over. The other two-point
possible occurrence of divergencegame or two-loop sub- Yoo | b

) . . function specifies how to treat expectation values¢gfs.

diagrams. To deal with these divergences, counterterms ha . ;

. : e free thermal propagat&;(x) carries the thermal infor-
to be introduced. In the scalar case the divergences occur .. : j

. ; mation and is defined by
only in the self-energy and are momentum independent,
therefore a mass renormalization is sufficient to obtain a cut- So(x—X")={o(X) po(X') Ve, free- (A4)
off independent theory. This may be useful for a numerical
approach to time-dependent problems, such as the dynami@$e brackets denote the averaging over the initial conditions
of the phase transition and/or topological defects ic@n-  weighted with the Boltzmann weight, for the unperturbed
plex) scalar field theory. In SW) gauge theories the diver- casg7]. In momentum space, the introduced two-point func-
gences are momentum dependent, nevertheless a renormgdns read
ization of the plasmon frequenc{4.8) takes care of the
linear divergences. Two-loop divergences cannot yet be GRK)= _
handled, since we do not know what their precise form is. It 0 2_(K+ie)? % 2wk

; ; _ - Ot iet
may be interesting to study them, not only for the introduc- © €T Sk (A5)
tion of counterterms, but also to see if they have the same
nice properties as the one-loop divergencegassical So(K) =g (k%) e(k) 27 8(K2— w?)

HTL'’s), such as gauge invariance and a conserved energy for

the effective theory. 1
=> No(Swi)5 —2mS3(K"=Swy),  (AB)
s=* Kk
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APPENDIX A: HOT, CLASSICAL FEYNMAN RULES where Gg(K) =Gg(—K) is the free advanced Green func-
) tion. Finally, classical loop integrals containing these two-

1. Scalar fields point functions arise from the spacetime inte¢gain Eq.

In this appendix we discuss the construction of classicalA3).
diagrams in perturbation theory, i.e. the classical Feynman Explicitly solving the equations of motion perturbatively

rules at finite temperature, in scalar field theory. In order toand making all possible contractions to find all possible dia-
do this, we start by repeating some necessary ingredients gfams becomes rather cumbersome at higher order in the
the approach that was introduced[ifi. For definiteness we coupling constants. Therefore we discuss in the remainder of
use a massive scalar field with massand interaction this appendix a set of rules which are based on the underly-

. L ing quantum perturbative approach.

The imaginary-time or Matsubara formalism, does not

Sint= _J d4x(§g¢3+m)\¢4). A jead to a CI?)se é/onnection with the classical approximation
as described above at intermediate stages of a calculation.

In classical perturbation theory, two type of two-point However, a useful —observation, obtained using the
functions appear. A perturbative solution of the equations ofmaginary-time formalism, is explained in Sec. Ill A. After

motion, performing the Matsubara sums, every diagram has a term
which has as many distribution functions as loops. Hence, in
55, the classical limith—0 these terms remain. Other terms
(3§_V2+ m?) ¢ = m, (A2) have less distribution functions and go to zero. This ensures
o¢ us that the classical limit is non-trivial and exists.

A formalism which lies closer to the classical perturbative
is constructed with the free retarded Green func@ff(x),  approach is a variation on the real-time formulation of finite
as temperature field theory, and uses the closed time (&)
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(a) (b) _____ Q: _<: -
#

FIG. 5. Propagator&) G{(K)=Gh(—K), and(b) iF o(K).

method[44]. As is well known, the CTP method involves a @ b)
contour in the complex-time plane that consists of two

branches, the upper branch and the lower brancti_ that FIG. 7. (3 Retarded self-energy(b) generalized retarded
runs back in time. This leads to a doubling of the fields, anch-point vertex functions.

they are denoted as. , ¢ _ to indicate on which branch they

live. The propagator takes a matrix form, Feynman rules appear when also the interaction part along

i L the closed time path contour is written in terms of the,
G™T(x=x") G (x=x") fields [45]
G(x—x")=| ._. , o o (A9)

G "(x—=x'") G “(x—x")

where the different superscripts specify the possible posi-
tions on and orderings along the contour. A convenient Sm:_f d4x<ig¢i—ig¢§+i)\¢i—i)\¢‘l
variation is based on the Keldysh formalism, and is the 3! 3! 41 4l
“center-of-mass” version. It uses a change of basis from

1 1 1
b, 10 b1, =—f d4x(§g¢i¢>2+ 71905+ 37N 816
:(<¢++¢_>/z>

(dn
b2 b=

such that thefree) matrix propagator takes the forfi]

1
(A10) + 2 ¢1¢§) . (A14)

The rules are presented pictorially in Figs. 5 and 6. #he

iF 0)(Xx—x") G(RO)(x—x’) fjeld is denoted with a full line and theé, field with a dgshed. '
Goy(X=x")—=| A , line. For the retarded and advanced Green functions, it is
Gloy(x—x") 0 necessary to specify the direction of the momentum flow

(A11) through the propagator, and this is indicated with the arrow.

Here the free retarded and advanced Green function are '€ retarded self energy and the so-called generalized re-
given in momentum space by thelassical expressionAs), tardedn-point vertex function$45] have one dashed “leg

and the quantum thermal two-point function in momentumandn—1 full “legs.” These are shown in Fig. 7. The arrows
space reads denote again the momentum flow of the external momenta.

We now discuss thé—0 limit of these real-time quan-
tum Feynman rules. This limit affects the diagrams in two

_ 111 0 ways. The first one is obvious, the thermal propagBtphas
FO(K)_S;& N(swi) + 2 2wk27755(k S@k), to be replaced bys,. The second change leads to a drastic
simplification: only the verticega) and(c) in Fig. 6 contrib-
ute in the classical limit, and the two other vertidb$ and
(@)= 1 (A12) (d) can be neglected. This can be seen as follows: vertipes
exp Bhwy)—1’ and (d) can only appear in a diagram with retard@ul ad-

vanced Green functions attached to the three dashed legs.
which is of course the quantum version of EAG). Again  After attaching these Green functions, the resulting outer
the (free) retarded and thermal two-point functions are re-lines(which either still have to be attached to another vertex

lated by the KMS condition or are external lingsare always full lines. However, such a
configuration can be constructed as well with verti@sand
iFo(K)= n(ko)[Gg(K) _ GQ(K)]. (A13) (c): these vertices have two full legs whei® resp.(d) have

two dashed legs. By attaching two thermal two-point func-
. . , . . , tions on these legs, the external lines are full as well, and the
vertices can be part of a diagram in exactly the same manner.
\ But a classical thermal two-point function is proportional to
’ ’ 1/4. Diagrams with vertexa) or (c) have two more thermal
(a) (b) (c) (d) - - . . .
two-point functions than the corresponding diagrams with

FIG. 6. Vertices (a) (1/2)gp2¢, (b) (1/40)gep3, (o)  vertex(b) or (d). Hence, the first class of diagrams is rela-
(13NN ¢3¢y, and(d) (1/41)\ ¢y 3. tively stronger in the classical limit with respect to the sec-
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ond class by a factor 47.” In other words, verticegb) and APPENDIX B: CLASSICAL ONE-LOOP SU (N)
(d) will be O(#2) suppressed with respect to verti¢asand SELF-ENERGY: EXPLICIT CALCULATION
(©).

. We present in this appendix the calculation of the classi-
We propose that classical Feynman rules follow from theCal self-energy in SUN) gauge theory, in particular tHd,
guantum ones by takinfj to zero, which results in the fol- gy gaug Y, In p "

lowing (simple rules: part, in the Feynm.an gauge. The sta(ting pqint is given by

(1) Draw all diag.rams as in the quantum case, but useEq' (2.5 " the main text After Chaﬂg'”g variables frokn

only vertices(a) and (c). .—>—k—p in the part that is proportional tog(wp ), we
(2) Replace the thermal propagatbg by its classical find

counterpartS,.

An explicit check of these rulefby a comparison with the Hﬁf’d(P)z 5%Pg2NIT,(P), (B1)

results obtained by perturbatively solving the equations of

motion and averaging over the initial conditignsan be  with

found for the case ok ¢* theory for the two-point function

up to two loops and the four-point function to one loop in

d®k Ang(w
[7]. HcI(P):f cl( k)
(2m)° o
2. Gauge invariant cutoff in the classical theory y | o A .\ A
We argue that in classical gauge theories it is possible to (po+wk)2_ws+k (p°— wy)2— wak '

introduce a(continuum momentum cutoff without breaking
gauge invariance. The basic ingredient is the result of Land- (B2
shoff and Rebhari30] that in general linear gauges it is 5 5 ) ) )
possible to formulate &uantum real-time theory in which ~ @ndA;=4k"+4k.p+5p°—6p;. We have combined with
only the two physical degrees of freedom of the gauge fieldal( @), Which is anfi-independent combination.
acquire a thermal part. This implies that a change in the The angular integrations can be performed, and
distribution function

kfing(k)
n(K%)—n(k9)f(k/A), (A15)  Tlg(p°p)= f dk—5—
a
0
with f some function, does not break gauge invariance. In- {1+ p_lnp_+_ L[L+(k)—L(k)]]
troducing a cutoff in this way will not affect the Slavnov- P p- 2p
Taylor identities. This has been employed in a Wilson renor- King(K) [ 3p2—4 2
malization group approach to héguantum SU(N) gauge _f dk o ( P Po[L+(k)_L7(k)]
theories[46]. 8m?p k
If we take the classical limit of EA15) and choosé as
the step function, we get +ApO[L, (K) + L_(k)]}. (B3)
Nei(k%)—ng(k%) 6(A —k), (A16) Motivated by Weldor{29], we used here the notation
1, ktp,
which as Eq(A15) does not break gauge invariance. It is for P-=5(p"%p), Lu(k)=Im— o (B4)

instance straightforward to check that the HTL's calculated

with distribution function(A16) satisfy the same Abelian- The result(B3) agrees with the expression obtained by Wel-

like Ward identities as usual. Finally we should remark that . ; -
the regularization(A16) is sufficient to render the theory gﬁgolrr: :Bgcztiigﬁeirs]dgl(agj;ga{l ?:coeuprt é)gsceourse that the distri

ultraviolet finite, since each loop introduces one distribution The remaining radial integral in the first two lines of Eq.

P8
function. (B3) is linearly divergent. For the first two terms this is ob-
vious, and for the third term one can uke (k) —L_(k)
=2p/k+ O(k™3). In fact, the divergence in this term cancels
"Negative powers ofi will of course be canceled by positive against the first term. The integrals in the last two lines are
powers coming from loop counting. convergent. To regulate the divergences, we use the distribu-
8n the quantum theory the cutoff in EA15) acts only on ther-  tion function with a momentum cutoffny(k) =T/k 6(A
mal fluctuations. A zero-temperature regularization and renormal—K). The final result requires the evaluation of four inte-
ization is still necessary to avoid divergences coming from the zerograls, which readrecall thatp® contains a small positive
temperature quantum fluctuations. imaginary par
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TA
f dk khing(K)=TA, (B5) T120,(P) = N5?°g?2 p° PP
772 p pP-
T( . 3p°—4p5. p+)
_ R N L Y P
fdkkzﬁnc.(k)[L+(k) L_(K)] +2-|ip oo |l (B9
1
:T(ZpA+ Emppo), (B6)  which is presented in Eq2.9).

APPENDIX C: TWO LOOP NAIVELY LINEAR

P
fdkh”cl(k)['-+(k)_L(k)]:T”"”pi' (B7) DIVERGENT CONTRIBUTIONS

1. Diagram b

f dk King(K)[L (k) +L_(k)]=—=Tmip. (B8 In this appendix we give the results for the naively lin-
early divergent contributions to the classical two-loop self-
The second and fourth integrals are straightforward usingnergy. We start with the classical limit of the self-energy
partial integration, and the third one can be performed bydiagram(b) in Fig. 1, presented in Eq3.5, and use the
complex contour integration while being careful around shorthand notation of Eq3.6). There are three naively lin-
=0. Note that these integrals are much simpler than in thearly divergent contributions and we shall denote these with
quantum case, because of the simpldependence of the (bl), (b2), and(b3).

classical distribution function. We start with contribution(bl), obtained by takingss
Putting all the results together, we find for the classical=s’,s,=—s and setting the externa’p to zero in the
one-loop retarded self energy energy denominators with three loop-energies. We then find

d3k d3k’ -s 1
2oy f (0 2 -

1
11D Py == (g% 2f
”'Cl( ) 2(9 ) (27) ss's; 250w’ W1Wrw3 pO+S’(w’+w3)
ncl(swz)_ncl(sw)

Ne(S101) —Ng(S'w3)  Ng(S1@1) +Ng(s'w’)
po—l— S(w— wy) .

—s'w' —sw+Siwq S'w' —Sw+Siw,

(CD

The difference between distribution function®,(sw,—) —nq(swy)] reduces the degree of divergence by one compared to
the naive estimate, which is from linear to logarithmic. Note that the other difference between distribution functions
[Ne(S1wk—k) —Na(S'wp—kr) ], does not reduce the degree of divergence any further, &irisenot a(smal) external mo-
mentum, but is integrated over.

A similar contribution is obtained by taking,=s ands;=—s' and again setting®,p=0 in the same energy denomina-
tors. We obtain

d*k [ d%’ s, 1
e =2 [ S [ i S

2m)3) (2m) s 2500 w03 pPP+S' (0 — w;y)

Ne(s' wz) —Ng(s' ') {  Ng(S1@1) +Ng(Sw,) N Nei(S1w1) —Ng(Sw) 2

PO+ s(w+ w,) S'w' +sw+ts,wq s'w' —sw+Ss

Again a difference between distribution functions appears that reduces the degree of divergence to a logarithmic one.

The third naively linearly divergent contribution to consider is of a different type. It is obtained from the classical limit of
Eq. (3.5 by settings= —s, ands’ = —s; and taking the linear term ip®p in an expansion of the energy denominator with
w1=wy_y . The zeroth order term in this expansion gives rise to a naively quadratic divergence and was already discussed in
the main text. The first-order term reads
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1 d*k [ d%k’ -s; 1 1 1

PP 5@ [ [ s S — e — 2
(2m)°J) (2) 595 2200 w003 PP+S (0 —w3) pts(w—wy) (S'w' —sw+s;w;)

X{s'(p- k’ )[Nei(Swz) —Ng(sw) ][ Ng(S’ w3) +Ne(S101) ] —S(p- I2)[nc|(5' w3) —Ng(S o) ][Ng(Swz) —Ng(S101)]

+ poncl(slwl)([ncl(sw) —Ng(Swz) [ +[Ne(s @) —Ng(s' w3)])

+pNng(s1@1)[Ne(S0)Ng(S' wg) —Ng(Swo)Ne(s' @)1} (C3
We emphasize again that the region of phase space where- sw+s;w, vanishes is excluded in this expansion. The first
three terms between curly brackets all have a factor which is the difference between distribution functions. The fourth term is
different, but also here the factor with distribution functions vanishes when the external momentum is takerite. zehen
w,—w,w3— o'). Hence this factor contributes a power ° instead ofA ~2, and it brings down the degree of divergence. We
conclude that the degree of divergence is reduced from linear to logarithmic in contrilo@oas well.

2. Diagram ¢
The final diagram that needs to be examined is diagi@mm Fig. 1. The quantum expression is
d®k [ d3k’ sS's;S, 1
pe) = (%7 [ —— [~ of 3

(2m)3) (2m)3 Vsdgs, 2'ww wiw, PP—sw—S0;

><[—([n(Sw)+1][n(s’w’)+1]n(slwl)—n(Sw)n(s’w’)[n(slw1)+1])
sw+s w' —swq

1
+ — (n(s'®")+1]In(s1w1)N(S2w5) —N(S"w")[N(S1w1) + 1][N(Sw5)+1]) (1, (C4)
p _52w2+s w —Slwl

where in this casev,=wp i and we insertedlt()izj to indicate the two powers of momentum that come from the two
three-point vertices.
We take the classical limit of E4C4). The contribution withs,= —s is naively linearly divergent, it reads

- d*k [ d%k’ -s's 1
M= (g%%)? f f i :
' (2m)3) (2m)3 s5's; 200 w10, pP°—so+se’
l ! !
X [n(sw)—n(swy)][N(s101) —N(s"@")]. (CH

Sw+S’w' _Sla)k+k/

Again the first difference between distribution functions reduces the degree of divergence to a logarithmic one.
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