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Particle production and effective thermalization in inhomogeneous mean field theory
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As a toy model for dynamics in nonequilibrium quantum field theory we consider the Abelian Higgs model
in 1+ 1 dimensions with fermions. In the approximate dynamical equations, inhomogeneous classaral
Bose fields are coupled to quantized fermion fields, which are treated with a mode function expansion. The
effective equations of motion imply e.g. Coulomb scattering, due to the inhomogeneous gauge field. The
equations are solved numerically. We define time dependent fermion particle numbers with the help of the
single-time Wigner function and study particle production starting from inhomogeneous initial conditions. The
particle numbers are compared with the Fermi-Dirac distribution parametrized by a time dependent tempera-
ture and chemical potential. We find that the fermions approximately thermalize locally in time.

PACS numbgs): 11.10.Kk, 05.70.Ln, 11.10.Wx, 11.15.Kc

[. INTRODUCTION all the energy is contained in a few long wavelengths of the
Bose fields, and the fermions are in a vacuum state. This is a

One issue that is of considerable interest in nonequilibnonequilibrium situation and in the course of time energy is
rium quantum field theory is equilibration and thermaliza-transferred towards the fermionic degrees of freedom, pro-
tion. An understanding of this is crucial for knowledge of ducing fermion particles. A motivation is partly given by
e.g. the rate at which a quark-gluon plasma forms in heavynflation, where at the end of inflation the energy stored in
ion collisions or the rate at which a Bose gas thermalizeshe inflaton field is transferred to other degrees of freedom,
locally in time during evaporative cooling. In cosmology, theleading to the (preheating of the universe(see e.g.
study of the(pre)heating of the universe at the end of infla- [3,6,13,14).
tion has become a topic of its own. In the presence of spacetime dependent mean fields the

Real time evolution of quantum fields can in general notidentification of particles is usually based on the concept of
be solved exactly. A popular approach in nonequilibriumadiabatic particle number2—-6]. If the model can be de-
field theory is then to use lardé or Hartree-like approxima- scribed in terms of weakly coupled quasiparticles, it should
tions, in which coupled equations for mean fields and theimlso be possible to deduce a particle number directly from
fluctuations are solved self-consistertly-7]. In many treat-  correlation functions. In a gauge theory, simple correlation
ments available in the literature, the mean fields are taken tfunctions such as the fermion two-point function are not
be homogeneous. Thermalization may be difficult to achievgauge invariant and the calculation would have to be per-
in these approximation2—6] (see in this respect al48]). formed in a fixed gauge. This introduces an ambiguity as to
Another approach is to treat the dynamics of the low mo-whether the resulting particle number depends on the gauge.
mentum modes classicall®,10]. However, physical observables calculated in terms of these

In this paper we study numerically the real time dynamicsparticle numbers should come out gauge independent. An-
in the Abelian Higgs model in £1 dimensions, extended other possibility is to use a gauge invariant modification of
with fermions. The choice of model is motivated by elec-the two-point function. There are several ways in which this
troweak baryogenesid1], e.g. according to the scenario in can be done and a simple one is by including a parallel
Ref.[12]. We use a larg®l approximation in which the Bose transporter between the two fermion fields at different points
fields are treated as mean fields and the fermion fields plaiyn space. This gives a close connection to the Wigner func-
the role of fluctuations. Previous numerical studies of fermi-tion.
ons in real time have been restricted to homogeneous mean The Wigner function has a long history in transport theory
fields, with[5,6] or without [13] back reaction. Instead, in and quantum kinetic theorl5]. It has been used to find
our case the mean fields are inhomogeneous and they obeapproximative ways to deal with dynamical issues in out-of-
the full non-linear classical field equations including theequilibrium plasmas. Recently, the Wigner function has been
back reaction of the fermions. This back reaction is repreused quite extensively to derive transport equations that con-
sented by mode functions which obey the Dirac equation iriain the same physics as the hard thermal loops in
the presence of the mean fields. Loosely speaking, the effe¢3+ 1)-dimensional gauge plasmpk6]. A comparison be-
tive equations describe a collection of quantum mechanicalween so-called covariant and single-time formulations is
particles(the fermion modescoupled to classical fielddhe  given in[17]. In this paper we use the single-time Wigner
mean fields The particles therefore interact and scatterfunction, not for dealing with the dynamics, but merely as a
among themselves as in classical electrodynamics. In pateol for identifying the particle number. We solve the micro-
ticular Coulomb forces, screened by the Higgs field, are exscopic dynamics numerically in the lardé approximation
pected to play an important role. and then calculate the single-time Wigner function. After

We focus on the following dynamical problem: initially, averaging over space and a short interval in time to
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smoothen the effect of oscillating Bose fields, we extract theyith the axial currenfjf= i i v*vsi; and the Chern-Simons

particle number by comparing the Wigner function with that ¢y rrentc#= e#*A /2mr. A change in the axial charge is pro-

of a free fermion gas. This approach is obviously only validyortional to a change in the Chern-Simons number
when the theory is relatively weakly coupled and a descrip-

tion in terms of quasiparticles makes sense. Qs5(t) —Qs5(0)=n;[C(t)—C(0)], (2.1

The paper is organized as follows. In Sec. Il we introduce
the model and give the effective equations of motion. A dis-with Qs(t) = fdx j2(x,t), andC(t) = — (2) ~1fdx Ay(x,t).
cussion of the particle number from the fermion two-pointAs in the electroweak theory, integer values of the Chern-
function and the Wigner function is given in Sec. llI. In Sec. Simons number label the non-trivial vacua of the bosonic
IV, we present numerical results for the real time evolutiontheory. Theq=3 charged fermions change the periodicity of
and the time dependent particle number, starting from a northe classical bosonic ground state: only vacua with Chern-
equilibrium initial state. To see whether the particles are ef-Simons numbers that differ an even integstead of any
fectively thermalized, we compare the particle numbers withintegey are connected by large gauge transformations. The
the Fermi-Dirac distribution depending on the time depenvacua are separated by finite energy barriers, the sphaleron
dent temperature and chemical potential. The results areonfiguration at half integeC.
summarized in the Conclusion. The equations are solved nu- As an approximation to solve the dynamics, we treat the
merically on a lattice in space and time. Some aspects of thBose fields as mean fields and the fermion fields as fluctua-
lattice implementation are briefly described in Appendix A.tions. A formal derivation can be given by duplicating the
Details relating the Wigner function and the gauge fixed two-fermion fieldsN times and taking the largh limit, after a
point function are given in Appendix B. proper rescaling of the coupling constants and fig¢dg].

We refer to our previous papgr] for more details on the The resulting equations afe the A;c=0 gauge
model, the effective equations of motion, and a discussion of ) - 0
the lattice implementation. IpAL(X,t) =T Jr(x,t) +(jr(x,1))], (2.2

2 N2 _ 2_.,2
Il. ACTION AND MEAN FIELD EQUATIONS OF MOTION dpp(x,1)=DId(x,t) —2\[| (X, 1)|°—v?/2]
We consider the Abelian Higgs model in+1l dimen- X p(x,1), 2.3

sions, withn;=2 flavors of fermions. The action reads together with Gauss’ law

1 doAL(X, 1) =—eZ[[2(x, )+ (jx,1))]. 2.4
S:_f d2X EFMVF;LV_i_(Dﬂgb)*DM¢+)\(¢*¢_V2/2)2 190 1( ) [Jh( ) <]f( )>] ( )
The scalar contribution to the currenf;, is given by
_ _ 1
Ty (9, mIaA) Yt 5 Z (GiiCTd* i JEOGD) =1 (D# (X, 1))* d(X,1) =i ¢p* (X, 1) D#p(X,1).

(2.9

—G'J&ﬁW) The fieldsA; and ¢ represent mean fields, which can be
e P inhomogeneous in general,

=0y o C denotes the Al(X,t)E<A1(X,t)>, ¢(X,t)5<¢(x,t)>-
charge conjugation matrix angt= 8. An explicit 'ePré- " The fermion contribution to the current is

sentation for the gamma matrices i€ =0, C=8=iy
=0,, and ys=— y’yl=03. Space is a circle with circum- q —

ferencel and the Bosdfermion) fields obey(antiperiodic IO =510, Y di(x, D],

boundary conditions. Other conventions can be found]n

The choice of this model, in particular the form of the and its expectation value represents the fermion back reac-

Yukawa coupling, is motivated by electroweak baryogenesisjion. The commutator ensures that the current is odd under
but we will not elaborate on those aspects higee instead charge conjugation.

Here F,,=d,A,—d,A,, D,=d,—1A

[7]). The fermion field carries a flavor indéx 1,2=n; and The most demanding part of this approach is the calcula-
the Yukawa couplingG; depends on the flavoG,=—G,  tion of the back reaction. In the case of homogeneous mean
=G. Local gauge symmetry acts g@s—e'“p, ¢i—€'%y;, fields, the usual manner is to use a mode function expansion.

A,—A,+d,€ withq=3, so that the Yukawa term is gauge We use the same method in the inhomogeneous case as well.
invariant. In this paper we restrict ourselves, however, to The back reaction is calculated by expanding the fermion

massless fermions and put the Yukawa term to z&e0.  fields in a complete set of eigenspinors of the initial Dirac
The global symmetryj;—e'“”5y; is broken in the quan- Hamiltonian att=0. This leads to a mode function expan-
tum theory due to the axial anomaly, and sion:
5= ehVE =y, CF BD= Dot +dlvp(xn]. (26
uls =Nty €7y =Nd, L5, R T o L piEpit ) T it pi - :
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The coefficient{}’,d(l) are time independent and representpresence of the Yukawa term we refer to our previous paper
the annihilation(creation operators of particles and antipar- [7]. The energy of the system is the sum of the energy in the
ticles, respectively, at the initial time. They obey the usualBose fields and the fermion fields. The energy of the fermi-

anticommutation relations ons at timet is given by the expectation valuEg(t)
; ; =3 (¢ (X, ) Hpi(x,t)) and can be expressed as a sum
{bpi bprir}=Spp vy {dpi dprir}= Sppr i, over mode functions. This sum is quadratically divergent. In

. ._the numerical implementation this is regulated by the lattice
and zero for _others. The expectation value_s of the_ creatiopoff: the effective equations are solved using a discretiza-
and annihilation operators in E¢R.6) determine the initial tion on a lattice in space and real tirfeee Appendix A We
state for the fermions. We take vacuum initial conditions forrenormalize the energy by subtracting the bare fermion en-
the fermions, so that the only non-zero expectation valuegrgy att=0.

are
<bpib;§i>:<dpid;i>:1- (2.7 IIl. PARTICLE NUMBER AND THE WIGNER FUNCTION

Observables which may give insight about what happens
on the microscopic level during time evolution are current,
charge and energy densities. These are gauge invariant quan-

q— tities whose physical meaning is clear and unambiguous and
(HxD)=—2> S LUpi (XD y#upi(x,1) they are straightforward to calculate. In addition to this, it
P has been shown in the case of homogeneous mean fields that
Vo ()i Yy (6] (2.9 more insight can b_e found with the concept of adiabatic or
P P instantaneous particle number.
The time dependence is carried by the spinor mode functions The adiabatic particle number is based on an expansion of

u andv, which are solutions of the Dirac equation in the the (interacting quantum field at each instant in time in
presence of the gauge field, terms of a complete set of eigenfunctions of the Dirac Hamil-

tonian at timet (we suppress flavor indices hégre

The fermion contribution to the current can now be ex-
pressed in terms of the mode functions,

iaoupi(xlt)ZHD[Al(Xrt)]upi(Xrt)l (29)
and similarly forv,;. The Dirac Hamiltonian has the usual l//(xvt):% [be()Uue(x,) +dE(HVE(X,D]. (3.0
form

The coefficients of these eigenfunctions are then identified
with time dependent creation and annihilation operators. In

The initial conditions for the mode functions are given by Eq. (3.1) the eigenfunctions are denoted by, ve, and the
complete set is labeleH. A Bogoliubov transformation re-

Hp=—ia'(d1—igA;), a'=—»%%'  (2.10

1 ipx 1 ipx lates the expansion®.6) and (3.1). The instantaneous par-
Upi(x,0)= \/_Ee Upis  Vpi(X,00= ﬁe Vi ticle numbers at time are thendefinedby the expectation
values

with u,; (v,;) positive (negative energy spinors of the =t — b
Dirac Hamiltonian att=0: p labels the momentum eigen- Ne(t)=(be(t)be(t)), Ne(t)=(dg(t)dg(t)).

states of the initial Dirac Hamiltonian. It takes the values ) .
In the case of homogeneous mean fields the instantaneous

1 eigenfunctions can be calculated analytically in terms of
n— 5)’ plane waves. For the inhomogeneous case the diagonaliza-
tion will in general have to be performed numerically, which
due to the antiperiodic boundary conditions on the fermionmakes the calculation rather involved. Furthermore, the in-
fields. For these initial conditions with vacuum expectationStantaneous eigenmodes of the Dirac Hamiltonian are not
values(2.7), the current(2.8) vanishes at=0. gasny interpreted in terms of famlhar concepts like quasipar-
If the mean fields are restricted to be homogeneous, planiécles, e.g. concerning the relation betwéeand the quasi-
wavese® PX multiplying the mode functions can be factored particle momentum. T_herefore_ we now discuss another ap-
out at all times, and each mode function is the solution of afProach, using correlation fl!”Ct'O']‘S- _ _
ordinary differential equation. In the more general case that The identification of particles can be motivated in general
the mean fields are allowed to be inhomogeneous, this is néfor @ weakly coupled systenby comparison with the non-
possible, and a large set péartial differential equations has interacting case, and for free fields the two-point function
to be solved. In that case the laheloses its interpretation provides all the available information. Fields in equilibrium
for t>0, and it simply labels a complete set.
The equations of motion are free from ultraviolet diver-
gences and the sum over the mode functions in(Ed) is 1Correlation functions have been used in other contexts as well:
finite. In the higher dimensional case charge renormalizatioBee e.g[18] for a study of defect formation during nonequilibrium
would be necessaifyl]. For a study of renormalization in the evolution with correlation functions.

_211'

P=T
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are homogeneous in space and time. In the interacting situd-he path is along the shortest straight line connectiraagnd
tion, one can look for subsets of the system which are effecy. Other paths are possible as well, which leads to a class of
tively in equilibrium. Such subsets will only exikically in  gauge invariant modifications of the two-point functi@n?).
space and timeand one way to enforce homogeneity is av- The arbitrariness in choosing a gauge is now replaced by
eraging over small subset volumes of spacetime. This theohoosing a gauge invariant correlator. The abéX(ex,y;t) is
leads to a definition of particle numbers locally in space anctlosely related to the single-time Wigner functidt®,17. In
time. The optimal size of the subsets is not knoavpriori,  terms of the relative coordinate=x—y and the center-of-
and this may introduce a certain ambiguity. The dependenceass coordinatX=3(x+Y), the single-time Wigner func-
on the size of the subsets can be studied by changing it. tion is given by a spatial Fourier transform of E§.4) with

One way to implement this idea is by studying the equal+espect taz
time two-point function

) 1 1
W(X,p;t)zf dz e 'P2W| X+ —z,X——z;t).

SOGY; ) =P, D ¥(y,1), (3.2 52X= 5
in particular in the following manner: We shall use its spatial and temporal average
1 t+t,/2 1 t+ty/2 , ,
swp= [ o sip, Wb = [ d wip,,
tay t—1t,5/2 avd t—ty/2
(3.9
1 1
S(p,t)zf dz e*'pztj dx Sx,x+z:t). (3.3 W(p,t)= Ef dXW(X,p;t),

The time average over a short time interizglwill smoothen ~ Similar as for the two-point function, E¢3.3). In Appendix
oscillations in the Bose fields, and instead of averaging oveP We show that the correlatofp,t) andW(p,t) are actu-
smaller spatial subsets, we choose here to integrate over tRdY closely related by mere interpolation between the dis-
complete spatial volum&Hence, the particle numbers will Créte momenta. In the following we shall continue with the
be defined locally in time only. This simplifies the analysis \Wigner function. ny _ _
and has the positive effect of diminishing the fluctuations. As N the spinor decompositiotin 1+1 dimensiony four
a side remark, it can be checked explicitly that this approachUnctions appear:
reduces to a commonly used definition of particle number for . :
the case of homogeneyous mean fidl6i$). P W(X,p;t) = F(X, p;i0) +1y*V, (X, pit) TiysP(X,pit),

The fermion correlator is not gauge invariant, but the con- 3.6
cept of quasiparticles is not gauge invariant in the first place,

i which I, he el J(X,p;
although using them to compute observables such as energ_y;\:/v(;rz.;?g Vt\i/léesrt]c;”tueseetﬁgnigt/ai\;ﬁsp;%p:% v(g) tt))

and pressure should give gauge invariant answers. Therefor&c', for temporally and spatially averaged coefficients.

before averaging over space and time we need to fix the For fermions characterized by momentwand massn,

gauge. A suitable choice is the temporal Coulomb gaug : : : P
Ao=0. d,A;=0, in which the remaining freedom of She free field expression for the Wigner function is given by

“large” gauge transformations is removed by requiri@g — m—iy'p
=—LA;/(27m)e(—1,1]. Wfree(X,p)z(l—Np—N_p)T
There are of course other possibilities. One is to use p
gauge invariant modifications of the fermion correla®2), 1 _
for example, +§i Y?(1=Np+N_p), (3.7
W(X!yut)_<¢(Xit)¢(ylt)u(ylxat)>i (34) Ep=\/szp2.

whereU is the parallel transporter: The arbitrary(antiparticle occupation numbers are given by

Np (Wp). Since this is independent of, we now take as a

. possible_ definition of time dependent particle numbers
Np(t), Np(t)_ and effective massny(t) the solution of the
three equations

U(y,x;t)zexp{ —iq fxds A(s,t)
y

2In equilibrium the two-point function in Eq(3.3) does not de- 1
pend onx at all because of translational invariance. Slightly out of Fadp,t)= ETrWav( p.t)
equilibrium, the long wavelength inhomogeneities around equilib-

rium in the two-point functiorior rather in the Wigner function; see 1 o mp(t)
below) can be used to derive transport or kinetic equations by ap- =5[1=Np(t)=N_ (1) ] =, (3.9
plying a gradient expansidii5,16]. 2 Vmg(t) +p?
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0.5 T T T T

1_ .
—Viadp,t) = ETr | 71Wav(|0,t)

1 — p
=5[1=Np(t)=N_ (1) |75,
20 P P ma(t) + p?
(3.9
1,
Voad Pst) = ETr iy "Wa(p,t)
1 _
= E[l—Np(t)JrN,p(t)]. (3.10
%0 100 200 300 200 50.0
The explicit solution of these equations is given in Appendix ) ) e ) )

B. We have added a subscrijpbn the effective mass param-

eter to indicate a possible momentum dependence. The inter- FIG. 1. Chern-Simons numbé and axial charge per flavour
pretation ofmp as a mass is of course best ng(t) is (Qs)/ng versuset. The Iipes fall on top of each other, as expected
momentum independent, as in the free field case. A comparftom the anomaly equation.

son with the free Wigner functiof3.7) gives zero for the

fourth functionP,(p,t) = —TriysW,(p,t). Hence, this co- B 2wX 27X
efficient cannot be used to find new information on the par- do¢(x,0)=3ecos L +2lecos L’

ticle numbers or effective mass, but it serves as a consistency

check. _ JoA1(x,0)= Gauss’ law+ €2,
Note that when the mean fields are homogeneous, par-

ticles and antiparticles with momentumcan only be pro- g glectric fieldsoA, (x,0) is determined almost completely
duced in pairs, antl,=N_. In general, they can be differ- by Gauss’ lam2.4), up to a constant.
ent. It should be clear that we use the Wigner function only  The Chern-Simons numbe® and the axial charge per
to identify the instantaneous particle number at tim@ée.  flavor, (Qs)/ng, which agree in accordance with the
after averaging over the short interva)). Therefore we anomaly equatiori2.1), are shown during time evolution in
consider the single-time Wigner function instead of the coig. 1. Time is given in units of & which has the dimen-
variant one. We do not attempt to solve the dynamics usingjon of mass in #+1 dimensions. We see one sphaleron
the Wigner function approach. transition. The energy of the Bose fields, the fermion fields
Our goal is now to solve the effective equations for thegnd the total conserved energy are shown in Fig. 2. Initially,
Bose fields and the Spinor mode functions. The Wigner funCthe (renormalized fermion energy is zero, because of the
tion can be expressed in terms of the mode functions usingacuum initial conditions for the fermions. We see that there

the expansion(2.6), and from a calculation off,(p.,t),  is energy transfer towards the fermion degrees of freedom.
V,uad Pst) andP,(p,t) the particle number can be extracted.
This will be the subject of the following section. 40.0 . .

IV. PARTICLE PRODUCTION Ele

30.0 | 1
We solve the closed set of effective equati¢d®)—(2.5),

(2.8—(2.10 numerically. In this paper we take the following Eye
parameters: the dimensionful parameters are related b
\/e?=0.25,eL=3.2 and the dimensionless parameter in the gy 20.0 | 1
scalar potential i¥?=8. Then the volume is not very large
but also not too small: in terms of the tree level boson
massesm L = V2\vL~6.4, myL =evL~9.1. Furthermore, E.e

the couplings are fairly Weale2/m§)=0.25. Some details on 1001 ’
the lattice implementation and choice of parameters can b
found in Appendix A.

The inhomogeneous Bose fields are initialized such thal 44 : ‘ . ‘
all the energy initially resides in the long wavelengths. We 0.0 10.0 20.0 30.0 40.0 50.0
take vacuum field configurationg(x,0)=v/y2, A;(x,0) el
=0, and use space dependent momenta. The results pre- FIG. 2. Energy in units ok in the Bose fields Eg), fermion
sented below are obtained starting with fields (Eg) and their conserved su; versuset.
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0.50 . : , ‘
O et=2
0.40 10.0 | o O et=18 A |
¢ et=34
0.30
= 75} o
I%
020 &
~ 50| .
o
0.10 o &
a
25
0.00
-0.10 L L L 0.0 L L g | !
-1.0 -0.5 0.0 0.5 1.0 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
ap ap
FIG. 3. Time dependent particle numbil, versusap, the FIG. 4. Transformed particle number Idg{*—1) for the data

momentum in lattice units, at three different times. The particleof Fig. 3. In equilibrium this would give8(t)[|p| = x(t)]. The lines
numbers are obtained from a time average over an interval of lengthre optained from a straight line fit.

et,,=4 andet denotes the center of the interval.

dispersion relatiorE=|p|.* Finally, we find thatVy,/(p,t)

To analyze how the energy is distributed in the fermion_ 12 and P, (p,t) are consistent with zero for momenta
subsystem we have calculated the four functiongap|>0.5. For smaller momenta they fluctuate around zero.
F(p,1), V,u(p,t) andP(p,t) which appear in tge spinor de- The amplitude in the case @%,(p,t) is smaller than 0.005.
composition of the Wigner functio(8.5), (3.6),” and aver- In order to see whether the fermion subsystem effectively
aged them over a relatively short time intered),=4. This  thermalizes locally in time we compare it with the Fermi-
interval is comparable with the elementary periods present ifjrac distribution function, depending on a time dependent

the Bose systemet,=2m7e/my~2.2, ety,~3.1. Below, the  temperatureT(t)=1/3(t) and chemical potentigk(t):
time et refers to the center of the intervat,,. With regard

to the spatial momentum dependengés written in terms of 1
the dimensionless combinaticap, where a is the lattice fp(t)= exp B([Ep— w(Daspl} +1° (4.2)
spacing. Note that the continuum regime is where the mo-
mentump is small with respect to the cutoff/a, e.g.|ap| The chemical potential is coupled to the axial charge density,
=<0.5(see Appendix A and we use the notatiay, = sgn(p) =sgn(ys) to denote the
We solve the time dependent particle number from thechirality. Note that this term breaks the symmefry» —p.
three equations that are suggested by the free Wigner fungn thermal and chemical equilibriumNp(t):ﬁ,p(t)
tion, Egs.(3.8—(3.10, in the combination =Nayp(t) =f,(t).
To compare the particle numbers with the Fermi-Dirac
1 . distribution, we plot |og(\|;vl—1) versusap. In equilibrium
Nawp(t)= E[Np(t)+N,p(t)]. this would result in a straight lin@(t)[|p| = x(t)]. The re-
sults are shown in Fig. 4. We see that the points seem to lie
approximately on straight lines, with small deviations
The result for the averaged particle number is shown in Figpresent. The lines through the points are obtained from a
3. The particle numbers of the modes wiigp|>1 are con-  straight line fit. Note that the data denoted wéth=2 repre-
sistent with zero, up to numerical precision. These modes argent the averaged particle number in the first interval, 0
not excited at all. As can be seen from Fig. 3, essentially<et<4, which contains less than 1.5 oscillations of the
only the physical(i.e. without lattice artifacts fermions Chern-Simons numbefsee Fig. 1 Already here the low
(with |ap|=0.5) are excited. Furthermore, the distributionsmomentum modes show approximate thermalization.
are much smoother than those obtained with homogeneous From least squares fits to the data we can find the time
mean field§5,6]. Note that the distribution functions are not dependent temperature and chemical potential, with errors.
symmetric undep— — p. This will be discussed below. The effective temperature is obtained separately fpr0
With respect to the time dependent masg(t) in Eqs. andp<0 distribution functions and is shown in Fig. 5. The
(3.8—(3.10, we find no significant deviation from the free effective chemical potential is shown in Fig. 6. In this case
we present the average of the chemical potential obtained

3The results for the particle numbers presented below are normal-
ized for one flavor, i.e. divided bg;=2. “In the analysis we use of course the lattice dispersion relation.
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2.5 T T T T

4 (Qs) —n | dp 1 _ 1
L1 700277_(159 eBEp—ndsp) 4 1 @B(Eptudsp) 4 1
20t k1l
o
15 T
© ’ With the help of the anomaly equati¢@s) =n;C, this gives
=~ w in terms ofC. Likewise, the renormalized fermion energy
10 b i at finite temperature and chemical potential can be calcu-
lated,
0.5 p>0 E 1 C
DT 1 a ar
G—=8 pO —anf(—T2+— 2), m=—" (4.2)
S>—20 EF’ C L 6 27T L
0.08 ' : : : . . .
0.0 10.0 20.0 30.0 40.0 50.0 Given C and Eg, we can predictT and x assumingthe
et fermions are in equilibrium and neglecting interactions.

FIG. 5. Time dependent effective temperature versysob- These prgdictions are showr} ir_] Figs. 5 and 6 as y(/ldkkrg
tained from least squares fifsvith errorg from the transformed the error is the S?andard deviation of the average in an inter-
particle numbers as in Fig. 4, fgr>0,p<0 separately. The line Val ety =4, treating the data as uncorrelaje/e see that

denoted withEg ,C is obtained from Eq(4.), i.e. assumingthat  the equilibrium temperature obtained from E4.2) lies sig-
the fermions are in thermal and chemical equilibrium. nificantly below the effective temperatures obtained from the

particle distribution functions. Presumably this reflects the
e . . fact that the fermions are of course not really free.
from the p>0 and p<0 distribution functions, since the 1o chemical potential from the fits has large fluctuations
fluctuations are rather large. The errors correspond 10 thgg errors. This is possibly due to finite size effects. The
least squares fit. _ _ _ time independent equilibrium resui#.2) suggests that the

If the fermions are in thermal and chemical equilibrium, chemical potential will be sensitive to time dependence of
with possiblyslowlyvarying time dependent temperature andthe Chern-Simons numbesee Fig. 1 This dependence
chemical potential, and interactions are neglected, the relashould decrease when the volumeets larger.
tion betweenQs), Er, T andu is as follows. For massless
fermions,E,=|p|, we find that in that case the axial charge

is given by V. CONCLUSION

We presented numerical results for fermion particle pro-
duction in the presence of inhomogeneous time dependent
Bose fields. The quantum field dynamics was approximated
by effective mean field equations of motion for the Bose
fields coupled to quantized fermion fields, represented by
mode functions. The particle number was extracted from the
single-time Wigner function, using the free Wigner function
as a guideline. For strongly coupled theories, such an ap-
proach would presumably not be possible.

A comparison of the particle number with a time depen-
dent Fermi-Dirac distribution, i.e. containing a time depen-
dent temperature and chemical potential, showed that the
produced particles are approximately in thermal equilibrium,
already after the first few oscillations of the Bose fields. The
effective temperature increases when more energy is trans-
ferred towards the fermion degrees of freedom. Note that
these results are quite different from those obtained with
only homogeneous Bose fields, in which case particle distri-

. . . . butions are typically non-thermal. As a result of the inhomo-
0.0 10.0 20.0 30.0 40.0 50.0 geneous gauge field, the equations studied here contain clas-
et sical (screenefl Coulomb scattering of the particle-like

FIG. 6. Time dependent effective chemical potential verstys Modes, whereas this is absent in the case of homogeneous
obtained as in the previous figure. Here the result is averaged ovénean fields, for which mode coupling is severely reduced.
the chemical potentials obtained from the-0 andp<0 fits. The In this paper our main focus was on fermion particle pro-
line denoted withC is again obtained from Ed4.2). duction. An analysis of the complete system, e.g. of the time

1.5 T T T T
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dependent energy distribution of the Bose fields, remains tthe (completely gauge fixedCoulomb gauge. We define this
be done. (suppressing the time dependenbg

This study may be relevant for inflationary scenarios. Pre-
heating of the universe is usually analyzed by coupling the AC= A (X)+ dr O.(X SAS=0 —1<C.<1
homogeneous inflaton field to the particle mode functions, 1= A1)+ 910c(x), - 1AT=0, ¢ ’(Bl)
leading to resonance band structures and highly non-thermal
particle distribution functiongsee e.g. references given in . .
the Introductioh. The stability of these resonance bands andVeré the gauge fixed Chern-Simons number Gg

the time scales of thermalization will be affected when inho-= — LA1/(27). This completely fixes the gauge. In particu-
mogeneities are taken into account. lar the freedom under large gauge transformations is fixed by
the last requirement in Eq$B1). We recall that due the

=1 charged fermionsC=1 is not gauge equivalent t6

=0, but e.g. toC=-1. The fermion fields transform ac-
cordingly, #(x)— ¢:(X) =exdiqb.(x)]¥(x). The parallel

We thank Bert-Jan Nauta and Henk Stoof for useful distransporter in the Wigner function is in this gauge simply

ACKNOWLEDGMENTS

cussions. This work is supported by FOM. U(y,x;t) =exdigAl(y—x)].
The Wigner function, averaged over the lattice in space,
becomes
APPENDIX A: LATTICE IMPLEMENTATION

We solve the effective equations numerically, using a for- :E —i(p+qA%)z ( E )
mulation of the theory on a lattice in space and time. For Wip.H L ; g ¢ ' <¢° Xt gt
details concerning especially the fermion fields we refer to
[7]; here we repeat only what is necessary. We use a lattice — 1
in space withN sites and lattice spacing, such thatL X e X_Ez’t)>- (B2)

=Na. The indexp labeling the mode functions then takes a

finite number of values, . o ]
Up to the factor exp-igA;z], this is identical to what would

have been obtained when started from the Coulomb gauge
_ 27 _ E _ } E fixed propagator. To evaluate it, we first calculate the Fourier
p n , nNe N+1,...,zNi, (A1) ; . ;
L 2 2 2 transform of the gauge fixed two-point function

and the total number of mode functions is given hy;!4 i L
=4N. On the lattice the dispersion relation is modified and S(F’,t):; e P ; e

oo -
X+ EZ,I T/ X—Ez,t ,

reads, for massless Wilson fermiof, (B3)
2 2 1 — . . . . . . .
Ep=vVs,tm,,  sp=a Isinap, mpy=a }(1—cosap), which is the discrete Fourier transform of an antiperiodic

(A2)  function. Hence we know&(p,t) at a discrete set gf values,
namely those given by EqA1l). Using interpolation and
wherem, is the “Wilson mass.” The maximal fermion mo- extrapolation, the value &(p,t) at other values op can be
mentum on the lattice equatsp=m(1—1/N)=, in units  found as well. It follows from comparing Eq&2) and(B3)
of the lattice spacing. For such high momenta lattice artifactshat the Wigner function is given by(p,t) =S(p+qA7,t).
are important. The physical modes are those with momenta The gauge fixed propagator shows discontinuous behavior
that are small in lattice units, since theB,=|p[[1  when the Chern-Simons number crosses the boundaries set
+O(a?p?)]. A rough guideline i$ap|=<0.5; forap=0.5the by fixing the freedom under large gauge transformations in
correction term is approximately 1%. The time step is de-Egs. (B1). We expect these discontinuities to become less
noted bya,. The lattice parameters afé=64 anday/a  important when the volume is increased. On the other hand,
=0.005. the presence of the time dependent phase factor in(Ez).
leads to a smooth behavior of the Wigner function when the
Chern-Simons number changes during time evolution.

APPENDIX B: NUMERICAL CALCULATION OF THE Finally, the explicit expressions for the time dependent
WIGNER FUNCTION particle numbeNy(t), the antiparticle numbeM,(t) and the

) . . ) effective massn(t) in terms of the functions,(p,t) and
In this appendix we describe how we calculate the Wigner, (p,t) can be obtained as follows. First note from Egs.
function numerically on the lattice. We also compare the(é‘_S) and(3.9) that

single-time Wigner function with the gauge fixed equal-time
two-point function. 1
While the definition of the Wigner function is manifestly 2 2 _ N )2
. . L . . L B+ ) ==(1-N,—N_p)*,
gauge invariant, it is particularly convenient to calculate it in Fadp.)+V1a(pP.) 4( P p)

025002-8
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which gives|1—Np—W_p|_ The sign can be found from Eq. The effective mass, or more generally the dispersion relation,
(3.9, and can then be found from

1 _ 1
Navp(t):_(Np+N—p) p[Navp(t)_E}
2 2 2_
mp(t)+p - Vla\ﬁp:t) ’

1
= sign pVra PO IVFR(P.) +V 2P, t) + >

provided V; ,(p,t) #0 of course. However); ,(p,t) van-
ishes only wherNa\,p(t)—% equals zero as well, since the
The individual (ant)particle numberginstead of the suin  momentunp on the lattice is always different from zero, due
can be found by adding or subtracting to the antiperiodic boundary conditions in spdsee Eq.
11 (Al1)]. Note that sinceF,(p,t) andV;,(p,t) are both real,
_ NG Fad Po ) Vil p,t)=—my(t)/p is real as well, which im-
“Voad PO+ 5= 5(Np=N-p). plies thatm,(t) is real. ’
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