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Abstract
To analyse how diffusion models learn correlations beyond Gaussian ones, we study the behaviour
of higher-order cumulants, or connected n-point functions, under both the forward and backward
process. We derive explicit expressions for the moment- and cumulant-generating functionals, in
terms of the distribution of the initial data and properties of forward process. It is shown
analytically that during the forward process higher-order cumulants are conserved in models
without a drift, such as the variance-expanding scheme, and that therefore the endpoint of the
forward process maintains nontrivial correlations. We demonstrate that since these correlations are
encoded in the score function, higher-order cumulants are learnt in the backward process, also
when starting from a normal prior. We confirm our analytical results in an exactly solvable toy
model with nonzero cumulants and in scalar lattice field theory.

1. Introduction

Diffusion models [1–4]—see also the review [5]—are a widely used class of deep generative models, able to
generate high-quality images and videos via a stochastic denoising process. In diffusion models, images are
scrambled during the forward process, by applying random noise drawn from a normal distribution to each
pixel. It is often stated that at the end of the forward process the images are close to being fully random, that
is, without any correlations remaining among pixels. During the forward process, the change in the
logarithm of the distribution function is learned (‘score matching’) [6]. In the backward process, this score is
applied to initial conditions drawn from a normal distribution and new images are generated (‘denoising’)
[3]. Diffusion models are powerful and widely employed, see e.g. Stable Diffusion [7] and DALL-E 2 [8].

To deepen the understanding of diffusion models, it is important to understand how correlations beyond
Gaussian ones evolve during both the forward and backward process. To address this, we use generating
functionals and lattice field theory as robust and well-understood frameworks. On the one hand, lattice field
theories are widely studied and well understood in theoretical high-energy physics where they are used to
solve strongly interacting quantum field theories describing nature, such quantum chromodynamics, see
e.g. the textbooks [9, 10]. Importantly, interactions between fundamental degrees of freedom are encoded in
the higher n-point functions, which can be computed using perturbation theory in terms of Feynman
diagrams as well as nonperturbatively using lattice simulations. Lattice field theories are therefore useful
playgrounds to assess the feasibility of diffusion models (and other generative methods) to learn
higher-order n-point functions. On the other hand, simulations of quantum field theories require the fast
generation of ensembles of field configurations and there is a long history [11] of studying strongly
interacting quantum field theories numerically by combining the path integral formulation with Monte
Carlo methods, after discretisation on a spacetime lattice. Most standard algorithms, such as Hybrid Monte
Carlo (HMC) [12] rely on importance sampling, where issues related to critical slowing down remain, see
e.g. [13]. It has been suggested—see e.g. the review [14]—that methods developed in generative AI can
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provide an alternative approach to generate ensembles, with configurations playing the role of two- or
higher-dimensional images. Indeed, a substantial amount of work has been carried out using normalising
flow [15–21] and variations thereof, such as continuous normalizing flow [22–25] and stochastic
normalizing flow [26, 27]. The use of diffusion models to simulate lattice field theories was suggested
recently in [28, 29] and extended to U(1) gauge theory in [30], introducing physics-conditioned diffusion
models. To further understand whether diffusion models can be employed in this context, it is of paramount
importance to investigate whether higher-order correlations are faithfully reproduced. This provides the
second motivation for this work, to test the applicability of diffusion models to generate lattice field
configurations, via the analysis of higher n-point functions.

We note here that the use of field-theoretical methods to shed light on machine learning methods goes
beyond what is sketched above. A proposal to use n-point functions to parametrise the latent layer in an
autoencoder can be found in [31]. The so-called neural network/field theory correspondence [32, 33]
exploits the relation between Gaussian processes (or free fields) and neural networks in the limit of infinite
width [34–38]. A relation between deep learning and the AdS/CFT correspondence can be found in [39]. In
quantum field-theoretical machine learning new interaction terms are added on the nodes, to define new
systems [40]. Using the language of field theory may also help in understanding the choice of architecture or
hyperparameters, as shown for the Gaussian restricted Boltzmann machine [41]. A correspondence between
the dynamics of learning and cosmological expansion can be found in [42] and the relation between learning
and Dyson Brownian motion in [43]. The connection between diffusion models and stochastic quantisation
[44–46] was pointed out in [28, 29]. A further connection with Feynman’s path integral was given in [47].

The remainder of this paper is organised as follows. In section 2 we summarise the basics of diffusion
models, using the language of stochastic differential equations (SDEs). Moments and cumulants are
considered in section 3, where we derive explicit expressions for the generating functionals. Subsequently we
verify the analytical results in the case of an exactly solvable model in section 4 and a two-dimensional scalar
field theory in section 5. Conclusions are summarised in section 6. Appendix A contains a brief overview of
the numerical implementation of the diffusion model, while appendix B gives the analytical solutions for the
forward and backward process in the case of a Gaussian target distribution. We consider both score-based,
variance-expanding schemes [3, 48] and a wide class of denoising diffusion probabilistic models (DDPMs)
[1, 2] in the continuous-time limit.

2. Diffusionmodels

Diffusion models consist of a forward process, in which images or configurations are made more and more
noisy, and a backward process, during which new images or configurations are generated in the denoising
process. We use the description in terms of SDEs [4, 49, 50], and consider here for notational simplicity one
degree of freedom, x.5 The forward process is then determined by the stochastic equation,

ẋ(t) = K(x(t) , t)+ g(t)η (t) , (2.1)

where K(x(t), t) is a possible drift term, η ∼N (0,1) is Gaussian noise with variance 1, and g(t) is the
time-dependent noise strength. The initial condition for the forward process, x(0) = x0, is determined by the
target distribution P0(x0), i.e. x0 ∼ P0(x0), which is either known explicitly or implicitly via a data set. We
always consider target distributions for which the first moment vanishes, or has been subtracted,
x0 → x0 −EP0 [x0]. The forward process runs between 0⩽ t⩽ T, where the usual choice is T= 1. Expectation
values are taken by an average over both the noise distribution and the target/data distribution P0(x0).

The corresponding backward process is written in terms of τ = T− t, such that 0⩽ τ ⩽ T. In this process
the drift should contain a time-dependent term which ensures convergence to the target distribution as
τ → T. This term is given by the change in the logarithm of the distribution P(x, t) in principle. The
backward process then reads

x ′ (τ) =−K(x(τ) ,T− τ)+ g2 (T− τ)∂x logP(x,T− τ)+ g(T− τ)η (τ) . (2.2)

The initial conditions for the backward process are drawn from a normal distribution with a variance
comparable to the final variance of the forward process. The second term on the RHS is the essential term to
determine, which can be achieved during the forward process via score matching. The numerical
implementation of score matching relies on neural networks and is summarised in appendix A.

5 In section 5, we will generalise to this to lattice field theory, using the replacement x(t)→ ϕ(x, t).
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There is considerable freedom in choosing the drift K(x, t) and the noise strength g(t), including a linear
drift, K(x(t), t) =− 1

2k(t)x(t), or no drift term at all, i.e. pure diffusion. A popular choice is the
variance-expanding scheme, in which K(x, t) = 0 and g(t) = σt/T, with σ a tunable but generically large
parameter. The variance at the end of the forward process, E[x2(T)]∼ σ2, should be substantially larger than
the variance of the target distribution. In DDPMs the drift is of the form K(x(t), t) =− 1

2g
2(t)x(t). In

appendix B we give the explicit solutions for a Gaussian target distribution in both schemes, in which both
the forward and the backward process can be solved analytically.

3. Moments and cumulants

During the forward process the target distribution evolves to a distribution with a predetermined second
moment or variance, while during the backward process the distribution is expected to reverse to the target
distribution. The question we address here is how higher-order moments or cumulants evolve, both during
the forward and the backward process. We note here that it is often stated (see e.g. [4, 51]) that the final
distribution of the forward process approximates a normal distribution, but we will see below that this is not
the case for pure diffusion. Knowledge of higher-order cumulants is essential for the application to lattice
field theories, since they contain the information on the interactions beyond the free-field limit, as stated in
the Introduction.

3.1. Explicit solution for cumulants
We start by determining the explicit evolution of the lowest few higher-order cumulants during the forward
process. Expressions to all orders, using moment- and cumulant- generating functions, are derived in the
next subsection.

We consider the forward process with a linear drift,

ẋ(t) =−1

2
k(t)x(t)+ g(t)η (t) . (3.1)

Here the linear coefficient may be time dependent, constant or zero (pure diffusion). This equation is solved
as

x(t) = x0f(t,0)+

ˆ t

0
ds f(t, s)g(s)η (s) , (3.2)

where x0 ∼ P0(x0) is an initial condition and

f(t, s) = e−
1
2

´ t
s ds

′ k(s ′). (3.3)

Note that for pure diffusion, with k(t) = 0, f(t, s) = 1.
We denote the time-dependent moments, or n-point functions, as

µn (t) = E [xn (t)] , (3.4)

where the expectation value is taken with respect to the target distribution P0 and the noise distribution. If
we only take the expectation with respect to one of these, this will be indicated explicitly with a subscript P0
or η respectively. Note that we only consider equal-time expectation values. Cumulants will be denoted with
κn(t) and are obtained easily using the expansion [52]

κn = µn −
n−2∑
m=2

(
n− 1

m− 1

)
κmµn−m, (3.5)

with µ1 = κ1 = 0.
Recall that the target distribution has a vanishing one-point function EP0 [x0] = 0 (after subtraction,

x0 → x0 −EP0 [x0], if required). Using the solution (3.2), the second moment and cumulant then read

κ2 (t) = µ2 (t) = µ2 (0) f
2 (t,0)+Ξ(t) , (3.6)

where µ2(0) = EP0 [x
2
0] is the variance of the target distribution and

Ξ(t) =

ˆ t

0
ds

ˆ t

0
ds ′ f(t, s) f(t, s ′)g(s)g(s ′)Eη [η (s)η (s

′)] =

ˆ t

0
ds f 2 (t, s)g2 (s) . (3.7)

3
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The third moment and cumulant are identical and easy to evaluate,

κ3 (t) = µ3 (t) = κ3 (0) f
3 (t,0) . (3.8)

Using the solution (3.2), the fourth moment is given by

µ4 (t) = µ4 (0) f
4 (t,0)+ 6µ2 (0) f

2 (t,0)Ξ(t)+ 3Ξ2 (t) . (3.9)

The fourth cumulant is given by

κ4 (t) = µ4 (t)− 3µ2
2 (t) . (3.10)

Inserting the expressions for µ4(t) and µ2(t) then yields

κ4 (t) =
[
µ4 (0)− 3µ2

2 (0)
]
f 4 (t,0) = κ4 (0) f

4 (t,0) . (3.11)

Similarly, after some algebra, the fifth and sixth cumulants read

κ5 (t) = [µ5 (0)− 10µ3 (0)µ2 (0)] f
5 (t,0) = κ5 (0) f

5 (t,0) , (3.12)

κ6 (t) =
[
µ6 (0)− 15µ4 (0)µ2 (0)− 10µ2

3 (0)+ 30µ3
2 (0)

]
f 5 (t,0) = κ6 (0) f

6 (t,0) . (3.13)

Importantly, we find therefore that all cumulants with n> 2 considered so far take the same form,

κn>2 (t) = κn (0) f
n (t,0) , (3.14)

i.e. they are equal to the product of the nth cumulant of the target distribution and a simple time-dependent
function, raised to the power n. For pure diffusion, f(t,0) = 1 and hence

κn>2 (t) = κn (0) (pure diffusion) , (3.15)

i.e. the higher-order cumulants are preserved under the forward process. This implies that the final
distribution of the forward process is not a normal distribution, but is as correlated as the target distribution,
albeit with a different second moment (3.6).

A qualitative different result is obtained for a forward process with a nonzero drift term. Taking for
simplicity a time-independent one, k(t) = k, such that f(t,0) = exp(−kt/2), one finds that the cumulants
decay exponentially,

κn>2 (t) = κn (0)e
− n

2 kt (constant drift) . (3.16)

Only the second moment remains nonzero,

µ2 (t) = µ2 (0)e
−kt +

ˆ t

0
dse−k(t−s)g2 (s) , (3.17)

with the dependence on the target data exponentially suppressed. In this case, the final distribution of the
forward process is a normal distribution, up to exponentially suppressed terms.

3.2. Moment- and cumulant-generating functions
The demonstration above was carried out at a given order. It is helpful to prove these results to all orders,
using the moment- and cumulant-generating functions, defined by

Z [J] = E
[
eJ(t)x(t)

]
, W [J] = logZ [J] . (3.18)

The normalisation is such that Z[0] = 1. We take the solution (3.2) and consider first the average over the
noise (see e.g. [45] for conventions)

Zη [J] = Eη

[
eJ(t)x(t)

]
=

´
Dη e−

1
2

´ t
0 dsη

2(s)+J(t)[x0f(t,0)+
´ t
0 ds f(t,s)g(s)η(s)]´

Dη e−
1
2

´ t
0 dsη

2(s)
. (3.19)

Completing the square in the exponential and performing the integral over η then yields

Zη [J] = eJ(t)x0f(t,0)+
1
2 J

2(t)Ξ(t). (3.20)

4
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Including now the average over the target distribution yields the final expression for the moment-generating
function,

Z [J] = E
[
eJ(t)x(t)

]
= e

1
2 J

2(t)Ξ(t)

ˆ
dx0P0 (x0)e

J(t)x0f(t,0). (3.21)

Here we used that the second term in the exponential in equation (3.20) is independent of x0. The
cumulant-generating function immediately follows as

W [J] = logZ [J] =
1

2
J2 (t)Ξ(t)+ log

ˆ
dx0P0 (x0)e

J(t)x0f(t,0). (3.22)

This expression explains the results derived above. The second moment or cumulant is given by

κ2 (t) =
d2W [J]

dJ(t)2

∣∣∣∣∣
J=0

= Ξ(t)+EP0

[
x20
]
f 2 (t,0) , (3.23)

in agreement with equation (3.6). All higher-order cumulants are independent of the stochastic part Ξ(t)
and proportional to the cumulants of the target theory, with the replacement x0 → x0f(t,0),

κn>2 (t) =
dnW [J]

dJ(t)n

∣∣∣∣∣
J=0

=
dn

dJ(t)n
logEP0

[
eJ(t)x0f(t,0)

]∣∣∣∣∣
J=0

= κn (0) f
n (t,0) . (3.24)

This is in complete agreement with the explicit results for the fixed-order cumulants derived in the previous
subsection.

We find therefore that the generating functions have a simple structure. They are of the same form as for
the original target distribution P0(x0), with the modifications:

• The degree of freedom, x0, is rescaled with a time-dependent function f(t,0), which results in a multiplica-
tion of all connected n-point functions with a factor f n(t,0). For schemes without a drift (pure diffusion),
f(t,0) = 1, and there is no rescaling.

• The exception is the two-point function, which contains an additive term Ξ(t), which dominates at the end
of the forward process.

This interpretation will be explored further in section 5, where we consider the generating functionals for
lattice scalar field theory.

4. Exactly solvable model with nonzero higher-order cumulants

To study the dynamics of higher-order cumulants during the forward and backward processes numerically,
we consider as target distribution a linear combination of two normal distributions for one degree of
freedom,

P0 (x) =
1

2

[
N

(
x;µ0,σ

2
0

)
+N

(
x;−µ0,σ

2
0

)]
. (4.1)

This distribution has peaks around x=±µ0 and hence resembles a distribution in a double-well potential,
but all moments and hence cumulants can be computed exactly. It is also easy to generate ‘configurations’
numerically, using Gaussian random numbers and shifting them by±µ0 equally often. Finally, as we will see
below, the time-dependent score is known analytically as well.

Since the distribution is even, all odd moments and cumulants are zero. The even moments can be found
using the binomial expansion for (x±µ0)

2n and the standard expression for moments of the normal
distribution with vanishing mean. One finds

µ2n ≡ E
[
x2n

]
=

2n∑
k=0

cnkσ
2k
0 µ2n−2k

0 , cnk =
(2n)!

(2n− 2k)!k!2k
. (4.2)

Cumulants are obtained easily using the expansion (3.5) or via the cumulant-generating function

κn =
dnW [j]

djn

∣∣∣∣∣
j=0

, W [j] = logZ [j] . (4.3)

5
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Figure 1. Evolution of the normalised second moment or cumulant, presented as κ2/κexact
2 − 1, in the two-peak model in the

variance-expanding scheme, with µ0 = 1 and σ0 = 1/4, during the forward process (left), the backward process with the score
determined by the diffusion model (middle), and with the analytical score (right), all using 106 trajectories. The insets zoom in at
0.6< τ < 1.

The moment-generating function Z[j] is a linear combination of the ones for the normal distribution with
mean±µ0,

Z [j] = E
[
ejx
]
= e

1
2σ

2
0 j
2

cosh(µ0j) . (4.4)

Since

W [j] =
1

2
σ2
0 j
2 + logcosh(µ0j) , (4.5)

only the second cumulant depends on σ2
0 , and the few lowest cumulants are given by

κ2 = µ2
0 +σ2

0 , κ4 =−2µ4
0, κ6 = 16µ6

0, κ8 =−272µ8
0. (4.6)

We have analysed this model numerically using the variance-expanding scheme and a particular choice of a
DDPM.

4.1. Variance-expanding scheme
We start with the variance-expanding scheme, using k(t) = 0 and g(t) = σt/T, where σ= 10 and T= 1. The
parameters in the target distribution are µ0 = 1 and σ0 = 1/4 throughout. Some details on the
implementation are given in appendix A. In figure 1 we show the evolution of the second moment (or second
cumulant), as κ2/κ

exact
2 − 1, during the forward and backward process, using 106 trajectories. For the latter,

we use the score determined by the diffusion model as well as the analytical score (to be discussed below). As
expected, the second cumulant increases during the forward process as

κ2 (t) = κ
target
2 +

T

logσ2

[
σ2t/T − 1

]
∼ T

logσ2
σ2t/T, (4.7)

and decreases correspondingly during the backward process. The target value is obtained linearly as τ → T,
as shown in the inset, see appendix B for details.

In figure 2 we show the forward and backward evolution of the fourth, sixth and eight moments, as
µn/µ

exact
n − 1. These moments increase (decrease) as σnt/T (σn(τ−T)/T), and hence grow very large. For the

forward process, we show results for 105,106 and 107 trajectories, which cannot be distinguished. The insets
indicate that the target values are obtained at the end of the backward process. Before turning to the
cumulants, we show in figure 3 the distribution, as obtained by direct sampling from equation (4.1) (Data)
and as produced by the diffusion model (Diffusion). By eye, the distributions are matching, but we make this
precise below.

The forward and backward evolution of the higher moments is dominated by the evolution of the second
moment. To study the properties of the distributions in more detail, it is necessary to follow the higher-order
cumulants. In figure 4(top row) we show the fourth, sixth and eight cumulants, as κn/κ

exact
n − 1, during the

forward process. The prediction from the previous section is that these should be conserved during the
evolution. We observe that they are indeed approximately constant, except towards the end of the forward
process. The latter can be understood as the effect of incomplete cancellations. Higher-order cumulants are
obtained as differences between (higher-order) moments µn(t), which each grow large, as shown in figure 2.
The time evolution hence depends on precise cancellations, which requires sufficient statistics. This is
demonstrated by including expectation values with 105,106 and 107 trajectories. The apparent numerical
instability is reduced as the number of trajectories increases. This supports the analytical result that the

6
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Figure 2. Evolution of the normalised 4th (left), 6th (middle) and 8th (right) moments, presented as µn/µexact
n − 1, in the

two-peak model in the variance-expanding scheme, during the forward process using 105,106 and 107 trajectories (above), and
during the backward process with the score determined by the diffusion model, using 106 trajectories (below). Other parameters
as above.

Figure 3. Distribution created by sampling from the target distribution with µ0 = 1 and σ0 = 1/4 (Data) and from the trained
diffusion model in the variance-expanding scheme (Diffusion), using 106 samples in each case.

higher-order cumulants are preserved, and that the distribution at the end of the forward process is as
correlated as the target distribution (in the limit of an infinite number of trajectories).

The same effect is observed during the backward process, as shown in figure 4(bottom row), using 106

trajectories. Initial conditions are drawn from a normal distribution and hence the cumulants are expected
to be zero initially. Here we observe the reverse behaviour. Near the start of the backward process, the second
and higher moments are large, leading to only a partial cancellation with a finite number of trajectories. After
some time, however, the cumulants become approximately constant and approximately equal to the target
value. The fluctuations shown in the inset reflect the stochastic evolution of predominantly the second
moment, which approximates the target value as τ → T, as do the cumulants.

One possibility is that the large fluctuations at the start of the backward process are the result of a poorly
learned score. This can be tested in this model, since the time-dependent distribution and hence the score
can be obtained analytically. It is then possible to follow the backward process with the exact drift term, using
a finite number of trajectories. The time-dependent distribution during the forward process in the case of
pure diffusion reads

P(x, t) =
1

2

[
N

(
x;µ0,σ

2 (t)
)
+N

(
x;−µ0,σ

2 (t)
)]
, (4.8)

where σ2(t) = σ2
0 +Ξ(t). The proof follows via the application of equation (4.5): with a time-dependent

σ2(t), only the second cumulant is time dependent,

µ2 (t) = κ2 (t) = µ2
0 +σ2 (t) = µ2

0 +σ2
0 +Ξ(t) , (4.9)

7
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Figure 4. Evolution of the normalised 4th, 6th and 8th cumulants, presented as κn/κexact
n − 1, in the two-peak model in the

variance-expanding scheme, during the forward process, using 105,106 and 107 trajectories (above), and during the backward
process, with the score determined by the diffusion model, using 106 trajectories (below). Other parameters as above.

Figure 5. As in the preceding figure, employing the analytical score during the backward process, using 106 trajectories.

while all the higher-order cumulants are constant. The drift of the backward process, i.e. the score, then
follows from

−∂x logP(x, t) =
x

σ2 (t)
− µ0

σ2 (t)
tanh

(
µ0x

σ2 (t)

)
, (4.10)

with t→ T− τ . Note that this implies that all the terms in a polynomial expansion of the drift depend on
time via σ2(t), but that these are resummed in such a way that only the second cumulant is time dependent.

In figure 5, we show the evolution of the normalised cumulants during the backward process, using the
analytical score with 106 trajectories—the second moment is shown in figure 1(right). We observe the same
behaviour as in the case with the learned score, see figure 4(below). We hence conclude that the observed
fluctuations during the first part of the backward process are due to the finite number of trajectories and not
due to a poorly learned score, which is reassuring.

To assess quantitatively how well the cumulants are determined, we have estimated the first four
nonvanishing cumulants κn, with the statistical uncertainty determined by a bootstrap analysis. The results
are shown in table 1. The first row contains the exact values and the second row the values generated by
direct sampling (target ensemble). The third row contains the results obtained with the diffusion model in
the variance-expanding scheme, as discussed above. We observe excellent agreement for the higher-order
cumulants. For the second cumulant a small deviation is observed, which is however less than 1%. It is
interesting that better agreement is observed for the higher-order cumulants.

We conclude that the higher-order cumulants are learned correctly, within numerical uncertainty, with a
noticeable effect for a finite number of trajectories near the start of the backward process. One may infer
from this behaviour that the first part of the backward process is not that relevant for the evolution towards
the final stages, which is worth exploring further.
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Table 1. First four nonvanishing cumulants κn in the two-peak model, as obtained from training data and from diffusion models
without a drift (variance expanding) and with a drift (variance preserving, DDPM). Statistical errors are computed by bootstrap
resampling of a 106 size dataset with 1000 bins.

κ2 κ4 κ6 κ8

Exact 1.0625 −2 16 −272
Data 1.0624(5) −2.000(2) 16.00(2) −272.0(6)
Variance expanding 1.0692(6) −2.001(2) 16.03(3) −272.7(6)
Variance preserving (DDPM) 1.0609(5) −1.976(2) 15.72(2) −265.6(6)

4.2. Denoising diffusion probabilistic models
Next we turn to the class known as DDPMs, in the continuous-time limit. These models have a nonzero
drift, which leads to qualitatively different time dependence: the distribution at the end of the forward
process is expected to be a normal distribution, and hence all the higher-order cumulants should go to zero.
We use a linear drift, with coefficient k(t) = g2(t). The qualitative features do not depend on the choice for
g(t), but for the numerics shown below we have taken g(t) = σt/T, with σ = 10,T= 1. The specific choice of
g(t) determines the time profile, via the definition

u(t) =

ˆ t

0
ds g2 (s) =

T

logσ2

[
σ2t/T − 1

]
. (4.11)

Also in this case the analytical score is available and the time-dependent distribution reads

P(x, t) =
1

2

[
N

(
x;µ(t) ,σ2 (t)

)
+N

(
x;−µ(t) ,σ2 (t)

)]
, (4.12)

where

µ(t) = µ0f(t,0) , σ2 (t) = σ2
0 f

2 (t,0)+Ξ(t) , (4.13)

with

f(t, s) = e−
1
2

´ t
s ds

′ k(s ′) = e−
1
2 u(t)+

1
2 u(s), (4.14)

Ξ(t) =

ˆ t

0
ds f 2 (t, s)g2 (s) = 1− f 2 (t,0) . (4.15)

The solution (4.12) describes the evolution of the distribution during the forward process. The proof is the
same as above; with this distribution the second and higher cumulants evolve as

κ2 (t) = µ2 (t)+σ2 (t) =
(
µ2
0 +σ2

0 − 1
)
f 2 (t,0)+ 1, (4.16)

κn>2 (t) = κn (0) f
n (t,0) , (4.17)

as it should be. At τ = T, κ2(T)→ 1 and κn>2(T)→ 0, up to exponentially suppressed terms. The
distribution then becomes normal, P(x,T) =N (x;0,1), again up to exponentially suppressed terms, see also
appendix B.

The evolution of the second cumulant is shown in figure 6. Note that the cumulant is normalised with
the target value, κ2(0) = µ2

0 +σ2
0 = 1.0625, such that the expected value at the end of the forward process is

1/1.0625= 0.9412. In the forward process we also show the analytical solution (4.16), to make clear that the
observed noisy behaviour is due to the finite number of trajectories. For the backward process, we show the
evolution using the learned score and the analytical score from the time-dependent solution (4.12), using an
equal number of trajectories. The behaviours are initially somewhat different, but for τ/T> 0.5 both
processes converge towards the target value.

Higher-order cumulants are presented in figure 7, for the forward (top row) and backward (bottom row)
process. The cumulants evolve from the target value to zero, and vice versa, in a much more controlled
manner than in the variance-expanding scheme; the cancellations required above are not needed here. The
results, with statistical error, are given in table 1, fourth row. We note an agreement which is slightly worse
compared to the variance-expanding scheme. This may be due to the qualitatively different behaviour
observed during the evolution: while fluctuations are suppressed, there is a stronger dependence on the value
obtained around, say, τ/T= 0.5, to reach the expected value at τ = T. It would be interesting to combine
features of the two schemes, as the effects due to a finite number of trajectories affect the second cumulant
and higher cumulants in opposite ways.

9
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Figure 6. Evolution of the normalised 2nd cumulant, presented as κ2/κexact
2 , in the two-peak model in the DDPM, during the

forward process (left) and during the backward process (right), with the score determined by the diffusion model and with the
analytical score, using 106 trajectories in all cases. In the forward process, the analytical solution is shown as well. Other
parameters as above.

Figure 7. Evolution of the normalised 4th, 6th and 8th cumulants, presented as κn/κexact
n , in the two-peak model in the DDPM,

during the forward process (above), and during the backward process (below), with the score determined by the diffusion model
and with the analytical score, using 106 trajectories in all cases. Other parameters as above.

5. Lattice field theory

We now move to the case of many degrees of freedom and consider a Euclidean field theory, discretised on a
lattice. For a real scalar field ϕ(x), the target probability distribution reads

P0 [ϕ] =
1

Z
e−S[ϕ], Z=

ˆ
Dϕe−S[ϕ], (5.1)

where S[ϕ] is the Euclidean action and Z denotes the partition function. The integration is over all field
configurations and Dϕ denotes the discretised measure,

ˆ
Dϕ =

∏
x

ˆ ∞

−∞
dϕx, (5.2)

where the product is over all spacetime points, forming a hypercubic (square) lattice in n (two) dimensions.
The simplest interacting field theory is a λϕ4 theory, with continuum action

S [ϕ] =

ˆ
dnx

[
1

2

n∑
ν=1

(∂νϕ(x))
2
+

1

2
m2

0ϕ
2 (x)+

1

4
λ0ϕ

4 (x)

]
. (5.3)
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As stated we use Euclidean signature, with ∂ν (ν = 1, . . . ,n) denoting partial derivatives. Following the
standard route to discretisation [9], the corresponding lattice action reads

S [ϕ] =
∑
x

[
−2κ

n∑
ν=1

ϕxϕx+ν̂ +ϕ2
x +λ

(
ϕ2
x − 1

)2]
. (5.4)

We use periodic boundary conditions. The relation between the continuum and lattice fields, the lattice
spacing, and the parametersm0,λ0 and κ,λ can be found in [9, 28]. Note that κ is the so-called hopping
parameter, not to be confused with a cumulant. The actions (5.3) and (5.4) are non-Gaussian and hence lead
to nonvanishing higher-order cumulants. Below we denote the field with ϕ(x).

Returning to the diffusion model, the equations discussed above for one degree of freedom can be taken
over directly. The forward process reads

∂tϕ(x, t) = K [ϕ(x, t) , t] + g(t)η (x, t) , (5.5)

with the backward process

∂τϕ(x, τ) =−K [ϕ(x, τ) ,T− τ ] + g2 (T− τ)∇ϕ logP(ϕ,T− τ)+ g(T− τ)η (x, τ) . (5.6)

Here K[ϕ, t] is the possible drift term and η ∼N (0,1) is Gaussian noise with variance 1, applied locally at
each lattice coordinate, i.e.

Eη [η (x, s)η (x
′, s ′)] = δ (s− s ′)δ (x− x ′) . (5.7)

Note that g(t) still only depends on time, but one could introduce x dependence as well. As above, we assume
the first moment vanishes, or has been subtracted, ϕ(x)→ ϕ(x)−EP0 [ϕ(x)].

With a linear drift, K[ϕ(x, t), t] =− 1
2k(t)ϕ(x, t), and the initial condition ϕ0 ∼ P0[ϕ0], the forward

equation is solved by

ϕ(x, t) = ϕ0 (x) f(t,0)+

ˆ t

0
ds f(t, s)g(s)η (x, s) , (5.8)

where f(t, s) was defined in equation (3.3). The equal-time two-point function (or two-point correlation
function or propagator) then reads

G(x,y; t)≡ E [ϕ(x, t)ϕ(y, t)] = EP0 [ϕ0 (x)ϕ0 (y)] f
2 (t,0)+Ξ(t)δ (x− y) , (5.9)

where

Gtarget (x,y)≡ EP0 [ϕ0 (x)ϕ0 (y)] (5.10)

is the full two-point function in the target theory. Ξ(t) is exactly the same as in equation (3.7), having used
equation (5.7).

Here we focus on moments and cumulants, involving products of the field at coinciding spacetime
points—we come back to the propagator (5.9) below. Moments are then defined as

µn (x, t) = E [ϕn (x, t)] . (5.11)

Under the usual assumption that the target theory is translationally invariant, moments and cumulants are
independent of x and the x-label may be dropped.

Since the noise is applied at each spacetime point separately, the computation for the moments and
cumulants is exactly as before. We hence give immediately the results for the generation functionals.
Moments are generated by

Z [J] = E
[
eJ(x,t)ϕ(x,t)

]
= e

1
2 J

2(x,t)Ξ(t)

ˆ
Dϕ0P0 [ϕ0]e

J(x,t)ϕ0(x)f(t,0), (5.12)

and the cumulant-generating function reads

W [J] = logZ [J] =
1

2
J2 (x, t)Ξ(t)+ log

ˆ
Dϕ0P0 [ϕ0]e

J(x,t)ϕ0(x)f(t,0). (5.13)
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Figure 8. Evolution of the normalised 2nd and 4th cumulant, presented as κn/κ
target
n − 1, in the two-dimensional ϕ4 theory,

during the forward (left) and backward (right) process with the score determined by the diffusion model.

Figure 9. Evolution of the normalised 6th cumulant, presented as κ6/κ
target
6 − 1, in the two-dimensional ϕ4 theory, during the

forward (left) and backward (right) process with the score determined by the diffusion model.

The second moment or cumulant is given by equation (5.9), evaluated at x= y.6 All higher-order cumulants
are given by

κn>2 (t) =
δnW [J]

δJ(x, t)n

∣∣∣
J=0

=
δn

δJ(x, t)n
logEP0

[
eJ(x,t)ϕ0(x)f(t,0)

]∣∣∣
J=0

, (5.14)

and are hence equal to the cumulants in the target theory, multiplied with the time-dependent function
f n(t,0). In particular, for pure diffusion we find again that

κn>2 (t) = κn (0) (pure diffusion) . (5.15)

We will now verify these results in the scalar field theory introduced above, defined on a two-dimensional
lattice, using the implementation of the variance-expanding diffusion model without drift, previously
discussed in this context in [28, 29]. The results shown below are obtained on a 32× 32 lattice, with hopping
parameter κ= 0.4 and coupling λ= 0.022. The theory is in the symmetric phase. We used 105 configurations
to train the model using the variance-expanding scheme with σ= 25 and T= 1, and also 105 configurations
to evolve the cumulants during the forward and backward processes.

Figure 8 shows the 2nd and 4th cumulant, normalised with the numerically computed target value,
during the forward (left) and backward (right) process. As expected, the 2nd moment or cumulant increases
(decreases) as in equation (4.7). During the backward process, the second cumulant approaches the target
result linearly from above, as expected, see appendix B. The 4th cumulant is approximately constant, with the
effect of a finite number of trajectories visible towards the end (start) of the forward (backward) process, as
above. The forward and backward evolution of the 6th order cumulant is shown in figure 9. The cumulant is
approximately conserved during the first (second) part of the forward (backward) evolution and suffers from

6 The delta function should be understood as defined on the discretised lattice, δ(x− y)→ δx,y, where δx,y is the Kronecker delta with
δx,x = 1.
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Table 2. First four nonvanishing cumulants κn in the scalar ϕ4 field theory, with κ= 0.4, λ= 0.022 and 105 configurations on a 322

lattice, using normalised HMC data and as obtained from the diffusion model in the variance-expanding scheme. Statistical errors are
computed by bootstrapping.

κ2 κ4 κ6 κ8

HMC (normalised) 0.39597(4) −0.29453(6) 0.90108(28) −5.8689(25)
Diffusion model 0.39598(4) −0.29454(7) 0.90113(32) −5.8694(28)

incomplete cancellations for the remainder, similar to the evolution in the two-peak model. We note that
with 322 ∼ 103 lattice sites, the total number of trajectories is 322 × 105 ∼ 108. The insets show the evolution
at the end of the backward process.

Estimates for the first four nonvanishing cumulants are presented in table 2, with statistical uncertainty.
We note here that the cumulant values are given for the normalised data. To revert to the unnormalised (i.e.
original) data, the nth cumulant κn has to be multiplied with the nth power of ϕmax =−ϕmin, see appendix A
for details. Importantly, we observe that the cumulants are reproduced to high precision, including κ2. This
illustrates that the diffusion model is capable of learning higher-order cumulants for a system with many
degrees of freedom, such as a lattice field theory.

Returning finally to the propagator (5.9) in the case without a drift, f(t,0) = 1, and using translational
invariance, we note that it reads in momentum space

G(p, t) = Gtarget (p)+Ξ(t) =
1

p2 +m2 +Σ(p)
+Ξ(t) . (5.16)

Here we used the Dyson equation for the full propagator of the target theory,

G−1
target (p) = G−1

0 (p)+Σ(p) , G−1
0 (p) = p2 +m2. (5.17)

We note that during the forward process, with Ξ(t) increasing, the most ultraviolet (large momentum)
modes are destroyed first, and reversely, during the backward process, with Ξ(t) decreasing, the most
infrared (small momentum) modes are denoised first. The direction of this flow of information (from large
spatial scales to small ones, or vice versa) is interesting to explore further, e.g. in the context of the
Renormalisation Group (see e.g. [53–55] for connections between diffusion and (inverse) Renormalisation
Group flows) or of nonequilibrium phase transitions and symmetry breaking/restoration (see e.g. [56] for
phase transitions in diffusion models applied to ImageNet data).

6. Conclusion and outlook

In this paper we investigated how higher-order moments and cumulants are learnt in diffusion models, by
deriving exact expressions for the moment- and cumulant-generating functionals. We have demonstrated
that higher-order cumulants are exactly conserved in models without a drift, such as the variance-expanding
scheme. The distribution at the end of the forward process is therefore as correlated as the target distribution.
In models with a drift, such as DDPMs, higher-order cumulants go to zero and the distribution at the end of
the forward process is normal, up to exponentially suppressed terms. In both cases, the score incorporates
the knowledge of the higher-order correlations, which are therefore regenerated during the backward
process, when starting from a normal distribution. These predictions were subsequently verified in an
exactly-solvable but nontrival model with one degree of freedom and in a lattice scalar field theory. The use
of the latter is highly relevant for the application of diffusion models to generate field configurations as an
alternative to standard Monte Carlo-based approaches. Since higher-order cumulants contain the
information on interactions between fundamental degrees of freedom, it is indeed of utmost importance that
these can be encoded and learnt properly.

In the numerical implementation of the variance-expanding scheme, we observed that at the final
(initial) stages of the forward (backward) process the higher-order cumulants suffer from incomplete
cancellations between trajectories and therefore appear ‘noisy’. We have demonstrated that this is not due to a
poorly learned score but due to finite statistics. It will therefore be interesting to investigate how relevant the
first stage of the backward process is in the generation of new configurations and whether efficiency can be
gained by starting the backward process slightly later. For efficiency gains by adapting the noise scheduler, see
e.g. [57–59]. We also note here that we have not incorporated any acceptance/reject step in this study, which
is possible in principle [28] and a further area to explore in cases where minor deviations between the target
and generated data need to be addressed. Finally, an analysis of the two-point function in field theory
indicated an interesting interplay between momentum scales in the propagator and the scale of the noise
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during the forward and backward processes, which is worth exploring further, e.g. using the framework of
the Renormalisation Group or nonequilibrium phase transitions.

Although the main thrust of our paper is theoretical, looking forward more generally we note that
understanding the preservation and learning of complex correlations in diffusion models, as encoded in
higher-order cumulants, might inform the development of more robust generative models across various
domains. Additionally, modifying the training or sampling procedures of diffusion models to explicitly
account for these may enhance their performance in capturing intricate data structures. Such advancements
could lead to more accurate and efficient models in fields ranging from image and signal processing to the
simulation of complex physical systems, including lattice field theory.
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Appendix A. Implementation of the diffusionmodel

In this appendix, we give some details on the numerical implementation of the diffusion model.

Estimating the score—To estimate the score of a distribution we may train a score-based model based on
some sample dataset of the target distribution with score-matching [6]. The score function approximation
sθ(x, t) can be trained with the Fisher divergence objective such as in [4],

L(θ,λ) :=
1

2

ˆ T

0
dtEPt(x)

[
λ(t)

∣∣∣∣sθ (x, t)−∇ logPt (x)
∣∣∣∣2
2

]
, (A.1)

where the weight λ(t) is chosen to be the variance of the noise at time t which, for g(t) = σt/T, equals

λ(t) =
T

2 logσ

(
σ2t/T − 1

)
. (A.2)

A practical and computationally easier training objective is to approximate the score function of the marginal
probability at some time t,∇ logPt(x), with the score of a transition kernel∇ logPt(xt|x0). In the case of an
affine drift K(x, t), the transition kernel is always a Gaussian distribution kernel, which in the case without
the drift term is simply Pt(xt|x0) =N (xt;x0,λ(t)), and Pt(xt) =

´
dx0Pt(xt|x0)Pdata(x0).

In a given epoch, we sample a random time step from the uniform distribution, t∼ U(ε,T), with ε close
to 0, for every batch in the data set and perturb our sample x0 with noiseN (0,λ(t)). For the case without a
drift term, the score of the transition kernel in the training objective can be written as
∇ logPt(xt|x0) =−(xt − x0)/λ(t), and using equation (A.1), we obtain the simplified loss function

L(θ,λ) =
1

2

T∑
t=0

EPt(x)

[
λ(t)

∣∣∣∣∣∣sθ (x, t)+ xt − x0
λ(t)

∣∣∣∣∣∣2
2

]

=
1

2

T∑
t=0

EPt(x)

[∣∣∣∣sθ (x, t)√λ(t)+ zt
∣∣∣∣2
2

]
, zt ∼N (0,1) . (A.3)

14

https://zenodo.org/records/14041604
https://zenodo.org/records/14041604


Mach. Learn.: Sci. Technol. 6 (2025) 025004 G Aarts et al

Table 3.Model and training hyperparameters used in the training of the two-peak model. We save the weights with the best loss during
the training process and set the training to stop early if the loss has not improved within 50 epochs. An early stop was observed
occurring after an average of 100 epochs for a dataset of 106 realisations.

Model hyperparameters Training hyperparameters

Hyperparameter Value Hyperparameter Value

Layers [64, 64] Learning rate 1× 10−4

Time embedding dims 128 Batch size 512
Activation function LeakyReLU optimizer Adam
weight initialization PyTorch default Max epochs 200

Having a trained score model s∗θ(x, t), we can obtain samples from the target distribution by numerically
solving the backwards stochastic process, c.f. equation (2.2),

xτ+∆τ = xτ +
[
−K(xτ ,T− τ)+ g2 (T− τ) s∗θ (xτ ,T− τ)

]
∆τ + g(T− τ)

√
∆τ ητ , (A.4)

where∆τ is the step size, ητ ∼N (0,1) and the equation is solved from τ = 0 to T.

Two-peak model with one degree of freedom—To model the score sθ(x, t), we use a fully connected neural
network conditioned on the time information using Gaussian Fourier feature mapping [60]. For inference,
we choose to run the backward process using 1000 steps for 106 trajectories. Our choice of hyperparameters
is summarised in table 3.

Lattice field theory—Here we use the same setup as in [28], see appendix A of that paper.
For training purposes, the HMC data has been normalised using the reversible transformation

ϕ̃(x) = 2

(
ϕ(x)−ϕmin

ϕmax −ϕmin
− 1

2

)
, ϕ(x) =

1

2

(
ϕ̃(x)+ 1

)
(ϕmax −ϕmin)+ϕmin, (A.5)

where ϕmin,max are the minimal and maximal value of the field over the entire ensemble for fixed lattice
parameters. For a symmetric distribution, nth order moments and cumulants for unnormalised and
normalised data are related via a multiplication or division by ϕmax =−ϕmin. For our ensemble
ϕmax ∼−ϕmin = 5.711.

Appendix B. Gaussian target distribution

In this appendix we discuss the case of a Gaussian target distribution in some detail. Since the distribution is
a Gaussian throughout the forward and backward process (with vanishing mean), the only dynamical
quantity is the variance, i.e. the second moment or cumulant. It is important to distinguish the variances
during the process:

• variance of the target distribution: σ2
target,

• initial condition of the forward process: σ2
fw(0) = σ2

target,
• (final) variance during the forward process: σ2

fw(t),σ
2
fw(T),

• initial condition of the backward process: σ2
bw(0) = σ2

0,bw,
• (final) variance during the backward process: σ2

bw(τ),σ
2
bw(T).

A diffusion model works well if the final result of the backward process is (approximately) equal to the
variance of the target distribution, σ2

bw(T)∼ σ2
target.

We consider the forward process

ẋ(t) =−1

2
k(t)x(t)+ g(t)η (t) , (B.1)

where the drift includes the cases considered above: k(t) = 0,g2(t). The corresponding Fokker-Planck
equation (FPE) reads

∂tP(x, t) =
1

2
∂x

[
g2 (t)∂x + k(t)x

]
P(x, t) . (B.2)
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With a linear drift, the solution is a Gaussian distribution,

P(x, t) =
e−x2/2σ2

fw(t)√
2πσ2

fw (t)
, σ2

fw (t) = EP(x,t)

[
x2 (t)

]
=

ˆ
dxP(x, t)x2. (B.3)

Substituting this Ansatz in the FPE yields the equation σ2
fw(t) has to satisfy,

σ̇2
fw (t) =−k(t)σ2

fw (t)+ g2 (t) . (B.4)

Using the notation in section 3, the equation above is solved by

σ2
fw (t) = σ2

targetf
2 (t,0)+Ξ(t) , (B.5)

in terms of the initial variance σ2
target, and

f(t, s) = e−
1
2

´ t
s ds

′ k(s ′), Ξ(t) =

ˆ t

0
ds f 2 (t, s)g2 (s) . (B.6)

The backward process (with τ = T− t) is

x ′ (τ) =
1

2
k(T− τ)x(τ)+ g2 (T− τ)∂x logP(x,T− τ)+ g(T− τ)η (τ) . (B.7)

With

∂x logP(x, t) =−x(t)/σ2
fw (t) , (B.8)

the drift for the backward process is linear, such that

x ′ (τ) =−1

2
kbw (τ)x(τ)+ g(T− τ)η (τ) , (B.9)

with the coefficient

kbw (τ) =
2g2 (T− τ)

σ2
fw (T− τ)

− k(T− τ) , (B.10)

and the corresponding FPE,

∂τP(x, τ) =
1

2
∂x

[
g2 (T− τ)∂x + kbw (τ)x

]
P(x, τ) . (B.11)

The solution is of the same form as for the forward process, see equation (B.5),

σ2
bw (τ) = σ2

0,bwf
2 (τ,0)+Ξ(τ) , (B.12)

but with a more involved coefficient kbw(τ) and

f(τ, s) = e−
1
2

´ τ
s ds ′ kbw(s ′), Ξ(τ) =

ˆ τ

0
ds f 2 (τ, s)g2 (T− s) . (B.13)

We now consider two special cases:

1. Variance-expanding scheme without a drift term. We take k(t) = 0,g(t) = σt/T, such that f(t, s) = 1 and

σ2
fw (t) = σ2

target +

ˆ t

0
ds g2 (s) = σ2

target +
T

2 logσ

[
σ2t/T − 1

]
. (B.14)

For t/T≪ 1, this reads σ2
fw(t) = σ2

target + t, a linear increase in time. The memory of the initial
distribution is suppressed at t=T, provided that Dσ2 ≫ σ2

target and large, such that

σ2
fw (T)≈ Dσ2, with D=

g2 (t)

dg2 (t)/dt
=

T

logσ2
. (B.15)
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The solution (B.12) of the backward process has the somewhat cumbersome coefficients

f(τ,0) =
D
(
σ2(1−τ/T) − 1

)
+σ2

target

D(σ2 − 1)+σ2
target

, (B.16)

Ξ(τ) = Dσ2(1−τ/T)
(
σ2τ/T − 1

)
f(τ,0) . (B.17)

Since f(0,0) = 1 and Ξ(0) = 0, the solution satisfies the correct initial condition. At the end of the
backward process, we find

f(T,0) =
σ2
target

D(σ2 − 1)+σ2
target

, Ξ(T) = D
(
σ2 − 1

)
f(T,0) . (B.18)

In the same limit as above, Dσ2 ≫ σ2
target and large, one finds that

f(T,0) = 0+
σ2
target

D(σ2 − 1)
+ . . . , (B.19)

Ξ(T) = σ2
target

[
1−

σ2
target

D(σ2 − 1)
+ . . .

]
, (B.20)

such that the desired outcome is indeed obtained, σ2
bw(T)≈ σ2

target.
Writing τ = T− ϵ, the approach to the value at τ = T can be analysed, using

f(T− ϵ,0) = f(T,0)

[
1+

ϵ

σ2
target

+O
(
ϵ2
)]

, (B.21)

Ξ(T− ϵ) = Ξ(T)
f(T− ϵ,0)

f(T,0)

[
1− ϵ2

D
+O

(
ϵ3
)]

, (B.22)

which yields

σ2
bw (T− ϵ) = σ2

bw (T)

[
1+

Ξ(T)+ 2f 2 (T,0)σ2
0,bw

Ξ(T)+ f 2 (T,0)σ2
0,bw

ϵ

σ2
target

+O
(
ϵ2
)]

. (B.23)

Using again that Dσ2 ≫ σ2
target, this reduces to

σ2
bw (T− ϵ)≈ σ2

bw (T)+
σ2
bw (T)

σ2
target

ϵ+O
(
ϵ2
)
≈ σ2

bw (T)+ ϵ+O
(
ϵ2
)
, (B.24)

i.e. the target value is approached linearly with slope 1, as expected from the forward process at early
times.

2. Denoising diffusion probabilistic models (DDPMs). We take k(t) = g2(t), which incorporates various
examples of DDPMs in the continuous-time limit. The FPE simplifies considerably,

∂tP(x, t) =
1

2
g2 (t)∂x (∂x + x)P(x, t) , (B.25)

which suggests to redefine time as

u(t) =

ˆ t

0
ds g2 (s) , (B.26)

such that

∂uP(x,u) =
1

2
∂x (∂x + x)P(x,u) . (B.27)

With

f(t, s) = e−
1
2 u(t)+

1
2 u(s), Ξ(t) = 1− f 2 (t,0) , (B.28)

the variance during the forward process is given by

σ2
fw (t) = 1+ e−u(t)

(
σ2
target − 1

)
, (B.29)
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with σ2
fw(0) = σ2

target. At the end of the forward process, the variance is unity, up to exponentially
suppressed terms.
For the backward process, we introduce

v(τ) =

ˆ τ

0
ds g2 (T− s) = u(T)− u(T− τ) . (B.30)

We then find

f(τ, s) = e
1
2 v(s)−

1
2 v(τ)

ev(T) + cev(τ)

ev(T) + cev(s)
, (B.31)

Ξ(τ) =
(
1− e−v(τ)

) 1+ cev(τ)−v(T)

1+ ce−v(T)
, (B.32)

with c= σ2
target − 1. Inserting these in equation (B.12) yields the solution of the backward process. At the

end of the backward process, we obtain

f(T,0) =
e−

1
2 v(T)

1+ ce−v(T)
σ2
target → 0, Ξ(T) =

1− e−v(T)

1+ ce−v(T)
σ2
target → σ2

target, (B.33)

which implies that the desired outcome is again obtained, σ2
bw(T)≈ σ2

target, up to exponentially
suppressed terms. Note that this is independent of the choice of g(t).

We conclude that in the case of a Gaussian target distribution both schemes lead to the correct result, by
explicit computation. Noticeably, the manner in which this is achieved is quite different: in the scheme
without a drift, the variance at the end of the forward process should become large, and in particular much
larger than target variance. Corrections are suppressed as σ2

target/σ
2, where σ2 is the strength of the noise at

t=T. In the scheme with a drift this requirement is not needed: the variance at the end of the forward
process becomes unity and deviations are suppressed exponentially.
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