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Adaptive gauge cooling for complex Langevin dynamics Lorenzo Bongiovanni

1. Introduction

The lattice discretisation provides an important tool iedgt QCD nonperturbatively. How-
ever standard methods, based on importance samplingreexreéal Boltzmann weight to be used
as a probability distribution. Therefore they cannot bedusanvestigate many problems of great
interest where the weight is actually complex, such as incise of the QCD phase diagram at
nonzero baryon chemical potential and QCD in the presenedeterm. The issue of a complex
weight goes under the name of tsign problem{1]. Complex Langevin (CL) dynamics [2] offers,
in principle, a way to carry out simulations without reqagithe weight to be real, since impor-
tance sampling is not used. Although real Langevin dynaisipsoven to converge to the desired
distribution, there is not (yet) such a general proof for Recently, a formal proof of convergence
was found that depends, however, on sufficiently tight isatibn of the probability distribution in
the complex configuration space [3]. In the context of gahgeties this implies that the degrees
of freedom should not venture out too widely into the enldr§(N,C) group. It is then clear
that controlling the dynamics in such a way that it remairslised in the complexified field space
becomes a crucial point to ensure its convergence to theneghlt. In particular, for nonabelian
gauge theories gauge cooling (GC) is a method that makesgm®gossible [4—6].

2. Gauge cooling

In nonabelian gauge theories, complex Langevin dynamitgally enlarges the gauge group
of the theory from SUUN) to SL(N, C), by complexifying its parameters. While the determinant of
its elements remains unity, unitarity no longer holds [7],

U € SL(N,C) : uut=+n %TrUUTZL (2.1)
Gauge invariance is of course still present: a transfolonadi sitex
Uy — QUx Uy — Uxo Qs (2.2)
where
Q, = c S (N, C), way € C, (2.3)

leaves the action invariant. Hedg are the Gell-Mann matricesa&= 1,...,N% — 1, sum overa
understood). However, the gauge orbit, describe@fynow takes place in SIN,C). Moreover,

it changes the unitarity norm (UN) GiU T (note that THU ~1 = N is preserved). The idea of gauge
cooling [4] is to use this noninvariance of the UN under gatngesformation to move all the links,
in a configuration, along the gauge orbit up to the point whieedJN is minimal. One can obtain
this by choosing, as parameter of the gauge transformdtiergradient of the UN itself along the
gauge orbit. A gauge transformation at sitihen takes the form

Q — ¢ “Gafade fo— 2Tt [Aa (UX,HUXT WUl U M)} , (2.4)

where in the latter expression the sum over all directiortgken. In the exponert is a finite
parameter representing the order of magnitude of the geepsied in the Langevin process, while
agf is a parameter which can still be chosen to optimise the rgolit is important to stress that
since the gauge cooling process is separate from the CLtevalut is not equivalent to gauge
fixing and no Fadeev-Popov determinant is needed.
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Figure 1: Gauge cooling in SIN, C) brings the link as close as possible to(B). The orbit on the left is
equivalent to a SKN) configuration, while the one on the right is not.

3. Analytical solution of gauge cooling in a one-link model

It is instructive to derive the analytical solution of the @Quation in a one-link SW) model
[5]. Let us define the distance from the unitary manifold as

d:%Tr(UUT—]l) > 0. (3.1)

We apply an infinitesimal GC transformation to the lidk— U’ = QUQ~1, whereQ is given in

Eq. (2.3) (since there is only one link, the indices can be dropped). The change in the distance
d, at leading order iz, reads

o d=- Na:— N Tr(uu'[u,u')). (3.2)
This expression is correct fo&f € SL(N,C). We now continue wittN = 2, considering both the
case that is gauge-equivalent to a matrix in SU(2) and the case thatibi. In the first example

one expects GC to bring the distandéack to 0, while in the second case the distance should
remain finite. This is illustrated in Fig] 1.

ForN = 2, the GC equation[ (3.2) can be expressed in terms of the tvasiamtsc = %TrU
andc* = 3TrU™. Itreads

d = —8ags (P +2(1— [c|?)d+?+c? —2/c). (3.3)

Consider now the case that= c* (andc # 1; c = 1 corresponds to the identity matrix). In that
casel is gauge-equivalent to an element of SU(2) and the GC equsiioplifies to

d=—8agf (d+2(1-2))d. (3.4)
This equation indeed hasumiquefixed point atd = 0, which is reached exponentially fast,
d(t) ~ 2(1— c?)e 1801 (1-ct _, g (3.5)

On the other hand, i # ¢*, U cannot be gauge-equivalent to a SU(2) matrix. The statjopaint
is

d(t —o0) =|c2 -1+ \/1—c2—c*2+]c\4>0, (3.6)
and the minimum distance is larger than 0, as expected.
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Figure 2: SU(2) Polyakov chain. Left: Effect of GC on Polyakov chainghva different number of links.
Right: Effect of different implementations of adaptive GRaPolyakov chain of lengtN, = 1000, plotted
on a log-log scale.

4. Adaptive gauge cooling in the SU(2) Polyakov chain model

When the model is more complicated than above, analytidatisos are typically not avail-
able and a numerical computation is needed. The model wdderns an SU(2) Polyakov
chain [4, 5], with the action
B eC.

S= —%Tr (U1U2...UN[), (4.1)

This model can of course be reduced, by an appropriate gearggfdrmation, to the one-link model
S= —%Tr (U) which is exactly solvable. However from a numerical poinviefv, the action [(4]1)
has as many degrees of freedom as the number of group paranieies the number of links. In
that sense it is a very useful toy model to study the effecbolyg cooling in anticipation of proper
four-dimensional gauge theories.

In this exercise, we start with a gauge-transformed unithgin, such that the initial distance
from SU(2) is nonzero. Under cooling, the distance shouéah the reduced to zero. In Fig. 2 (left)
we show how this happens as the number of likksn the chain is increased. Fbdl; = 1 one
observes the exponential evolution to the stationary molwds proved anaytically above. On the
other hand, folN, > 1 the process of reaching the stationary point is visiblysld down.

As the number of degrees of freedom increases one wants ta fuag for GC to evolve faster
towards the stationary fixed point. A possible solution isseadaptive gauge coolinfp], with

a

BU,UT) (4:2)

Oad =
HereD(U,U") is a scalar function that can be adapted to the model undestigation. In Fig[]2
(right) we show results for several different choicesDgt),UT): Do(U,UT) = 1 (not adaptive);
D1(U,UT) = Truu™; Do(U,UT) = (fax(U,UT))ax [5]. Plotting the results on a log-log scale, one
can observe an asymptotic powerlike decay{@f ~ t~3/2, As one can appreciate from the plot,
with D,(U,UT) the fixed-point solution is approached several orders ofnibagde faster when
compared to the nonadaptive one.



Adaptive gauge cooling for complex Langevin dynamics Lorenzo Bongiovanni

T T T T i " i T T T
L SU(2) Polyakov chain — no cooling d i = = (14
0.01E N — @ =0.001 (10 gc steps] SU(2) Polyakov chairy,, = 30,B = (14 sqrt(3))/2
F o links — o adaptive (10 gc steps) 1
[ B=(1+i sart(3))/2 1

!

Al

0.001:

histogram

0.0001:

Truui2-1

0.000: “I

— no cooling
A — o =0.001 (10 gc steps)
f — a adaptive (10 gc steps)
1e-06) ! !

250 500 750 1000
Langevin time

Figure 3: SU(2) Polyakov chain. Left: Distribution of the imaginargpof the action for different types of
GC. Right: Langevin evolution of the distanddor different types of GC.

Up to now we have not included actual Langevin dynamics iretl@ution. We continue by
alternating Langevin updates with cooling steps, in ordararry out a complete simulation. Note
that sinceB is chosen to be complex, the actign [4.1) is complex-valuedcamplex Langevin dy-
namics is required. However, since the model is equivateahtexactly solvable one, a comparison
between our numerical results and the exact ones is possible

In Fig.[3 (left), we show how GC in general, and the adaptivesan particular, can constrain
the distribution of observables, such as the action, in tmeplex plane. This is indeed a funda-
mental property necessary for correct convergence of CLT[I3¢ effect on the distancgis shown
in Fig. 3 (right): we observe that during the CL dynamics, iv@ GC can keep the degrees of
freedom several orders of magnitude closer to SU(2) thamowttcooling. We note that since the
action is complex, the distance cannot be equal to 0. Firialfig.[4 (left) we show how the results
for observables, in this case the expectation value of theracepends on the cooling implemen-
tation and the number of cooling steps. We observe a clearlyergence to the expected results,
indicated with the dotted lines, and the usefulness of ada@C. We also note that initially CL
converged to the wrong result.

An obvious question is how much cooling is required, esplgcia the case when the exact
result is not known. Here we point out that it is not possiloledol too much, i.e. cooling will
always bring the configuration closer to $U( until a minimal distance is reached. We conclude
that in gauge theories GC is an essential method for the ogenee of CL to the correct result and
that adaptive GC can help this convergence to be reachekiequic

5. Preliminary resultsfor 4d SU(3) Yang-Millstheory with a 6-term

We now apply the method to study a case of physical intered{3)SYang-Mills theory in
the presence of 8-term, with the actiorS= Sy — 10Q, whereQ is the topological charge. To
formulate this on the lattice, we follow Refs. [8, 9] and take

_ 1 G
S=Sv—-i6. Z a(x), qu(x) = T 5435 Z Euvpo Tr [Upy ()Upo (X)] (5.1)
X uvpo==+1
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Figure 4: Left: Convergence of CL to the correct result after the aggpion of fixed and adaptive GC in
the SU(2) Polyakov chain. Right: expectation values of tlagpette in SU(3) Yang-Mills theory in the
presence of &-term, for real and imaginar§,_, using CL and HMC (imaginar@_ only), on a & lattice at
threef values. The HMC data has been shifted horizontally for tjari
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Figure5: SU(3) Yang-Mills theory in the presence oBaterm. Left: Distribution of the action fof = 2
andf =5.9,6,6.1. Right: Running averages of the imaginary (real) part efttpological charge, for real
(imaginary)@,, using CL, forB = 6.1. The dotted lines for imagina indicate the HMC result.

whereSy is the standard Wilson actiob,, the plaquette operator amg a lattice version of the
topological charge density. The latter needs renormalisand the subscript on both andé, is

a reminder that simulations are carried out in terms of wnmalised parameters. Furthermore,
q. is not topological and in particular not a total derivativ&owever, at this stage we simply take
the action[(5]1) as a given complex-valued lattice actidmictvwe wish to study.

The action is complex for red , while it is real for purely imaginarg_ [9]. In the latter case
we can therefore use both Langevin dynamics (with gaugermpah order to keep the dynamics
in SU(3), one could of course also use re-unitarisation) elsag algorithms based on importance
sampling, such as hybrid Monte Carlo (HMC). Here we prepegiiminary resultson a @ lattice,
for 62 = 0,+1,+4, i.e. for real and imaginarg_. In order to gain confidence in our simulations,
we show in Fig[}4 (right) the plaguette expectation value asmation of 62. For 62 <0, HMC
results are indicated as well. We observe a smooth depemder@? and agreement between the
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Langevin and HMC results Wh@f < 0, as it should be.

In Fig.[§ (left) we show the distributions of the real and inmagy part of the action at fixed
real 6. = 2, for threeB values. At large3, gauge cooling is very effective in controlling the skirts
of the distribution, at smallgB less so. This problem, also present at nonzero baryon gdagkit
requires a more careful analysis. Finally, in Fiy. 5 (righ®) show the running average of the
lattice topological chargeQ, = Y, q. (without any topological cooling). Note that for imaginary
6., (Qu) is real, while for reaB, it is imaginary: hence we show the real resp. imaginary palst o
For small@, the topological charge (density) is expected to satisfy

(qu) =i6x +0(63), (5.2)

whereyy is the lattice topological susceptibility. Th#s dependence is confirmed in Ffg. 5 (right).
Interestingly, fluctuations for real/imaginaéy are very different, which remains to be understood.

6. Summary

Complex Langevin dynamics for gauge theories requires @awgling to control the ex-
ploration of the enlarged configuration space. Efficient sviyimplement this employ adaptive
cooling. We presented first results for SU(3) Yang-Millsdhein the presence of &-term. While
many questions still need to be addressed, this is, as fae &new, the first time that simulations
have been carried out directly for real
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