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1. Introduction

The phase structure of strongly interacting matter, i.e.@CD phase diagram, has not yet
been determined from first principles. The reason is of @wsll-known: at nonzero baryon
chemical potential the fermion determinant is complex dmnsl prevents the use of the standard
numerical methods commonly used in lattice QCD simulatioAs a result there is no agreed
QCD phase diagram in the plane spanned by the temperatanel baryon chemical potentigh
(or quark chemical potentigly = pg/3). Some colourful impressions appearing close to the top
of a Google search (yielding around 19000 hits) are showmififi
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Figure 1: Some impressions of the QCD phase diagram.

What is understood is the transition along the temperatxissfar vanishing and small chem-
ical potential. This is highly relevant since the crossdvem the confined hadronic phase to the
deconfined quark-gluon plasma phase is currently beingegrtly heavy-ion collisions at RHIC
and the LHC. The theoretical status of the phase diagramisrréigion was reviewed by Maria-
Paola Lombardo at this conference [1]. At larger chemicaéipiial the sign problem prohibits
the use of well-established methods. In this contributievilll first discuss the close connection
between the sign, the overlap and the Silver Blaze problemdshaw they appear in numerical
simulations. Subsequently | will present results in casherer simulationsare possible, either
because the sign problem is absent or because it is muchrrtiiein full QCD. In the third and
final part of this review | will motivate why it makes sense wigto the complex plane and discuss
the applicability of complex Langevin dynamics. | will n@uiew the evidence in favour or against
the QCD critical endpoint, and quarkyonic and colour-sapeducting phases. Also, “standard
methods” at smalli/T, such as reweighting, Taylor series, analytical contilomathistograms or
the canonical ensemble, have been partly reviewed at pregatherings [2—4].

2. Sign, overlap and Silver Blaze problems

In the standard formulation of lattice QCD, the quarks ategrated out analytically, yielding
the fermion determinant, while the functional integral otlee gluonic variables in the partition
function remains to be done, i.e.

7 — /DU DI‘UD(‘UeiS‘(M (U)—=S(U;u)

_ /DU e SmY) detM (U ). 2.1)
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HereM is the fermion matrix, appearing in the fermionic action as

SHUi) = - [ dX @MU ) . (2.2)

The chemical potential is introduced in the usual way, asdheh component of an imaginary
vector potential [5]; the dependence Mf on the gauge link&) will no longer be indicated. If
the combined Boltzmann weight, from the Yang-Mills actiarddrom the fermion determinant,
is real and nonnegative, importance sampling can be usedboate the remaining bosonic high-
dimensional integral numerically. This is the usual sitatn lattice QCD at zero and nonzero
temperature.

At nonzero baryon density, or at honzero baryon chemicatmi@t in the grand-canonical
ensemble, this is however not the case. Due to the lagk-bérmiticity,

VM (1) s = MT(—p) # MT(p), (2.3)
the determinant is complex and satisfies
[detM(u)]* = detM(—p*). (2.4)

The problems associated with a complex or nonpositive vigigh collectively referred to as the
sign problem even though a complex phase problem would be more accutateimportant to
realize that the complexity does not arise from the Grassmmature of the quark fields. After
all, at vanishing chemical potential, the determinant &l.relt is therefore not dermion sign
problemper se. In fact, the sign problem also appears in bosoniaidseat nonzero chemical
potential, in which the complex action enjoys the same sytnn@operties as the determinant,
i.e. S"(u) = S(—u*). In all these cases the complexity is absent for purely imegi chemical
potentials.
The simplest approach would be to write

detM = |detM|€®, (2.5)

and ignore the phase factor at first instance. Simulatiorthénresulting phase-quenched (pq)
theory are straightforward in principle, since they do ndfes from the sign problem. The phase
factor can be incorporated later via reweighting,

_ /DUeSmdetMO  [DUe Sm|detM|d?0  (€90)yq
~ /DUeSmdetM  [DUe Sm|detM|€® — (d9),q "’

(0) (2.6)
so that observables are recovered from ratios in the phaeseched theory.

However, when the full and the phase-quenched theory dififés is bound to lead to an
overlap problem the generated phase-quenched ensemble has little in comitio the desired
ensemble in the original theory. This is easily understoathematically: the average phase factor
<ei9>pq in the phase-quenched theory is nothing else than the ritveogoartition functions,

. —Sy 6
<e,9>|Oq:fDUe M|detM|e®  Z

. = = =g VAT Af=f—f 2.7
[DUeSm|detM| — Zyq ’ pe 2.7)
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wheref = —(T /V)InZis the free energy density in the full theowthe three-dimensional volume
andT the temperature (and similar fégq in the phase-quenched theory). Whieh# 0, it follows
that the average phase factor will go to zero in an exporiefahion when the thermodynamic
limit is taken and the temperature is reduced. In latticeuations at fixed lattice spacing, this
scaling is with the four-volumey /T ~ Q = NgNr. This behaviour of the phase factor, and the
related worsening of the signal-to-noise ratio, is unaabid and limits the system sizes that can
be addressed with this approach. If this happens, the siginlgmm issevere Importantly, Af
depends on the theory or model under consideration and ie gases, such as in QCD in the
strong-coupling limit [6] or in certain effective threerdénsional models (see below)f is smaller
than perhaps expected and the sign problem can be maildgerSimulations are then possible for
reasonably large — but still finite — system sizes.

There is also a physical reason for the presence of the sapigm. This is especially clear
at zero temperature, in the case that the transition fromuraco a high-density state (tlomsej
occurs at a lower critical chemical potential in the phaserghed theory than in the original
theory, i.e.uf9 < 1. The complex phase should then produce excessive caimedlad wash out
the early onset in the phase-quenched theory. This elifnimhgas to be perfect, since in the original
theory at zero temperature thermodynamic quantities depiendent oft as long agu < Lc. This
has been named ti8ilver Blaze problerr, 8]: while every numerically generated configuration in
the ensemble depends on the chemical potential, this chépotential dependence should cancel
exactly in thermodynamic observables, when evaluateddretitire ensemble. The mechanism
behind this might be highly nontrivial. The region whe$' < u < L is referred to as th8ilver
Blaze region

A convenient example to illustrate this is QCD with two flavwwf equal mass, and hence
fermion determinanidetM (u)]? (u is the quark chemical potential). The determinant in thespha
quenched theory is different and reddstM (u)|?> = detM (u) detM (—p), i.e. the phase-quenched
theory corresponds to a theory with nonzero isospin chdmpiotential [9]. The onsets occur
at different critical chemical potentials: in the isospireory one finds condensation of pions at
ud? = my/2, while at finite quark number one expects onset to nucleatemat pi; ~ my /3 (—
binding energy), whereny denotes the nucleon mass. The Silver Blaze region is theréie
region withmy/2 < u < my/3. It has indeed been shown that in the Silver Blaze regioruthe
dependent spectral density of the Dirac operator is cormgoiebhighly oscillatory, with a diverging
amplitude expQ) and period 1Q, to ensureu-independence of the chiral condensate and baryon
number (OSV mechanism) [10, 11]. Only when the integratiodadne carefully can the desired
cancellations take place. This important insight indisat@me of the difficulties one may encounter
when approximate methods are used.

The discussion above refers to the case that the sign prdidemot been resolved. However,
in some cases the sign problem can be eliminated by a refatimlin other degrees of freedom
or by the use of complex Langevin dynamics. In those casesdigiinction between mild and
severe sign problems is no longer necessary. Similarlyetiseno longer a Silver Blaze problem.
However, it is still useful to study the approach in part&uh the Silver Blaze region, since this
provides a stringent test on whether the sign problem haseohtbeen eliminated correctly.

After setting the stage, | will continue with some selectedults in theories without a sign
problem and subsequently discuss theories with a mildargigblem, in particular effective three-
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dimensional models. Finally, | will argue that one has teetdle complexity at nonzero chemical
potential seriously and embark on a journey into the complare.

3. Theories without a sign problem

The prime example of a nonabelian gauge theory without agsigislem is two-colour QCD or
QGC,D: QCD with gauge group SU(2) and quarks transforming in thelamental representation.
In this theory, there is an additional Pauli—Gursey symyni2],

KM(u)K™1=M*(u), K =Cys1y, (3.1)

with C the charge-conjugation matrix. Whilg-hermiticity is still absent at nonzero chemical
potential, see Eq[(3.3), the Pauli-Giirsey symmetry niesterss leads to a real determinant, even
whenpu # 0. For two flavours and in the presence of diquark sourcesjeéterminant can then be
written in a manifestly positive manner and lattice simiolag can be carried out using conventional
algorithms.
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Figure 2: Tentative phase diagram in QQ [15].

Lattice QGD at nonzero chemical potential has been studied alreadsofoe time. Recent
progress concerns the quarkonium spectrum at low temperaid large chemical potential [13], a
detailed analysis of singular values of the Dirac operatetermined bYD'(u)D (1) = E2y(n)
[14] (in contrast to the eigenvalues of the Dirac operato, gingular values remain real and non-
negative), and the phase diagram at nonzero temperaturdeasity [15]. The latter is shown in
Fig.B, with the axes labelled both in MeV and in lattice unBesides the usual confined and quark-
gluon plasma phases, one encounters a low-temperature pitasa nonzero diquark condensate
(gg) as well as a quarkyonic phase. While the transition from wacto a diquark-condensed
phase should not appear in QCD with three colours, in@{Tis indeed the expected behaviour,
since baryons are bosons and the lightest baryon is degendth the pion. The evidence for the
quarkyonic phase is discussed in Ref. [16].
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However, QGD is not the only theory with a real and positive determindmicazero chemical
potential. Another interesting example is given by usinggasge group the exceptional group
Gy [17]. Unlike QGD, this theory has bosoniq¢) and fermionic @qg baryons, as well as
mesonic ), hybrid @ggd and multi-quark bound states. Thanks to an extended R&iilsey
symmetry, the determinant is real and positive, even fonglsiflavour at nonzerq.
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Figure 3: Gauge group & chemical potential dependence of the Polyakov loop (I#f§ normalized chiral
condensate (middle) and the normalized baryon densititjrigr three temperatures [17].

Some first results are presented in fig. 3, where the Polyiakpy the chiral condensate and
the baryon density are shown as a function of chemical patdnt three temperatures. The onset
is presumably due to a diquark condensate, as ipl®Gut there are indications for a second rise
in density at larger chemical potential (not shown). Tolsedttis will require precise calculations
of the spectrum at zero temperature. The drop of the Poly&ay at largeru is most likely a
saturation effect, see e.g. the behaviour of the densithemight, and is hence a lattice artefact.
Nevertheless, these first results are quite encouraginglaady deserve further effort.

4. Theories with a milder sign problem

From the perspective of lattice QCD, effective lower-dirsienal field theories or spin models
provide a useful entry into the study of the QCD phase diagam number of reasons. First of
all, it has become clear that these models may have a milglerpsoblem and are therefore more
amenable to standard lattice techniques, in combinatiah rgiveighting. Secondly, sometimes
they can be reformulated using different (or dual) degrééseedom, such as in world line or flux
representations, in which the sign problem is manifestseah And finally, some of these models
can be solved numerically with complex Langevin dynamicsyigling a completely independent
approach. One role these models therefore have is to pravideful testbed for new methods.

Ideally, the effective models are constructed in such a Way & detailed mapping between
the couplings appearing in those and in full QCD is availalhe insight obtained can then be
translated back to QCD. To illustrate this, | start with ti@@est three-dimensional SU(3) spin
model as a guide. The action, appearing ag-e§), consists of two parts and is written as

S=S+5, (4.1)

with
S=-B Z [PXP;* + PX*Py] , S = —hz [e“Pere*“Px*] ) (4.2)

xy) X
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Here the degrees of freedom are effective Polyakov loBps; TrUy, Pi = TrUJ, where thedJ,’s

are SU(3) matrices, living on a three-dimensional lattiddhe QCD gauge action has been re-
placed by a nearest-neighbour interaction, while statit)@uarks are represented by (conjugate)
Polyakov loops, weighted with the chemical potential teddtice an imbalance. The action is
indeed complex an8'(u) = S(—u*). The effective parameters can be mapped to the parameters
in four-dimensional lattice QCD: at leading order in a congal strong-coupling and hopping ex-
pansion, one finds th@ ~ (B4p/18)N', h = (2k)Nr, with k the Wilson hopping parameter, apd
corresponds t@:/T in four dimensions. | come back to this below.

This model is of course already quite old: it was studied inemmfield approximation nearly
30 years ago [18] and it was one of the earliest models stwdigdcomplex Langevin dynamics
[19,20]. Nevertheless, it has seen a recent revival for dxanmof reasons: it can be reformulated as
a flux model without a sign problem [21]; the applicabilityadmplex Langevin has been studied
in detail [22]; a renewed mean-field analysis is availabBj;[and in fact it is part of a whole family
of high-order strong-coupling models, which have beenistuth a systematic fashion in recent
years [24].

Let us start with the flux representation, in which the sigobpem is absent [21]. In this
approach the Boltzmann weight is expanded, as in a cladsigiadtemperature expansion, to all
orders and the partition function takes the form of infinitens of integrals over powers of (conju-
gate) Polyakov loops at each sig.e.,

| (ny, ) = /S " dUx (TrU)™ (Tru))™. (4.3)

The crucial next step is to perform these single-site SUt&grals, which is possible in this case.
The result is a monomer-dimer system with constraints,esiqi,, ny) is only nonzero provided
(ny—nx) mod 3= 0. The important finding is that all the nonzero weights thatear in this
representation are real and positive, even wiheh0. The resulting model can then be solved with
importance sampling or a worm algorithm [25].

T T T
B Endpoint for h = 0.005
N

<P>large

0.08
<P>small 0.06

0.04[ Endpoint
forp=0

0.02F 4 ]

4
0.00F, ‘ nw K ]

n

Figure 4: SU(3) spin model: expected phase structure (left) and theltréeom simulations in the flux
representation (right) [25].

This theory is expected to have a phase diagram as ifi]Figity} fer small fermion coupling
h, a quasi-confined or disordered phase (with sr{R)l| recall that the centre-symmetry is explic-
itly broken by the fermionic contribution) and a deconfinedalered phase (with largd)) are
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separated by a first-order phase boundary inxkeu plane. This line ends in a critical endpoint
after which only a crossover remains. The simulations [2Bificm this, see Fid]4 (right), where
phase boundaries are shown for various valuds dhcreasingh, which corresponds to reducing
the quark mass, lowers the valueffand weakens the transition, as does increaginiyote that
this is indeed the expected behaviour in full QCD with heawsir§gs, as will be discussed below.

The SU(3) spin mode[(4.2) is in fact part of a whole family tieetive Polyakov loop models
constructed recently [24, 26, 27]. Systematically intéggpout the spatial links in lattice QCD us-
ing a strong-coupling expansion while leaving the templiméis untouched yields effective three-
dimensional actions with more and more Polyakov loop imttoa terms. For pure SU(3) gauge
theory, these take the form [26]

S=-XN {Zy} [BPy +PR] — A2y [RPR; + PR + (higher-order representations)..,  (4.4)
X xyl

where nearest and next-to-nearest neighbour terms atadiexplicitly. Within each term, cer-
tain strong-coupling contributions can be resummed tordikis, using e.g.

S=-Ay [BR+RR]+...= =5 In[1+ A (R +BR)] +.... (4.5)
xy) xy)

Finally, the dependence of the couplilfison 8 andN; is known to quite high order; for instance
for N; = 4 one finds [26]

(4.6)

1035317
AM(UN; = 4) = u4exp[4 <4u4+ 120° — 1408+ ...+ uto >] ,

5120
Ao(u,Ny = 4) = u® [120% + 26u* + 3648 + ... ], 4.7

whereu=u(p) = as(B) = B/18+..., as it appears in the character expansion. By including
higher-order terms, the approach can be systematicallyoivegd and errors due to the truncation
can be estimated.

Quarks are taken into account via a hopping expansion; fawyhéstatic) quarks this yields
the well-known contribution [28-31]

S~-Yin det[(1+ he“/Tva) ? (1+ he-“/waT) 1 : (4.8)

whereW is the untraced Polyakov loop,= h(k,N;) and the remaining determinant is in colour
space. At lowest order ih andk, with h = (2«k)Nr, an expansion i yields the fermionic con-
tribution given in Eq. [[4]2). An important distinction betan the two expressions is that the
action in Eq. [(4]8) is still a determinant and hence incaafes Fermi-Dirac statistics and satu-
ration on the lattice, while these properties are lost in(Ed). This can e.g. be seen by writing
down the expression for the density) = (T /V)dInZ/d u, using the SU(3) identity dél + cU) =
1+CTrU +c2Tru’ + ¢

It is clear that the approach sketched here goes consigidvaipbnd the simplest SU(3) spin
model discussed first and one may ask the question whethatitgtise results can be obtained.
In order to answer this, it may for a moment be advantageotmrdet about the strong-coupling
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Figure 5: Validity of strong-coupling models, as complementary tmensional reduction (left). The critical
temperature in SU(3) gauge theory from a one-coupling gfetheory (right) [24].

origin and view the setup instead as a generic approach &irceheffective models, whose valid-
ity may be justified afterwards. In some sense it can be vieasetbmplementary to dimensional
reduction at high temperature and weak coupling. Thisustthted in Fig[]5 (left). While dimen-
sional reduction, formulated in terms of quarks and glu@frmally only valid at weak coupling
and hence (very) high temperature, it is well-known thaait be applicable down to 1.5%2[32].
Similarly, while a combined strong-coupling/hopping empian, formulated in terms of colour sin-
glets and meson/baryon degrees of freedom, is formallg valwhat appears to be an unphysical
regime at finite lattice spacing (i.e. not in the continuumit), one may still test its validity. This
is illustrated in Fig[] (right) in pure SU(3) gauge theoryerel the critical temperature from four-
dimensional lattice simulations (270 MeV) is compared wiit one obtained from an effective
three-dimensional theory with one coupling omly(3,N;). Once the critical couplings ¢(8,Nr)

is determined, the results can be mapped back to four dimehso findfB:(N;). After setting
the scale, this yields Fif] 5 (right), where all the data fgome from a single simulation in the
one-parameter effective theory. By comparing truncatifeces, an error can be assigned as well.

With the inclusion of heavy quarks, the top-right corner loé Columbia plot can also be
studied. The Columbia plot, see Ffg. 6 (left), indicatesekeected quark mass dependence of the
thermal deconfinement transition at vanishing chemicamqt@l: a first order transition for light
and heavy quarks, related to chiral and centre symmetryaacrdssover for intermediate-mass
guarks. An extension to nonzero chemical potential make<tblumbia plot three-dimensional,
as shown in Fig[]7 for the heavy quark corner: the verticas ndicates(u/T)?, with negative
values corresponding to imaginapy = iL,. Due to the interplay with the centre-symmetry, a
rich phase structure emerges, with a periodicity in the imeay ¢ direction with period 2T /3
[33]. In the high-temperature deconfined phase this resulés Roberge-Weiss (RW) transition
at urw = 17T /3, where the expectation value of the Polyakov loop is rdtdie an element of
the centre and the trivial vacuum at vanishindgs no longer preferred. The first-order transition
at u = urw is only present at high temperature; in the confined phasewatémperature, the
periodicity is smoothly realized. The RW transition at fixgdtherefore necessarily ends at an
endpoint at a temperatufigw, see Fig[J6 (right) [33-35].
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Figure 6: Columbia plot: expected quark mass dependence of the ofdbedhermal deconfinement
transition at vanishing chemical potential (left) and txéeasion of the QCD phase diagram to nonzero
chemical potential in the case of heavy quarks (right).
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Figure 7: The extension of the top-right corner of the Columbia platémzero chemical potential [24].

For light and heavy quarks, the thermal deconfinement tianss first order. It is expected
that this transition is connected with the RW transitionnaaginary, leading to the phase dia-
gram in Fig[p (right). The RW endpoint is then a triple poinhere three first-order lines meet.
For quarks with an intermediate mass, the deconfinemergitiam is a crossover and the RW
endpoint is a second-order point at the end of a first-oraex [This has been confirmed with lat-
tice QCD simulations in the two-flavour [36] and the threedlar [37] case (the triple point has
also been seen with holographic methods [38]). Returninp¢oColumbia plot in Fig[]7, these
results imply that the plane at fixég /T)2 = —(71/3)? is critical, with a tricritical line separating
the first-order region for heavy quarks from the second+oregion for intermediate-mass quarks.
Moving away from the RW plane, the tricritical line turnsond critical (second-order) surface,
which separates the thermal first-order and crossoveriticars An intriguing recent insight is
that the tricritical line plays an important role in deteninig the curvature of this critical surface at
(u/T)? > —(m/3)?, via tricritical scaling [37]. The shrinking of the firstaer region agu/T)?
is increased, according to tricritical scaling, has beemfiomed in the effective Polyakov loop
models discussed above [24] as well as in the three-state Rodel [37], simulated some time

10
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ago [39]. Clearly, this goes far beyond simple analyticaltcmation and motivates the study of
the three-dimensional Columbia plot using imaginary cleahpotential also for light quarks [40].

5. Into the complex plane!

For the remainder of this overview, let us take a few step& bad try to tackle the problem
of a complex Boltzmann weight head on. Consider first the kbrmegral

zz/ dxe S9, S(x) = %ax2+ibx. (5.1)

In Kindergarten one used to be taught to do this integral mgaieting the square (or by a saddle
point approximation, for more complicated functions),htthe result that the variable is taken into
the complex planex — x—ib/a. The lesson to be drawn from this is that one should not insist
on staying on the real axis, but be more imaginative. Thiddda a radically different approach:
all degrees of freedom are complexified;+ z= x-+ iy, yielding an enlarged configuration space
with literally new directions to explore. In SNj gauge theories or matrix models, this extension
implies that the dynamics takes place in HLC) [31, 41]. The hope is that a real and positive
distribution exists in this complexified space, as illusidain Fig.[B.

Rep(¥)
<

S N

Figure 8: Weight in the partition function: while the original weightx) on the real axis is complex and
oscillatory (left), there may be a real and positive welBfx,y) in the complex plane (right).

The question is of course how to find this distribution. Befdiscussing complex Langevin
dynamics, | briefly mention a recent proposal for studyirghkilensity QCD on a Lefschetz thim-
ble [42]. The idea here is to deform the integration contoto the complex plane and associate
(real) integration domains with each stationary point, sbecalled thimbles. The original path
integral is then expressed as a sum over integrals over kbémbhis proposal, partly motivated by
ideas due to Witten and Morse theory, is currently being émm@nted and results, first for cases
simpler than QCD, will be available soon [43].

One potential way to obtain a real and positive probabiligtribution P(x,y) in the complex-
ified space is via the solution of a stochastic process. $legactly the aim of complex Langevin
(CL) dynamics, proposed many years ago by Parisi [44] and laydér [45] and the topic of the
second half of this contribution. Since CL has been aroun8@oyears, the natural question to ask

11
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is why to talk about it here. Moreover, while for real actidghe procedure is equivalent to path
integral quantization [46] and known as stochastic quatitm [47], for complex actions there is
no formal proof of correctness and “disasters of variougeksj were encountered by e.g. Amb-
jgrn and others in the mid-1980s [48, 49]. However, in regeatrs examples in field theory have
been given for which CL can solve severe sign and Silver Bfsablems and (importantly!) also

gives the correct result. In addition, our analytical usteemnding has improved steadily. In the
literature various scattered results can be found, staftom the mid-1980s; here | will review

mostly results obtained from 2008 onwards in the contextnitiefidensity [31] .

5.1 Sign and Silver Blaze problems

Let us first consider two examples where CL has successfalied a severe sign problem
as well as a Silver Blaze problem: the four-dimensional Wwealteracting relativistic Bose gas
[50,51] and one-dimensional QCD [52], both at nonzero clkahgpotential.
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Figure 9: Density(n) in the relativistic Bose gas as a functiongofn the phase-quenched (left) and the full
theory (right), for four different lattice volumes (wittim= A = 1). The onset occurs @t ~ 1.15 [50].

As in the case of QCD, the continuum and lattice actions ferBbse gas satisfy the usual
symmetry,S'(u) = S(—u*). For instance, the continuum action is

S— [ d* 19,01+ (M~ )] gl + 1 (9" 0s0— 04" @) + Al gl"]. (52)

At zero temperature, the theory has a Silver Blaze problemthe full theory onset occurs at
e ~ m, with p-independence whem < ;. On the other hand, in the phase-quenched theory the
term linear iny is absent, leaving just an effectiyedependent mass termé; = m? — 2, and
there is immediat@i-dependence gsis increased. The purely imaginary term, lineapirshould
cancel thisu-dependence in the full theory (the same consideratiors dfotourse for the lattice
discretized theory) [50]. This is illustrated in Fig. 9. S8hoare the densitieén) in the phase-
guenched (left) and the full (right) theory, obtained wiglalrresp. complex Langevin dynamics, on
four lattice volumes from %4to 10 (lattice units are used, witm= A = 1). In the full theory, the
density is approaching zero in the thermodynamic and zsrgérature limit, until the transition

to a condensed phase occurguat 1.15, in agreement with mean-field expectations [51]. In the
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Figure 10: Average phase factor in the phase-quenched relativistie Bas for four different lattice vol-
umes, indicating the severity of the sign problem [50]. Tihed are mean-field predictions (left). Difference

in free energy densities between the full and the phaseeipeeitheory, in the mean-field approximation [51]
(right).

phase-quenched theory the density increases immediatgin in agreement with mean-field ex-
pectations. The effects of the complex phage= e~S/|e~5|, are therefore correctly incorporated
by complex Langevin dynamics. Furthermore the thermodyoéimit poses no problem.

The severity of the sign problem can be studied by analyZiegatrerage phase factor in the
phase-quenched theory. Recall that

(€%)pg = zipq —e 28, Af = — foq Q= N2N;. (5.3)

The result is shown in Fid. JLO (left). It can be seen that ttespHactor behaves exactly as expected:
itis 1 whenu = 0, but as soon ag > 0 it decreases, in agreement with the density plots above.
As the volume is increased at fixed the phase factor drops exponentially. Around the critical
chemical potentialy: ~ 1.15, the phase factor vanishes even on theslume; yet this does not
affect the detection of the phase transition. It is posdibleompute the difference in free energies
Af in mean-field theory on the lattice [51]. The result is showirig.[1] (right) in the symmetric
phase. Using this in Eq[ ($.3) yields the curves in Fig. 18)(len agreement with the numerical
data. We conclude that CL can solve this theory, with a sesigreand Silver Blaze problem, in
the thermodynamic limit.

One-dimensional QCD [53-55] is exactly solvable and sharasy features with QCD in the
Silver Blaze region: the phase-quenched theory has afti@mnsit © = pc = arcsinm, with m the
guark mass, while the full theory has no transition at alleast when the gauge group isN{j.

The sign problem is severe whern> .. The chiral condensate can be written as an integral over

the spectral density,
/ a2zP (5.4)
z+m’
wherep(z 1) is complex, oscillatory and-dependent [55]. The condensate itsefiismdependent
(Silver Blaze): for this to happen, the integral [5.4) halse@arried out with great precision. When

U > L, this is nontrivial: after writingz = (€**# — e X~H) /2, the spectral density has a diverging
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M, = arcsinhm y

Figure 11: One-dimensional QCD: Chiral condensate as a function ofjtteek mass for two lattice vol-
umesn (left). Complex Langevin solution to the sign and Silver Bigproblems: the original complex
and oscillatory weighp(x) is replaced by a flat and localized distributi®(x,y) in the complex plane
(right) [52].

amplitude and vanishing period in the thermodynamic limit, € (H—He)+i™ wheren is the one-
dimensional volume. Only when all the oscillations aregné¢ed precisely does thedependence
disappear. CL has no problems with this: the result for theathondensate is shown in Fig]11
(left) as a function ofi at fixedu = 1 and is seen to agree with the exact result. The discontinuit
at . = m= 0 emerges in the thermodynamic limit.

In this case, the distributioR(x,y) in the complexified space can be computed analytically
in the thermodynamic limit. It is surprisingly simple: a fidistribution which is nonzero only
in a strip in the complexified spac@,— e <y < U + U, see Fig[41 (right). The complicated
dynamics on the real axis has been replaced by free diffusitimee complex plane and CL finds
this distribution as a solution of the stochastic procesacity as it says on the tin [52].

5.2 Analytical insight

As mentioned above, complex Langevin dynamics has a trdytdst. Problems can be di-
vided into three groups [56]: (i) there can be numerical wags and instabilities, (ii) the theo-
retical status is unclear, (iii) there may be convergencthéowrong limit. The first problem is
numerical and follows from properties of the classicaltdgims appearing in the CL equation.
It can be partly eliminated by choosing a small enough Laimgstepsize [57] and solved by in-
troducing an adaptive stepsize [58]. This has been implésden a variety of theories, including
SU(3) gauge theory, and no instabilities have been obseivetould be mentioned that theories
which suffer from extreme instabilities and runaways ase @rone to converge to the wrong limit
(see below), so it is likely that the two are related.

The statement that the theoretical status is unclear atiggnfrom the following: for real
actions it is relatively straightforward to show that stastic quantization is equivalent to path
integral quantization [46]. This relies on the appeararfce semi-positive Fokker-Planck hamil-
tonian. Unfortunately, this path can no longer be followdkew the action is complex, since the
associated Fokker-Planck hamiltonian is now no longer gmmsitive. Recently, the theoretical
foundation has been clarified and necessary conditionshi@irdng the correct result have been
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identified [56,59]. The idea is as follows: let us consideaiagone degree of freedomand the
weightp(x) ~ e~S% with S(x) complex. What is wanted are expectation values of the form

(O(x,t))p = / dxp(x,t)O(X), (5.5)
wherep(x,t) satisfies a (complex-valued) Fokker-Planck equatias the Langevin time)

dtp(x7t) = 0Ok (ax+ S,(X)) p(xt), (5.6)

with stationary solutiorp(x) ~ e S¥. Instead, what is solved in the CL process are expectation
values of the form

(O(x,t))p = /dxdyF{x,y,t)O(x+iy), (5.7)

whereP(x,y,t) satisfies a (real-valued) Fokker-Planck equation
atp(xv yvt) = [aX (aX - KX) - ayKy] P(X7 yvt)> (58)

with Ky = —ReS, Ky = —ImS. The crucial question is whethéD(x,t))p = (O(x,t)),, possibly for

all times or perhaps in the limit— . The answer, which relies on the use of the Cauchy-Riemann
equations and partial integration, turns out to be yes,igeasvsome conditions are met [56, 59]:
the important one is that the distributi&tx, y) drops off rapidly in the imaginary direction, such
that partial integration without boundary conditions isgible. A complication here is that the FP
equation [(5J8) cannot easily be solved, even in simple nsqdeine recent examples can be found
in Refs. [51, 56, 60]). A way forward is to require that pdrtigegration is possible for products
of the formO(x+iy)P(x,y), for a large enough set of operat@®$x). This condition can then be
translated into criteria for correctness, which can betemiais(LO(x+1iy)) = 0, with L a Langevin
operator, and measured during a numerical simulation (slesvl In any case, the main lesson is
that the distribution should be sufficiently localized. e tase of one-dimensional QCD discussed
above, this is achieved perfectly sinegx,y) vanishes outside a strip.

The third problem of convergence to the wrong limit is thedest one. It had been observed
in the early days [48, 49] and a more recent study in the tmeensional XY model at nonzero
chemical potential revealed an intriguing connection \tlith phase structure in thg— u plane
[61]. I will come back to this and possible resolutions tosigthe end.

5.3 The SU(3) spin model revisited

| now return to the SU(3) spin model of Ef. (4.2) to illustratame of issues discussed above.
While this model had been solved with CL earlier [19, 20], mbailed justification was provided.
This was rectified in Ref. [22], in which the reliability of Qlas studied using a variety of tests.
Here | will present some results based on analyticityify a low-order Taylor expansion, the
criteria for correctness mentioned above, and finally a @iapn with the flux representation.

In Fig. 2 (left) (Tr(U +U~1)/2) is shown as a function gfi* (note that TtJ and TiU 1
were earlier denoted witR andP*). At nonzero real, (TrU) and(TrU 1) are both real but not
identical, while at nonzero imaginayy they are complex with opposite imaginary parts. The sum
is always real and, since it is even under charge conjugagidanction ofu? instead ofu. For
imaginaryu the action is real and the data has been obtained with regldvamdynamics, for real
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Figure 12: Analyticity in 2 in the SU(3) spin model(Tr (U +U~1)/2) as a function ofu? for a number

of B values. Data at imaginagy (with u? < 0) has been obtained with real Langevin dynamics, data ht rea
u (with u? > 0) with complex Langevin dynamics (left). (Conjugate) Rilgv loops(TrU) and(TrU 1)

as a function ofu. The inset shows a comparison with the lowest-order TayWpassion (right) [22].

u complex Langevin dynamics has been used. Bhalues are chosen both below and above the
critical B; ~ 0.133 atu = 0. The transition gets weaker g is increased, in agreement with the
Columbia plot discussion for heavy quarks. The importanssage from Fig[ 12 (left) is that the
numerical data ai® > 0 appear to be completely consistent with those at negafiyahere the
reliability of Langevin dynamics poses no problem. This fgst test CL should pass (and which
it fails in e.g. the symmetric phase of the three-dimendiétYamodel [61]).

As a second test we study the splitting betwéerlJ) and (TrU—1) at smally. This model
does not have a Silver Blaze region, as can be seen from egxression for the density
(n) = (he"Tru — he #Tru—1). It follows from the absence of the possibility to take theoze
temperature limit, sinc&l; is no longer present as a free parameter. At nonzer¢TrU) and
(Tru—1) differ therefore immediately and behave as

(TrU) = c1 + Gohp + 6(u?), (Tru~Y) = ¢ — cohu + O(u?), (5.9)

where the coefficient of the linear tercp is determined from a Polyakov loop correlator (note that
c < 0)

C = % Xzy (Tr (Ux—UY) Tr (Uy—uU,h)) o (5.10)

This is illustrated in Fig[ 42 (right). The inset shows thia¢ ICL results agree with the lines
predicted by the first-order Taylor expansion at very small

The tests described so far use the connection with vanishimgaginaryu and are therefore
only applicable for small values qf. In order to assess larggarvalues, we turn to the criteria for
correctness(LO) = 0, with L a Langevin operator ard = TrU, TrU L. The results are presented
in Fig.[L3: the figure on the left show3rU) and(TrU 1) as a function of the Langevin stepsize
€, while in the figure on the right the criteria are shown. Sox@anation is in order. Numerical
solutions of discretized versions of the Langevin equatiath stepsizee, suffer from finite step-
size corrections. For the lowest-order standard dise@biz, these corrections are linearinThis
is clearly visible in Fig[1]3, both for the observables anel ¢hiteria (red symbols). It is possible
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Figure 13: Langevin stepsize dependence(@fU) and (TrU 1) (left) and the real part ofLTrU) and
(LTrU~1) (right) using the standard lowest-order (red) and the imgddblue) algorithm [22].

to improve this behaviour by implementing a higher-ordgioathm. In Ref. [22] we have chosen
for the algorithm described in Ref. [62] (for real Langevimdmics), which is easy to implement.
Analytically, one expects a cancellation of the linear témma, but a remaining dependence g2,

but we found effective stepsize independence in the casedaftiservables — see the blue symbols
in Fig.[13 (left) — and a much reduced stepsize dependentedariteria — blue symbols in Fif.]13
(right). In the limit thate — 0, both calculations agree and the criteria for correctges® zero,

as it should be. As a general remark, we found that the @iferi correctness are very sensitive:
for instance also in the case of real actions and real Langlmnamics, they indicate the presence
of finite stepsize corrections [63]. We also note that themibal potential in Fig[ 113 is not small
(1 = 3): the analyticity aroungt = 0 is then no longer of use and a justification as discussed here
iS necessary.
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(asterisks) have been obtained with importance samplitigeioriginal formulation [25].

A final justification comes from a comparison with the flux egentation discussed above.
In Fig. [T4 thep? > 0 side of Fig[Ip (left) is shown again, but in this case theesadso symbols
representing the results obtained with the flux formalisrhiclv is sign-problem free. Overall,
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agreement is seen, except in the critical regiofi at 0.132. Interestingly, the discrepancy is also
present att =0, where the action is real, which suggests that it is notsueiselated specifically to
complexLangevin dynamics. Instead, the problem lies with the fihdaaegevin stepsize, since the
Langevin results in Figg. 12 arjd] 14 have been obtained usatpwvest-order algorithm without
an extrapolation to zero stepsize. This can be remediedthdtiimproved algorithm, and indeed
the data indicated with the blue crosses is seen to agredlwithepresentation. This agreement is
also present at larger = 3 and in both the ordered and disordered phases [25]. Théustmz is
that CL is seen to work in the three-dimensional SU(3) spideh the entire phase diagram.

5.4 Modifications of the complex Langevin process

In the SU(3) spin model, CL was seen to pass all the tests. Mipertant question is to
understand why. The crucial observation here is that theildison in the complexified field
space turns out to be sufficiently localized and that thefasisdecay in the imaginary direction, as
required by the mathematical justification discussed in Bt In contrast, in the disordered phase
of the XY model the distribution is broad — there is slow deeagnd CL fails [61]. It turns out
that the relevant feature that distinguishes the XY modehfthe SU(3) model is that the latter is
nonabelian, with a nontrivial Haar measure. It is exactey/hesence of the reduced Haar measure
in the spin model that ensures that the complexified fieldespexplored in a controlled fashion,
with a localized distribution, and that the real manifoldiable under small fluctuations, since its
contribution to the drift is purely restoring [64].

The question is whether this insight can be employed in aipedenanner to improve wrongly
converging processes. Since the reduced Haar measureeigiakbg a Jacobian, one may con-
sider generating a nontrivial Jacobian by a field redefinjtichosen in such a way that the re-
sulting force is restoring in the complexified space. Comisi@n actionS(x) with a drift term
K(x) = —S(x), which happens to lead to unstable or wrongly convergingadyos after com-
plexification,x — x+1iy. A field redefinition,x = x(u), will then lead to a new process, with the
actionS(u) = S(x(u)) —InJ(u), whered(u) = dx(u)/du is the Jacobian. The corresponding drift,
K(u) = —§¢(u) = —S(u)+J'(u)/J(u), is singular ad(u) = 0, but, importantly, may lead to a very
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Figure 15: Classical flow diagram in the Gaussian model with- —1 + i in the original formulation (left)
and after the transformation= u® (right) [64].
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a function ofa after the transformatiom = u3. The lines indicate the expected, analytically continued
results [64].

different Langevin process after complexification> u-+ iv.
A simple and amusing example to illustrate how this workfiésGaussian integral,
1 a-ib

@ 1.2
Z= dxe z29% o=a+ib y= ="
[m , +ib, 6 =5 = 2rm

(5.11)
but with a negative real coefficierst < 0. After complexification, the classical drift is highly
unstable as illustrated in Fif.]15 (left) and the complexdemin process does not converge. A
simple redefinitiorx(u) = u® changes the flow diagram dramatically. After complexifizati —
u+iv, the contribution to the drift from the Jacobialu)/J(u) = 2/u, is always directed towards
the real axis, stabilizing the flow, and new attractive amplilgve fixed points appear, as shown in
Fig. [T} (right) [64].

Perhaps surprisingly, a CL computation @f) = (u8) in the new variables yields the cor-
rect result (in the sense of being the analytically contihaeswer to negative), see Fig[ 16. A
field redefinition yields therefore a process which is mastijedistinct from the original one. As
discussed in Ref. [64], this setup turns out to be relatebearttroduction of kernels in CL [65].

It is possible to take these ideas a step further inlNgldauge theories and modify the Langevin
process by interspersing dynamical updates withNsL{) gauge cooling [66], with the aim of
controlling the distribution in the extended field space bgping the links as close as possible
to being unitary. Exploiting the gauge freedom was earls@duin a slightly different way in an
SU(2) toy model in Ref. [67]. Very recent results in QCD withary quarks indicate that this is
a successful strategy, allowing for the first time accessigh Hensities in SU(3) gauge theory,
although there are still some open questions about thecajyilty at smaller3 values [66].

6. Summary and outlook

From what is described above, | conclude optimisticallyt tha heavy-quark corner will be
settled, using a combination of techniques, formulations effective models. As we have seen in
the past years, the interaction between conventional igeés, approaches based on new formula-
tions which are free of the sign problem, and complex Langdynamics has been very stimulating
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and resulted in new insights and solutions to old problems.th@ other hand, in my view light
guarks at nonzero density remain a challenge. The reastratishiere is a strong sensitivity to
guark masses and that effective models are much less jvedict

For the case of complex Langevin dynamics, we have seentthamé¢thod can handle severe
sign and Silver Blaze problems, phase transitions and #grentbdynamic limit. However, a correct
outcome is not guaranteed and there may be convergencewwdhg result. In the past years we
have developed a better understanding, both on a formaldedewith regards to numerical simu-
lations, and developed a series of tests to justify (or disjrthe results from numerical solutions.
Importantly, this theoretical framework is also applieats SU(3) lattice theory.

Very recently, several proposals to modify the complex lesirg process have been put for-
ward, of which gauge cooling [66] is the most promising. Itl\we interesting to investigate this
further.
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