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1. Introduction

As is well known, at nonzero baryon chemical potential thenglexity of the fermion deter-
minant prohibits the use of importance sampling in lattic@B This makes the determination of
the QCD phase diagram an outstanding open problem (a sunohesyat is possible despite this
obstruction can be found in Ref] [1]). Stochastic quanitrad] does not rely on importance sam-
pling: the configurations that dominate in the partitiondion are found by integrating complex
Langevin equations in an enlarged phase space, after a exifigation of the degrees of freedom
[B, @, B]. During last year's Conference | report¢dl [6] on kvdone in collaboration with lon-
Olimpiu Stamatescu on QCD with static quarks and relatedliokemodels [Y]. In the one-link
models we found excellent results for all values of the cloahpotential, from zero all the way to
saturation. Moreover, the sign problem was present butlgleat dangerous. The results in the
heavy dense limit of QCD were preliminary but encouraging.

These results triggered a number of intriguing questions.ifstance, can complex Langevin
dynamics handle

e asevere sign problem?

e the thermodynamic limit?

e phase transitions?

e the Silver Blaze problenj]8]?

I will answer these questions positively in a theory that ischnsimpler than QCD: the rel-
ativistic Bose gas at nonzero chemical potenfial [9]. Eueough it lacks the intricacies of a
nonabelian gauge theory, it is a four-dimensional lattieddftheory with a sign problem, a Sil-
ver Blaze problem, and a phase transition. As an additioan&fit, one can study the complex
Langevin equations perturbatively, allowing detailedlgiizal insight into the algorithm[[10]. Of
course, there are many more questions to ask and work tossdithi@se is currently in progress.

2. Relativistic Bose gas

The lattice action is

4
S=Y | (2d+m?) g a+A (@) - Zl<<ﬂi‘e‘“5”“‘<&+o + B8 g,) ] (2.1)
X V=
whered = 4 and we taken’ > 0. It satisfiesS* () = S(—u*), just as in QCD. In continuum no-
tation, the nonderivative part of the Lagrangian densiadsén? — pi?) g2+ A |@|*: at tree level,
a phase transition at; = m separates the vacuum (symmetric) and the high-densitynitrg-
broken) phases. The-independence of bulk thermodynamic quantities as long &si, even
though the action, the Boltzmann weight, and hence the fizidigurations depend explicitly on
U, is the Silver Blaze problen{][8]. Equating the imaginarytdrthe action with zero yields the
phase quenched theory: this is a theory wijlr-dependent mass parameter and no sign problem.
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After decomposingp = (@ +i@)/v/2 and complexifyingg, — @} + @ (a=1,2), it is
straightforward to write down the complex Langevin equadifor the (now) four real fields,
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where@ is the Langevin time ang, is Gaussian noise witfn.np) = 2. It is also straightfor-
ward to solve these equations numerically [9]. | have used A = 1 on lattices of siz&€ = N4,
with N = 4,6,8,10, and Langevin time step= 5 x 10~ and not encountered instabilities in the
numerical integration. The phase quenched theory is salgady real Langevin dynamics (with
¢ =0).

The resulting densityn) = Q=1dInZ/du is shown in Fig[]1, in the full theory (left) and the
phase quenched theory (right). The Silver Blaze featuredriull theory is immediately visible. In
the thermodynamic limit the density is strictly zero as lasgt < | ~ 1.15. The phase quenched
theory has no Silver Blaze region: instead the density agge as soon gs is nonzero. The
U-independence in the full theory is a direct result of the plaxity of the action and the sign
problem.
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Figure1: Density in the full (left) and the phase quenched (rightptlyeas a function of chemical potential
on lattices with siz&\*, with N = 4,6,8,10 (m=A =1).

In this model the complex Langevin equations can be studétiifbatively [1P]. Ignoring
interactions, the solution of these equations reads, in embum space and in the Silver Blaze
region only,

@R(0) = e [cos(Bp0) @, (0) +isin(Bp) eanh ,(0)]

+ [ dser 009 cogBy(0 - 9]ap(9) 23)
@ ,(6) = e **® [cos(By0) ¢ ,(0) —isin(Bpd)gan @y, (0)]
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Here (pﬁf’p'(O) are the initial conditionsgy, is the totally antisymmetric tensor wit; = 1, and the
coefficientsAp, By are

3 .

Ap = P +4lein2% +2(1—coshucosps) — M — 2 +p?+ p3, (2.5)
i=

Bp = 2sinhusinps — 2ups. (2.6)

The expressions after the arrows correspond to the formminemm limit. This solution is only
valid whenA, > 0 (or u < L), which reflects the standard instability of the free Bosg g&hen
U > e, symmetry breaks and the inclusion of thigp|* term is necessary for stabilization.

From the analytical solution, we find that both the indep@acdeof initial conditions and
convergence at large Langevin time are controlle&t®. This is demonstrated numerically for
the interacting theory in Fid] 2 fqu = 0.5. The left figure shows the Langevin history @§|?),
using three different initial conditions but the same randoumber sequence in the stochastic
process. Sincgl = 0.5 is far from the critical value (and hence the minimal valfiedg is well
separated from zero), the memory of initial conditions ikkly erased. To have an indication for
the size of the statistical fluctuations during the evolutinuins with a different random number
sequence are shown in the figure on the right. Note that iniealyqun the Langevin time & 6 <
250.
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Figure2: Independence of initial conditions: Langevin evolution(jaf|2) with three different initial condi-
tions using the same (left) and a different (right) randommbar sequenceu(= 0.5,m= A = 1, N* = 4%).

Expectation values are obtained by noise averaging anddgake limit & — c. Provided
again thatd, > 0, we find from the analytical solution

1 2A2+B2
i R R _ p p
lim (¢ (0) @y (8)) = 6ab6pu—2Ap—A% =g
lim (@ .(8)¢@ ,(8)) = S0 LL%
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i B
lim (@ (0)@ 1 (8)) = €abpp 5155 (2.7)
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Figure 3: Comparison between the mean field predictions (lines) aachtimerical data (symbols) for
{|@|?) in the full (left) and phase quenched (right) theories in $ilger Blaze region. The vertical dotted
line indicates the mean field estimate for the critical cteatpotential.

So far interactions have been neglected in this analyt@lu@ation. An elegant way to include
interactions on the mean field level is by looking for fixedrisiof the Langevin equations for the
two-point functions above, using a Gaussian factorizaffid}). After the dust settles, the result is
a simple shift in the effective mass parametat— n? +4A (|@|?), as expected. The critical value
of the chemical potential in the mean field approximatiomtfutiows fromm? 4-4A (|@|?) 4+ 2(1 —
coshu) = 0, where(|@|?) is determined by a self-consistent gap equation. For thenpeters used
here we findu. = 1.15, in agreement with the numerical estimate.

We can now compare the nonperturbative results from the ricahsolution of the complex
Langevin equations with the mean field estimates on a finitieda This is shown in Fig.]3 for
(l@?) and in Fig.[# for(n). Since atu = 0 the action is real, the value dfg|?) at u =0 is
obtained with real Langevin dynamics. This provides a nagiatrcheck of the numerical code. We
observe excellent agreement between the simulations andntilytical results, including finite-
size effects. This indicates that complex Langevin dynanscsuccessful, but also that the mean
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Figure4: As above, for the densitgn).
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Figure5: Left: differenceAf between the free energy densities of the full and the phaseadiped theories

in the mean field approximation. Right: as in the precedingrég, for the average phase fac¢dff’>pq in
the phase quenched theory.

field approximation is adequate and the theory is effegtivadakly coupled.
The results so far answer three of the questions raised imtreduction. What about the
severity of the sign problem? From the pronounced diffezelbetween the full and the phase

guenched theory, one can expect the sign problem to be sévgigeis quantified by studying the
average phase factor,

i o _ €°

<e| >pq> é? = ﬁv (2.8)
where the expectation value is taken in the phase quencleedyttwith real weighte=S|. This
phase factor is relevant for reweighting and is expectedatosh exponentially in the thermody-
namic limit, since

(¥)pg = % =e 9, (2.9)
Pq

whereAf is the difference between the free energy densities in theufid the phase quenched
theories. The mean field results for the difference betwherfree energies are shown in Fig. 5
(left). We note a rapid convergence in the thermodynamid.limserting these results fdf in the
exponentiale @2f yields the average phase factor. In the numerical simuistthe phase factor
is measured directly. A comparison between the two is showfig. [b (right). We observe again
excellent agreement. The severeness of the sign problerariest. As mentioned above, this is
necessary and does not affect complex Langevin dynamiaaatige.

3. Outlook

The question posed in the title and made more specific in tinedaction has been answered
positively for the relativistic Bose gas at finite chemicatgntial considered here. In this model
the sign problem is required to yield the correct physiceyrmarized by the Silver Blaze problem,
and it is severe. Nevertheless, complex Langevin dynanginsbe applied without encountering
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(numerical) problems affecting e.g. stability or convergee The outcome of the numerical simu-
lations can be understood from a comparison with mean fieloryh Moreover, the inner workings

of the algorithm can be analysed as well, relying essentail the weakly coupled nature of this
theory.

Does this mean that stochastic quantization can easily pkedpto other theories with a
complex action due to a nonvanishing chemical potential? avéecurrently studying complex
Langevin dynamics in a variety of models, including the ¢hdimensional XY model at nonzero
chemical potential, and extending our analysis of QCD wiithic quarks. At this stage it is fair to
say thateasily is slightly too optimistic.

Acknowledgments

Discussions with Philippe de Forcrand, Simon Hands, Franke3, Erhard Seiler, Kim Split-
torff and lon-Olimpiu Stamatescu are greatly appreciateain grateful to the Royal Society for
Conference support.

References

[1] P. de Forcrand, POBAT 2009 (2009) 010
[2] G. Parisiand Y. s. Wu, Sci. Si24 (1981) 483.
[3] G. Parisi, Phys. Lett. B31 (1983) 393.

[4] J. R. Klauder, Stochastic quantization, in: H. MitterBCLang (Eds.), Recent Developments in
High-Energy Physics, Springer-Verlag, Wien, 1983, p. 351.

[5] P. H. Damgaard and H. Huffel, Phys. Reps2 (1987) 227.
[6] G. Aarts and I. O. Stamatescu, Pb&T2008 (2008) 176 [0809.5227 [hep-lat]].
[7] G. Aarts and I. O. Stamatescu, JHE809 (2008) 018 [0807.1597 [hep-lat]].
[8] T.D. Cohen, Phys. Rev. Letd1 (2003) 222001 [hep-ph/0307089].
[9] G. Aarts, Phys. Rev. Letfl02 (2009) 131601 [0810.2089 [hep-lat]].

[10] G. Aarts, JHERD905 (2009) 052 [0902.4686 [hep-lat]].



